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Abstract

Collective behaviour is critical to a variety of biological and ecological processes, includ-
ing tumour invasion, wound healing and the spread of invasive species. Mathematical
modelling techniques provide an opportunity for obtaining insight into the underlying
mechanisms governing collective behaviour. Furthermore, mathematical models can be
interfaced with experimental data to enhance quantitative information obtained from ex-
periments. The aim of this thesis is two-fold. First, to investigate the application of
mathematical models to experimental data to obtain robust estimates of the parame-
ters governing collective behaviour. Second, to develop novel continuum mathematical
descriptions of individual-based models of birth, death and movement.

For the first part of this thesis, I begin by examining the application of a well-known
mathematical model of cell motility and cell proliferation, the Fisher-Kolmogorov model,
to IncuCyte ZOOMTM assay data for a prostate cancer (PC-3) cell population. Standard
techniques used to interpret IncuCyte ZOOMTM assay data do not provide insight about
the individual contributions of cell motility and cell proliferation to the overall migration
of the cell population. I find that by combining experimental measurements of the evolu-
tion of the position of the leading edge of the cell population and the evolution of the cell
density away from the leading edge, I am able to obtain unique estimates of the cell diffu-
sivity, cell proliferation rate and cell carrying capacity density. Furthermore, I am able to
quantify how these parameters are influenced by the presence of varying concentrations
of epidermal growth factor.

Next, I investigate whether the position of the leading edge of a cell population in a
scratch assay can be combined with an appropriate mathematical model to provide unique
estimates of the cell motility rate and the cell proliferation rate. Leading edge data is a
commonly-reported experimental measurement from scratch assays, which are typically
interpreted in a qualitative fashion or with a quantitative technique that does not isolate
the individual roles of motility and proliferation. I implement a lattice-based random walk
model of motility and proliferation, mimic the geometry of a scratch assay, and combine
this mathematical model with experimental leading edge data through an automated
edge detection algorithm. I find that, provided the difference in the time scales of cell
proliferation and cell motility is accounted for, this technique produces unique estimates
of the cell diffusivity and cell proliferation rate.

I then consider an approximate Bayesian computation (ABC) parameter recovery ap-
proach and examine which experimental measurements from a scratch assay provide the
most information about the cell diffusivity and cell proliferation rate parameters. ABC
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techniques provide parameter distributions rather than point-estimates and hence con-
tain quantitative information about the uncertainty associated with the parameter esti-
mates. I find that an ABC approach provides parameter estimates that are consistent
with previously-obtained parameter estimates for 3T3 fibroblasts. Furthermore, I find
that measuring the number of cells present within the scratch assay and the pair correla-
tion function provides sufficient information to obtain robust parameter estimates.

For the final piece of work associated with the first part of this thesis, I extend my ABC
technique to examine the influence of experimental design choices on parameter estimates.
There is significant variation in the experimental design of scratch assays presented in the
literature. Specifically, the number and timing of experimental observations captured, as
well as whether the scratch assay contains one front or two opposingly-directed fronts,
varies throughout the literature. These design choices are not discussed and the influence
of the choices has not been quantified. I find that capturing two experimental observations,
after the initial observation, is sufficient to obtain robust parameter estimates. Addition-
ally, I find that a scratch assay with a single front contains less uncertainty about the
recovered parameters, compared to a scratch assay with two opposingly-directed fronts.

These first four pieces of work highlight the importance of selecting an appropriate pa-
rameter recovery framework, which consists of a mathematical model, an experimental
measurement or summary statistic, and a parameter calibration technique. Throughout
these pieces of work I demonstrate that making näıve framework choices does not neces-
sarily elucidate the individual roles of cell motility and cell proliferation in the collective
spreading of a cell population. Furthermore, even if the roles of cell motility and cell
proliferation are isolated, mathematical modelling provides insight into how to refine the
framework choices made such that the information obtained about cell motility and cell
proliferation is maximised. In combination, these four pieces of work provide guidance on
potential model and parameter recovery technique choices for given types of experimental
data.

For the second part of this thesis, I first examine a corrected mean-field description of
a lattice-based model of two interacting subpopulations, where the agents in each sub-
population undergo birth, death and movement events. Standard mean-field descriptions
for such models have been presented previously but provide inaccurate approximations
of the average discrete behaviour outside limited parameter regimes. Corrected mean-
field descriptions for related models have provided more accurate approximations than
the corresponding mean-field descriptions. My investigation provides guidance about the
choice of mean-field description required in a suite of parameter regimes for a number of
case studies inspired by cell biology experiments.

Next, I present a novel interpretation of a lattice-based random walk model of birth, death
and adhesive movement. Instead of considering the average occupancy of each lattice
site, as is typical for both mean-field and corrected mean-field descriptions, I consider
the lattice as a combination of groups of contiguous occupied sites and contiguous vacant
sites. I find that modelling the dynamics of these groups, referred to as chains and gaps,
respectively, provides a more accurate description of the average discrete behaviour than
either mean-field or corrected mean-field descriptions. Furthermore, this novel description
contains a measure of the spatial clustering present in the discrete model.

I then extend the random walk model of birth, death and movement to incorporate
competitive and/or co-operative mechanisms, where there is a negative or positive benefit
associated with belonging to the bulk population. Such mechanisms arise throughout cell
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biology and ecology. I derive the mean-field description of this random walk and analyse
the corresponding long-time predictions in a suite of parameter regimes. I find that the
inclusion of competitive and/or co-operative mechanisms results in a variety of interesting
behaviour, depending on the relative rates of birth, death and movement. For example,
I observe the Allee effect, where growth is negative below a threshold density, as well as
travelling wave solutions that contain sharp fronts and shocks.

The final study in the second part of this thesis examines an extension of the chain-and-
gap description that can be used to model processes containing moving fronts, as well
as competitive and/or co-operative mechanisms. As such mechanisms give rise to more
interesting behaviour than standard models of birth, death and movement, the question
of whether the population persists or becomes extinct is critical. I find that the extended
chain-and-gap description accurately predicts both the long-time persistence or extinction
of the population in all parameter regimes, as well as providing an accurate estimate of
the rate of invasion of the population. Furthermore, the description provides details of
the spatial clustering within moving fronts.

These second four pieces of work provide detailed information about the continuum ap-
proximations required to accurately reflect the average behaviour of discrete individual-
based models of collective behaviour. The type of continuum approximation depends
on the mechanisms present in the discrete model, as well as the relative rates at which
these mechanisms occur. In particular, if the combination of mechanisms and mechanism
rates results in significant spatial clustering due to nearest-neighbour effects, typical ap-
proximations are inaccurate. As the chain-and-gap description accurately describes these
cases, the combination of these four pieces of work provides a framework for informing
the choice of continuum approximation for a particular discrete model.

In conclusion, I detail the contributions of each of the eight publications to the overall
literature and provide discussion regarding potential avenues for future work related to
collective behaviour. Overall, the work contained in this thesis provides a framework
for modelling collective behaviour with random walks. In particular, I detail techniques
for implementing an appropriate continuum description of random walks with a suite of
mechanisms and parameter regimes, and methods for applying these random walk models
of collective behaviour to relevant experimental data to obtain meaningful quantitative
information.
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Chapter 1

Introduction

1.1 Overview

Collective cell behaviour is a key feature underpinning biological processes such as develop-

ment, malignant spreading and wound healing [50, 78]. The migration of a cell population

determines, for example, the rate of spread of malignant tumours or the time taken for

a wound to heal [50, 78]. Factors that influence the migration of a cell population are

therefore a key focus of drug development [65, 86]. Unfortunately it is typically too exper-

imentally complex to perform investigations into these factors in vivo and subsequently

in vitro experiments are used to observe collective cell behaviour [11, 44, 58, 64, 82, 89].

Scratch assays are a class of in vitro cell biology assays that are commonly performed to

examine the collective behaviour of a cell population during the closure of a model wound

[44, 58, 64, 82, 89]. In a scratch assay, cells are placed on a dish and are allowed to grow

until the cell population forms a confluent monolayer [44]. An artificial wound is induced

by removing a portion of the cell monolayer, typically via a sharp-tipped instrument such

as a pipette. The cells migrate into the vacant space introduced by the creation of the

wound, and experimental images of this migration are captured. Eventually, the cell

population reforms a confluent monolayer through a combination of motility and prolif-

eration [73]. There is significant variation in the experimental set-up for scratch assays.

For example, the wound can be induced such that there is a single cell front [10, 47]

or two opposingly-directed cell fronts [1, 44, 59]. The number of experimental images

captured, as well as the duration of the experiment, can vary significantly between ex-

periments [1, 46, 47, 58, 69, 82]. For example, some investigations report a large number

of experimental observations [10, 46, 47], whereas others report two or three observa-

tions [1, 58, 69, 82]. There is significant benefit in reducing the number of experimental

observations, as it is both time-consuming and expensive to capture and interpret the

experimental images.
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Chapter 1. Introduction 2

Typically, scratch assays are interpreted in a qualitative fashion, where a scratch assay is

performed with some kind of chemical treatment and compared to a scratch assay per-

formed under control conditions [41, 58, 82]. For example, Teppo et al. [82] demonstrates

the influence of hypoxia on collective cell behaviour by qualitatively comparing the rate

of spread for two cell populations, where one cell population is under hypoxic conditions.

However, no quantitative insight is offered into the underlying cellular mechanisms that

are affected by hypoxic conditions [82]. It is therefore instructive to consider approaches

that provide quantitative estimates of the parameters governing cellular mechanisms, as

the influence of a particular chemical treatment or experimental design choice can be

quantified.

One approach for obtaining quantitative parameter estimates from scratch assays is to

employ a mathematical model [4, 46, 47, 63, 73, 85]. Maini et al. [46, 47] consider the

Fisher-Kolmogorov model [19, 40],

∂C(x, t)

∂t
= D

∂2C(x, t)

∂x2
+ λC(x, t)

(
1− C(x, t)

K

)
,

where C(x, t) is the cell density, λ is the cell proliferation rate, D is the cell diffusivity

and K is the cell carrying capacity density, and match the long-time travelling wave

speed arising from the model, v = 2
√
λD, to the position of the leading edge of the cell

population in a scratch assay using a least-squares fit. Unfortunately this method does

not produce unique estimates of D and λ, as the product of D and λ is not unique.

Furthermore, this method requires experimental data that is obtained over a sufficiently

long period, which is not practical given the typical approach of an experimental time of

24 h or less [11, 58, 69]. Other methods are able to isolate estimates of D and λ but require

experimental measurements that are either more difficult to measure than the position of

the leading edge, or are more time-consuming to interpret. For example, Arciero et al. [4]

propose a continuum model that is parameterised using the experimental cell density as a

function of distance, as well as the position of leading edge. Determining the cell density as

a function of distance requires counting the number of cells throughout the experimental

domain, which is time-consuming and hence is not suited for high-throughput assays.

While different experimental measurements have varying levels of time and cost, it is

unclear how the amount of information gained about the cell parameters through the

parameterisation of an appropriate mathematical model corresponds to the cost. Ideally,

an experimental measurement that can be measured automatically, such as the position of

the leading edge of the cell population [84, 88] or the area of the induced wound [60], could

be employed to obtain all of the relevant information about the cell parameters of interest.

Experimental measurements that can obtained automatically are cheap and are suited to

experiments that are high-throughput or require many experimental replicates. However,

quantifying the information gained about the parameter estimates requires statistical

techniques as performing experimental replicates only provides information about the
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variability present in the experiment rather than the uncertainty associated with the

parameter recovery technique [48, 56, 83].

There are many open questions in the literature regarding the influence of the experimen-

tal design, the information present in standard experimental measurements, approaches

that combine mathematical techniques and experimental data to obtain quantitative pa-

rameter estimates, and techniques that provide a measure of the uncertainty associated

with the parameter recovery method. Therefore, there is significant opportunity in this

area of research to develop novel techniques and obtain quantitative insight into the cel-

lular processes governing collective cell migration.

More generally, throughout the physical and life sciences, lattice-based random walks are

commonly employed to model collective behaviour [13, 16, 17, 31, 33, 37, 51, 72]. For

example, both Deroulers et al. [16] and Khain et al. [37] use a lattice-based random

walk to describe the migration of glioma cells. In the context of molecular aggregation,

Mackie et al. [45] describe the formation of micelles through a random walk process.

The ability to define relevant individual mechanisms in a random walk process, such as

motility, proliferation, death and agent-agent adhesion, makes random walks a flexible

modelling tool [72]. The stochastic nature of the random walk processes means that it

can be computationally intensive to determine the average behaviour of the random walk,

particularly for processes that are spatially heterogeneous. Furthermore, it is difficult to

obtain insight into the average behaviour through analysis of the random walk.

Due to these shortfalls, deterministic continuum approximations of the average random

walk behaviour have been proposed [6, 16, 21, 37, 51, 70, 72, 73]. The most common

continuum description is a mean-field description, which involves an assumption that the

spatial correlations between lattice sites are negligible [16, 37, 72]. Mean-field descriptions

of random walk processes have been used to model glioma cell migration [16, 37] and the

migration of neural crest cells [72]. However, the assumption that the spatial correlations

are negligible is only valid in an extremely limited set of parameter regimes [6, 35, 70]. If

the rate of proliferation or death is not sufficiently small compared to the rate of motility,

or if there is agent-agent adhesion or repulsion that is not sufficiently weak, the spatial

correlations become significant and hence the mean-field assumption is invalid [6, 35, 70].

Approaches that explicitly describe the spatial correlations between lattice sites have

been proposed and are known as corrected mean-field descriptions [6, 35, 49, 70]. Such

descriptions model the occupancy of lattice sites in terms of the occupancy of lattice

pairs which, in turn, are modelled in terms of the occupancy of lattice triplets, and so on

[6, 35, 49, 70]. It is analytically intractable to deal with the resulting infinite system of

equations and hence, in practice, an appropriate moment closure technique is implemented

to close the system of equations [6, 35, 42, 70, 75]. Specifically, these techniques are used

to approximate the occupancy of lattice triplets in terms of the occupancy of lattice

pairs [75]. Corrected mean-field descriptions provide a more accurate description of the

average random walk behaviour, compared to mean-field descriptions [6, 35, 49, 70]. For
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example, corrected mean-field descriptions have been applied to birth-death-movement

random walks for both the spatially homogeneous case and the spatially heterogeneous

case, as well adhesive movement random walks and dispersal models [6, 35, 42, 49, 70].

Note that corrected mean-field descriptions are also referred to as moment dynamics

descriptions, particularly in the ecological literature [42], and as such we use both terms

interchangeably.

Again, there are a significant number of open questions in this area of research. For

example, as corrected mean-field descriptions are less analytically tractable and more

computationally intensive than mean-field descriptions, it would be of interest to deter-

mine the scenarios where the mean-field approximation is valid, and where the corrected

mean-field approximation is required. Furthermore, there are a significant number of

mechanisms that have yet to be examined with non-standard mean-field models. Hence

there is potential to develop novel continuum models of collective behaviour that will

provide insight into a variety of processes.

1.2 Research questions

Here we detail the research questions that motivate each component of this thesis. We

briefly discuss the state of the literature before the investigation was performed, and how

the investigation extends upon the collective knowledge contained within the literature.

For a more in-depth discussion of the relevant literature for each research question, see

the introduction in each chapter associated with a research question. The eight research

questions proposed, and subsequently answered, in this thesis are as follows:

(1) Can the Fisher-Kolmogorov model be applied to IncuCyte ZOOMTM

assay to obtain reliable estimates of cell carrying capacity density, cell

diffusivity and cell proliferation rate?

Typically, IncuCyte ZOOMTM assays are interpreted in terms of the percentage of

unoccupied space present in the assay, compared to the unoccupied space introduced

into the cell monolayer at the beginning of the experiment [30, 60, 61]. Unfortu-

nately, this measurement does not provide quantitative insight into the cellular

mechanisms driving the spreading of the cell population into the unoccupied space,

which is a key component of tumour spreading and tissue repair [10, 46, 47, 85].

Furthermore, it is difficult to robustly determine any potential change in the cellu-

lar mechanisms if a chemical treatment is applied to the cell population, which is

critical to drug design [65, 87].

The Fisher-Kolmogorov model has been applied to models of collective cell be-

haviour previously [19, 40, 46, 47, 52, 62, 63, 66]. For example, Maini et al. [46, 47]

obtain an estimate of cell diffusivity through a comparison of the position of the lead-

ing edge of the cell population and the long-time travelling wave speed arising from
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the Fisher-Kolmogorov model [52]. However, this approach does not produce unique

estimates for the three parameters present in the model: cell diffusivity, cell prolif-

eration rate and cell carrying capacity density [46, 47]. It is unclear which experi-

mental measurements are required to obtain robust and unique estimates of these

parameters from IncuCyte ZOOMTM assays. Furthermore, it is unclear whether

applying the Fisher-Kolmogorov model to a IncuCyte ZOOMTM assay under dif-

ferent experimental conditions can provide quantitative estimates of the change in

the cellular mechanisms due to, for example, the application of a putative chemi-

cal treatment. We propose a methodical approach that estimates each parameter

in the model using a different experimental measurement. Specifically, we propose

obtaining the cell carrying capacity density from late-time observations away from

the leading edge of the cell population, the cell proliferation rate by measuring the

evolution of the cell density away from the leading edge of the population, and the

cell diffusivity by tracking the time evolution of the leading edge of the population.

(2) Does the position of the leading edge of a cell population in a scratch

assay contain sufficient information to obtain robust estimates of cell

proliferation rate and cell diffusivity?

Scratch assays are employed ubiquitously to observe the movement of cell fronts,

which form a critical component of malignant spreading and tissue repair [58, 64,

82, 89]. These experiments are typically performed over a period of time that is less

than 24 h, due to the cost associated with imaging experiments over a long period

of time and the need to replenish nutrients if the experiment is sufficiently long

[11, 58, 69]. The standard approach for scratch assays is to capture experimental

images at a number of time points and measure the position of the leading edge

using an image analysis tool such as ImageJ or Matlab’s Image Processing Toolbox

[84, 88]. However, the position of the leading edge, in isolation, does not provide

insight into the cellular mechanisms driving the movement of the cell front.

One approach to obtain estimates of the processes affecting cell migration is to use

a mathematical model. However, previous mathematical models either rely on ex-

pensive and time-consuming measurements [9, 63] or assume that the experimental

time is sufficiently long to justify that the speed of the cell front has approached the

long-time asymptotic wave speed arising from a reaction-diffusion equation [46, 47].

We propose a stochastic random walk model of cell movement and proliferation that

mimics the geometry of the scratch assay and hence allows for the measurement of

the position of the leading edge using the same image analysis techniques as the

experiment. Furthermore, we propose dividing the experimental measurements into

two intervals to obtain unique estimates of the cell diffusivity and cell proliferation

rate. Cell proliferation occurs over a significantly longer time scale than cell motility

[38, 47], which implies that at short time the movement of the cell front is driven

entirely by cell motility. Hence we use short-time leading edge data to estimate the
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cell diffusivity and use the remaining data to obtain an estimate of the cell prolif-

eration rate.

(3) Is approximate Bayesian computation a valid technique to extract in-

formation about the cell proliferation rate and the cell diffusivity from

scratch assays; and, if so, which summary statistic provides the most

information about the cell proliferation rate and the cell diffusivity?

Obtaining reliable parameter estimates from in vitro cell biology experiments, such

as scratch assays, is critical to quantifying the influence of putative treatments of

diseases such as chronic wounds and malignant tumour spreading [20, 27, 39, 86].

Unfortunately, the majority of scratch assays are interpreted qualitatively [41, 58].

Quantitative techniques have been applied to scratch assays but only provide point

estimates of the parameters [79, 80]. Hence the uncertainty in the parameter esti-

mates are associated with the number of experimental replicates performed, rather

than the mathematical technique used to obtain the parameter estimates.

Approximate Bayesian computation (ABC) provides a parameter distribution that

includes information about the uncertainty present in the parameter recovery pro-

cess [48, 56, 83]. However, the use of ABC techniques for spatiotemporal processes

is a relatively recent development and ABC has never been applied to scratch assays

previously. We propose the use of a random walk model of cell motility and cell

proliferation with geometry that mimics a scratch assay. ABC algorithms require a

summary statistic, that is, an experimental measurement, to compare mathematical

models with experimental data [48]. It is unclear which summary statistic provide

sufficient information to obtain robust estimates of the cell motility and cell pro-

liferation rate. The ideal choice of summary statistic is the location of each cell.

However, due to the number of cells this summary statistic is too highly dimen-

sional to be a computationally tractable summary statistic. The pair correlation

function incorporates information about the distance between pairs of cells, as well

as the number of cells, and may provide a suitable choice of summary statistic [8].

Hence an investigation into the choice of summary statistic and the corresponding

information obtained about the cell motility and cell proliferation rate will provide

insight.

(4) How does the choice of experimental design influence the amount of in-

formation obtained from a scratch assay about the cell proliferation rate

and the cell diffusivity?

As performing and interpreting experiments is both time-consuming and expensive,

there is a significant benefit in determining experimental designs that reduce the cost

of the experiment while preserving sufficient information about the cell parameters.

A combination of approximate Bayesian computation and an appropriate summary
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statistic provides robust estimates of cell motility and the cell proliferation rate

[36]. However, it is unclear whether the experimental design choices can influence

the parameter estimates obtained, or the amount of information obtained about the

cell parameters. For example, it is unknown whether the same parameter estimates

are obtained from a scratch assay with a single cell front or two opposingly-directed

cell fronts results. Furthermore, even if the same parameter estimates are obtained,

it is unclear whether one experimental design results in less uncertainty about the

parameters, compared to a different experimental design. We propose an investi-

gation into parameter estimates, and their corresponding uncertainty, for a suite of

design choices to determine the experimental design that reduces experimental cost

while still producing robust estimates of the cell parameters.

(5) When are mean-field descriptions of interacting subpopulations inade-

quate and, subsequently, when are corrected mean-field descriptions of

interacting cell populations required?

Interacting subpopulations are present in many biological and ecological processes,

such as the invasion of tumour cells through the stroma or the spread of an in-

vasive species via predation of a local species [7, 15, 24, 32, 43, 55, 76]. The

standard approach is to consider a mean-field partial different equation descrip-

tion of such processes [23, 54, 67, 71, 74, 77]. However, mean-field models are either

phenomenologically-derived and hence do not consider individual-level interactions

or, alternatively, rely on an implicit assumption that spatial correlations and local

clustering do not have any impact on the population [29, 73]. In certain situations,

the mean-field assumption is valid [70]. However, it is unclear in which situations,

with respect to the relative ratios of birth, death and movement rates of the two

subpopulations, the assumption is valid.

To address this, we propose a corrected mean-field description [6, 35, 70] that incor-

porates explicit information about the spatial correlations, and is derived from an

individual-based model of two interacting subpopulations. Through comparisons of

the corrected mean-field description, the standard mean-field description and the

underlying discrete process we can obtain insight into the parameter regimes where

a corrected mean-field description is required to accurately approximate the average

discrete behaviour, and where the standard mean-field description is sufficient.

(6) Can lattice-based birth-death-movement processes be accurately described

by modelling the dynamics of groups of contiguous occupied lattice sites

and contiguous unoccupied lattice sites?

Lattice-based birth-death-movement random walk processes are widely used to de-

scribe biological, ecological and physical phenomena [13, 16, 17, 31, 33]. However,

due to the stochastic nature of the random walk, it is computationally intensive to
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determine the average behaviour of the random walk and it is difficult to obtain

insight into the relevant phenomenon through analysis of the random walk. To ad-

dress these issues, deterministic continuum descriptions of random walk processes

have been proposed [3, 18]. However, there are shortfalls associated with previously-

proposed continuum descriptions [6, 35, 70]. Specifically, standard mean-field de-

scriptions are only valid for processes that contain weak spatial correlations [6, 70],

and corrected mean-field descriptions are not valid if the spatial correlations are

significant [6, 70].

It is unclear whether the random walk process can be interpreted through the dy-

namics of a summary statistic, excluding the lattice occupancy. We propose inter-

preting the random walk through a model of the dynamics of groups of contiguous

occupied lattices sites and contiguous unoccupied lattice sites. This approach avoids

making assumptions about the spatial correlations in the system, as the dynamics

of all possible lengths of contiguous occupied sites and contiguous unoccupied sites

are considered. It is instructive to examine whether this interpretation provides a

valid approximation of the average random walk behaviour, particularly in param-

eter regimes where previous deterministic continuum descriptions are invalid.

(7) How does introducing competitive/co-operative mechanisms to lattice-

based birth-death-movement processes change the corresponding mean-

field description?

Many biological and ecological processes exhibit either co-operative or competitive

behaviour, where there is either a positive or negative benefit associated with being

part of, or separate from, the bulk population [5, 14, 28, 57, 81]. For example, if an

individual is separate from the bulk population, the birth rate for that individual can

be reduced due to the difficulty associated with finding a mate [14, 81]. Conversely,

an individual that is separate from the bulk population may be less susceptible to

eradication efforts if an isolated individual is less likely to be detected, compared to

the bulk population [28, 81].

Introducing birth, death and movement parameters that are dependent on the num-

ber of occupied nearest-neighbour sites in a lattice-based random walk process al-

lows for modelling of both competitive and co-operative mechanisms. Without this

occupancy dependence, competitive mechanisms are restricted to logistic growth,

where the birth rate decreases with density. It is unclear how introducing these new

mechanisms influences the mean-field description of the population. It is therefore

instructive to investigate the form of the mean-field description, and the correspond-

ing predictions of the population behaviour obtained from the mean-field description

in a suite of parameter regimes.



Chapter 1. Introduction 9

(8) Can modelling the dynamics of groups of contiguous occupied lattice sites

and contiguous unoccupied lattice sites provide a reliable prediction of

the persistence or extinction of an invasive population with competitive/co-

operative mechanisms?

Moving fronts occur ubiquitously in biological and ecological processes, such as

glioma cells moving through the brain to form a glioblastoma and the spread of

an invasive species [2, 12, 22, 25, 26, 50, 53, 55, 57, 68, 80]. Obtaining reliable

predictions of the direction and speed of the moving front is critical for informing

biological and ecological control measures. Lattice-based random walk processes

provide a flexible framework for modelling moving fronts [16, 21, 33, 37, 72], and

allow for the implementation of birth, death and movement parameters that de-

pend on the size of the group of contiguous occupied sites that an agent belongs to.

Deterministic continuum descriptions have been proposed for certain cases, specif-

ically, the case where the parameters are independent of group size and where the

parameters depend on whether an agent has zero, or at least one nearest-neighbour

agent [34, 72].

However, these continuum descriptions rely on the spatial correlations in the system

being sufficiently weak to obtain accurate estimates of the front velocity [70]. Hence,

in many parameter regimes, previous continuum descriptions provide an inaccurate

estimate of the front velocity. Describing lattice-based random walks in terms of

the dynamics of groups of contiguous occupied sites and contiguous unoccupied sites

provides an accurate approximation of the average random walk behaviour in all

cases for a process that is, on average, spatially uniform. It is unknown whether

a similar description provides an accurate approximation of the average random

walk behaviour for processes containing a moving front. Hence it is instructive to

examine the predictions about the front velocity, as well as the long-time persistence

or extinction of the population, compared to the average random walk behaviour.

The work contained in this thesis involves investigating and subsequently addressing these

unanswered questions.

1.3 Aims and outcomes of this thesis

The main aims of this thesis are two-fold. First, to use a combination of mathematical

modelling, experimental techniques and parameter recovery approaches to obtain quan-

titative insight into the cellular mechanisms governing collective cell behaviour. Second,

to use mathematical modelling techniques to develop novel continuum descriptions of

collective behaviour from individual-based models of motility, birth and death.

Each of these main aims is compromised of four sub-aims. The first aim consists of the

following four sub-aims:
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• Determine the requisite experimental measurements and procedure for applying the

Fisher-Kolmogorov model to relevant experimental data such that reliable estimates

of the cell carrying capacity, cell diffusivity and cell proliferation rate can be obtained

from an IncuCyte ZOOMTM assay.

• Analyse the information contained in the position of the leading edge of the cell

population in a scratch assay to determine whether robust estimates of the cell

diffusivity and cell proliferation rate can be obtained.

• Investigate whether approximate Bayesian computation is a valid technique for es-

timating cell parameters from experimental data obtained from a scratch assay and,

if so, determine which experimental measurements contain sufficient information for

robust parameter estimates.

• Quantify the change in parameter estimates, and uncertainty associated with the

parameter estimates, due to experimental design choices in a scratch assay using

approximate Bayesian computation.

The second aim consists of the following four sub-aims:

• Develop a corrected mean-field description for multiple interacting subpopulations

to obtain insight into the parameter regimes where corrected mean-field descrip-

tions are required to accurately approximate lattice-based random walk models of

multiple interacting subpopulations.

• Determine whether modelling the dynamics of groups of contiguous occupied lattice

sites and contiguous unoccupied lattice sites provides a valid approximation of the

average behaviour of birth-death-movement processes, in particular for parameter

regimes where mean-field and corrected mean-field descriptions are inaccurate.

• Investigate how introducing competitive and co-operative mechanisms into lattice-

based birth-death-movement processes changes the standard mean-field description

of the process, and the implications on long-time behaviour for the population.

• Develop a model for the dynamics of groups of contiguous occupied lattice sites

and contiguous unoccupied lattice sites for an invasive population and compare the

predictions for the long-time behaviour of the population with predictions obtained

from previously-proposed continuum descriptions.

This thesis is prepared and presented by published papers and contains eight peer-

reviewed papers that have been published in international journals. In all eight journal

articles the candidate is the first author and hence contributed significantly to all articles.

The work presented here satisfies the requirements of three published and/or submitted

papers for the Queensland University Technology to award a thesis by published papers.

This thesis consists of the following eight publications:

• Johnston, S. T., Shah, E. T., Chopin, L. K., McElwain, D. L. S. and Simpson,

M. J. [2015], ‘Estimating cell diffusivity and cell proliferation rate by interpreting
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IncuCyte ZOOMTM assay data using the Fisher-Kolmogorov model’, BMC Systems

Biology 9(1), 38. (Chapter 2.)

• Johnston, S. T., Simpson, M. J. and McElwain, D. L. S. [2014], ‘How much

information can be obtained from tracking the position of the leading edge in a

scratch assay?’, Journal of the Royal Society Interface 11(97), 20140325. (Chapter

3.)

• Johnston, S. T., Simpson, M. J., McElwain, D. L. S., Binder, B. J. and Ross, J.

V. [2014], ‘Interpreting scratch assays using pair density dynamics and approximate

Bayesian computation’, Open Biology 4(9), 140097. (Chapter 4.)

• Johnston, S. T., Ross, J. V., Binder, B. J., McElwain, D. L. S., Haridas, P. and

Simpson, M. J. [2016], ‘Quantifying the effect of experimental design choices for in

vitro scratch assays’, Journal of Theoretical Biology 400, 19-31. (Chapter 5.)

• Johnston, S. T., Simpson, M. J. and Baker, R. E. [2015], ‘Modelling the move-

ment of interacting cell populations: A moment dynamics approach’, Journal of

Theoretical Biology 370, 81-92. (Chapter 6.)

• Johnston, S. T., Baker, R. E. and Simpson, M. J. [2016], ‘Filling the gaps: A

robust description of adhesive birth-death-movement processes’, Physical Review E

93(4), 042413. (Chapter 7.)

• Johnston, S. T., Baker, R. E., McElwain, D. L. S. and Simpson, M. J. [2017], ‘Co-

operation, competition and crowding: A discrete framework linking Allee kinetics,

nonlinear diffusion, shocks and sharp-fronted travelling waves’, Scientific Reports 7,

421134. (Chapter 8.)

• Johnston, S. T., Baker, R. E. and Simpson, M. J. [2017], ‘A new and accurate

continuum description of moving fronts’, New Journal of Physics 19(3), 033010.

(Chapter 9.)

As each chapter of this thesis contains a previously-published paper, barring the introduc-

tory and concluding chapters, this thesis is designed such that each chapter can be read

independently. The formatting from the published papers has been standardised such

that each chapter is visually consistent. However, the content of the published papers

has been reproduced without change and hence overlaps in ideas for models, experiments

and literature evaluations may occur. Each chapter consists of the following sections: an

introductory section, containing a critical evaluation of the relevant literature; a models

section, containing an explanation of the models and experiments considered in the chap-

ter; a results section, detailing the outcomes obtained from the relevant experimental and

modelling approaches, and; a concluding section, discussing the results in the context of

the literature and providing potential future directions for research.

1.4 Structure of this thesis

This thesis is comprised of four major areas: an introductory chapter, four chapters relat-

ing to original research focused on the application of mathematical models to experimental
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data, four chapters relating to original research focused on developing novel continuum

models of collective cell behaviour, and a concluding chapter.

In this introductory chapter we summarise and review the relevant literature relating to

mathematical models of collective cell behaviour, techniques for the application of such

mathematical models to experimental data and continuum descriptions of lattice-based

random walk models.

1.5 Statement of joint authorship

Here we detail the contribution of the PhD candidate and the co-authors for each of the

eight articles comprising this thesis. All co-authors have consented to the inclusion of each

relevant article. To provide further detail about the levels of contribution we highlight in

italics the co-author that contributed most to a particular area of contribution.

Chapter 2: Estimating cell diffusivity and cell proliferation rate by interpret-

ing IncuCyte ZOOMTM assay data using the Fisher-Kolmogorov model

For this chapter, the associated published reference is:

Johnston, S. T., Shah, E. T., Chopin, L. K., McElwain, D. L. S. and Simpson, M.

J. [2015], ‘Estimating cell diffusivity and cell proliferation rate by interpreting IncuCyte

ZOOMTM assay data using the Fisher-Kolmogorov model’, BMC Systems Biology 9(1),

38.

Statement of contribution:

• Johnston, S. T. (Candidate) conceived the study, designed the experiments,

performed the experiments, analysed the data, wrote the manuscript, and edited and

approved the final manuscript.

• Shah, E. T. conceived the study, designed the experiments, performed the experi-

ments, and edited and approved the final manuscript.

• Chopin, L. K. conceived the study, designed the experiments, and edited and ap-

proved the final manuscript.

• McElwain, D. L. S. conceived the study, designed the experiments, analysed the

data, and edited and approved the final manuscript.

• Simpson, M. J. conceived the study, designed the experiments, analysed the data,

wrote the manuscript, edited and approved the final manuscript, and acted as cor-

responding author.

Chapter 3: How much information can be obtained from tracking the position

of the leading edge in a scratch assay?

For this chapter, the associated published reference is:
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Johnston, S. T., Simpson, M. J. and McElwain, D. L. S. [2014], ‘How much information

can be obtained from tracking the position of the leading edge in a scratch assay?’, Journal

of the Royal Society Interface 11(97), 20140325.

Statement of contribution:

• Johnston, S. T. (Candidate) conceived the study, designed the experiments,

performed the experiments, analysed the data, wrote the manuscript, and edited and

approved the final manuscript.

• Simpson, M. J. conceived the study, designed the experiments, analysed the data,

wrote the manuscript, edited and approved the final manuscript, and acted as cor-

responding author.

• McElwain, D. L. S. conceived the study, designed the experiments, analysed the

data, and edited and approved the final manuscript.

Chapter 4: Interpreting scratch assays using pair density dynamics and ap-

proximate Bayesian computation

For this chapter, the associated published reference is:

Johnston, S. T., Simpson, M. J., McElwain, D. L. S., Binder, B. J. and Ross, J. V.

[2014], ‘Interpreting scratch assays using pair density dynamics and approximate Bayesian

computation’, Open Biology 4(9), 140097.

Statement of contribution:

• Johnston, S. T. (Candidate) conceived the study, designed the experiments,

performed the experiments, analysed the data, wrote the manuscript, and edited and

approved the final manuscript.

• Simpson, M. J. conceived the study, designed the experiments, analysed the data,

wrote the manuscript, edited and approved the final manuscript, and acted as cor-

responding author.

• McElwain, D. L. S. conceived the study, designed the experiments, and edited and

approved the final manuscript.

• Binder, B. J. conceived the study, designed the experiments, and edited and ap-

proved the final manuscript.

• Ross, J. V. conceived the study, designed the experiments, analysed the data, and

edited and approved the final manuscript.

Chapter 5: Quantifying the effect of experimental design choices for in vitro

scratch assays

For this chapter, the associated published reference is:
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Johnston, S. T., Ross, J. V., Binder, B. J., McElwain, D. L. S., Haridas, P. and Simpson,

M. J. [2016], ‘Quantifying the effect of experimental design choices for in vitro scratch

assays’, Journal of Theoretical Biology 400, 19-31.

Statement of contribution:

• Johnston, S. T. (Candidate) conceived the study, designed the experiments,

performed the experiments, analysed the data, wrote the manuscript, and edited and

approved the final manuscript.

• Ross, J. V. conceived the study, designed the experiments, analysed the data, and

edited and approved the final manuscript.

• Binder, B. J. conceived the study, designed the experiments, and edited and ap-

proved the final manuscript.

• McElwain, D. L. S. conceived the study, designed the experiments, and edited and

approved the final manuscript.

• Haridas, P. conceived the study, designed the experiments, performed the experi-

ments, and edited and approved the final manuscript.

• Simpson, M. J. conceived the study, designed the experiments, analysed the data,

wrote the manuscript, edited and approved the final manuscript, and acted as cor-

responding author.

Chapter 6: Modelling the movement of interacting cell populations: A mo-

ment dynamics approach

For this chapter, the associated published reference is:

Johnston, S. T., Simpson, M. J. and Baker, R. E. [2015], ‘Modelling the movement

of interacting cell populations: A moment dynamics approach’, Journal of Theoretical

Biology 370, 81-92.

Statement of contribution:

• Johnston, S. T. (Candidate) conceived the study, designed the experiments,

performed the experiments, analysed the data, wrote the manuscript, edited and ap-

proved the final manuscript, and acted as corresponding author.

• Simpson, M. J. conceived the study, designed the experiments, analysed the data,

wrote the manuscript, and edited and approved the final manuscript.

• Baker, R. E. conceived the study, designed the experiments, and edited and ap-

proved the final manuscript.

Chapter 7: Filling the gaps: A robust description of adhesive birth-death-

movement processes

For this chapter, the associated published reference is:
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Abstract

Standard methods for quantifying IncuCyte ZOOMTM assays involve measurements that

quantify how rapidly the initially-vacant area becomes re-colonised with cells as a function

of time. Unfortunately, these measurements give no insight into the details of the cellular-

level mechanisms acting to close the initially-vacant area. We provide an alternative

method enabling us to quantify the role of cell motility and cell proliferation separately.

To achieve this we calibrate standard data available from IncuCyte ZOOMTM images to

the solution of the Fisher-Kolmogorov model. The Fisher-Kolmogorov model is a reaction-

diffusion equation that has been used to describe collective cell spreading driven by cell

migration, characterised by a cell diffusivity, D, and carrying capacity limited proliferation

with proliferation rate, λ, and carrying capacity density, K. By analysing temporal

changes in cell density in several subregions located well-behind the initial position of the

leading edge we estimate λ andK. Given these estimates, we then apply automatic leading

edge detection algorithms to the images produced by the IncuCyte ZOOMTM assay and

match this data with a numerical solution of the Fisher-Kolmogorov equation to provide

an estimate of D. We demonstrate this method by applying it to interpret a suite of

IncuCyte ZOOMTM assays using PC-3 prostate cancer cells and obtain estimates of D, λ

and K. Comparing estimates of D, λ and K for a control assay with estimates of D, λ and

K for assays where epidermal growth factor (EGF) is applied in varying concentrations
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confirms that EGF enhances the rate of scratch closure and that this stimulation is driven

by an increase in D and λ, whereas K is relatively unaffected by EGF. Our approach for

estimating D, λ and K from an IncuCyte ZOOMTM assay provides more detail about

cellular-level behaviour than standard methods for analysing these assays. In particular,

our approach can be used to quantify the balance of cell migration and cell proliferation

and, as we demonstrate, allow us to quantify how the addition of growth factors affects

these processes individually.

2.1 Background

Scratch assays are commonly used to quantify the potential for collective cell spreading

by taking a spatially uniform population of cells on a two-dimensional substrate, creating

an artificial scratch in the monolayer, and then making observations about the rate at

which the remaining population spreads into the vacant region [2, 4, 15, 16, 19–21, 24,

25, 46]. Scratch assays are routinely used since they are technically straightforward, fast

and inexpensive [23]. Data obtained from scratch assays can be used to improve our

understanding of drug design, malignant spreading and tissue repair [23].

A key limitation of scratch assays is the question of whether they are reproducible since the

scratch can be made with various types of instruments and varying degrees of pressure, and

the assay can be performed on several different types of substrates. All of these variables

have the potential to affect the results of the scratch assay. Inspired by these limitations,

new platforms to perform scratch assays, such as the IncuCyteTM and IncuCyte ZOOMTM

real time live cell imaging assays have been developed [7]. IncuCyte ZOOMTM assays have

the advantage that the scratch is reproducibly created with a mechanical tool and live

images are obtained without the need to interrupt the experiment for imaging purposes [7].

Typical approaches to quantify IncuCyte ZOOMTM assay data involve making use of

automated features that allow the user to quantify the proportion of the initially-scratched

area that becomes re-colonised by cells as a function of time. As the assay proceeds

and the cell population spreads into the initially-vacant area, the proportion of the area

covered by cells increases with time. Typically, this data is presented as a plot of relative

wound density as a function of time [9, 30, 31]. The relative wound density is a ratio of

the occupied area of the initially-scratched area to the total area of the scratch [7]. To

illustrate this typical approach we present a series of images from an IncuCyte ZOOMTM

assay with PC-3 cells [17] in Figure 2.1. PC-3 cells are a prostate cancer cell line with

high metastatic potential [14, 17]. The experimental image in Figure 2.1(a) shows the

initial scratch, and the subsequent re-colonisation of the initially-vacant area is shown

in Figures 2.1(b)–(d). The data in Figure 2.1(e) demonstrates the temporal variation in

the relative wound density, which is automatically calculated by the IncuCyte ZOOMTM

system [7]. While this kind of standard approach for quantifying IncuCyte ZOOMTM

assays can provide useful information about how quickly a particular cell population is

able to re-colonise the initially-vacant area, it does not distinguish between the relative
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roles of various cellular functions. The collective spreading of a population of cells is

driven by both cell motility and cell proliferation [2, 24, 25, 44, 46]. However, traditional

data extracted from IncuCyte ZOOMTM assays does not give us any indication of the

relative roles of cell motility and cell proliferation. This additional information could be

important in terms of understanding how a particular growth factor or a potential drug

treatment affects collective spreading since it is possible that the addition of a growth

factor or drug treatment could affect: (i) cell motility alone, (ii) cell proliferation alone,

or (iii) both cell motility and cell proliferation, simultaneously.

In this methodology article we describe an alternative method for interpreting IncuCyte

ZOOMTM assay data using a continuum mathematical model. Our approach allows us

to quantify the rate of cell migration in terms of an undirected cell diffusivity, D, and

the rate of cell proliferation in terms of the proliferation rate, λ, and carrying capacity

density, K. Applying this approach to a suite of IncuCyte ZOOMTM assay data using PC-

3 prostate cancer cells allows us to obtain estimates of D, K and λ for these cells. Under

control conditions our method gives D ≈ 1.32 × 102 µm2/h, K ≈ 1.13 × 10−3 cells/µm2

and λ ≈ 5.07 × 10−2 /h, which corresponds to a cell doubling time of approximately

14 h. We provide additional datasets where all experiments are repeated with varying

concentrations of human epidermal growth factor (EGF) [12, 13], which leads to enhanced

collective spreading. Applying our technique to this additional data indicates that the

EGF acts affects both D and λ, but not K. In particular, our results suggest that D

increases monotonically with EGF concentration whereas we observe a nonmonotonic

relationship between λ and EGF concentration, with a maximum proliferation rate when

the assays are treated with 50 ng/mL EGF. Although the techniques described here have

been used previously to calibrate mathematical models to experimental data from circular

barrier assays [41, 44, 45], this is the first time that IncuCyte ZOOMTM assay data has

been used to calibrate these parameters, and the first time that this process has been

used to quantify how estimates of D, λ and K depend on the concentration of EGF in an

IncuCyte ZOOMTM assay.

2.2 Methods

2.2.1 IncuCyte ZOOMTM assay

We perform a monolayer scratch assay using the IncuCyte ZOOMTM live cell imaging

system (Essen BioScience, MI USA). This system measures scratch closure in real time

and automatically calculates the relative wound density within the initially-vacant area

at each time point. The relative wound density is the ratio of the occupied area to the

total area of the initial scratched region. All experiments are performed using the PC-3

prostate cancer cell line [17], which is obtained from the American Type Culture Collec-

tion (ATCC, Manassas, USA). Cells are routinely propagated in RPMI 1640 medium (Life

Technologies, Australia) in 10% foetal calf serum (Sigma-Aldrich, Australia), with 100

u/mL penicillin, 100 µg/mL streptomycin (Life Technologies), in plastic flasks (Corning
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Figure 2.1: Images from the control IncuCyte ZOOMTM assay with PC-3 cells showing, (a) the initial
position of the scratch, and the subsequent collective cell spreading after 12, 24 and 36 h in (b)–(d),
respectively. Scale bar corresponds to 300 µm. The results in (e) show the standard way of presenting
IncuCyte ZOOMTM assay data for these experiments as the relative wound density as a function of
time. Here we present the average relative wound density from n = 3 identically prepared experimental
replicates. The error bars in (e) indicate one standard deviation about the mean.
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Life Sciences, Asia Pacific) in 5% CO2 and air in a Panasonic incubator (VWR Interna-

tional) at 37oC. Cells are regularly screened for Mycoplasma (ATCC). Cells are removed

from the monolayer using TrypLETM (Life Technologies) in phosphate buffered saline,

resuspended in medium and seeded at a density of 20,000 cells per well in 96-well Im-

ageLock plates (Essen BioScience). After seeding, cells are grown overnight to form a

spatially uniform monolayer. We use a WoundMakerTM (Essen BioScience) to create uni-

form, reproducible scratches in all the wells of a 96-well plate. After creating the scratch,

the medium is aspirated and the wells are washed twice with fresh medium to remove any

cells from the scratched area. Following the washes, for the control assay, 100 µL of fresh

medium is added to each well. We also perform a series of experiments where, following

the washes, fresh medium containing different concentrations of EGF (Life Technologies)

is added to the wells. The concentrations of EGF we use are: 25, 50, 75, 100 and 125

ng/mL. We will refer to these assays as EGF-25, EGF-50, EGF-75, EGF-100 and EGF-

125, respectively. Once the fresh medium is added, the plate is placed into the IncuCyte

ZOOMTM apparatus and images of the collective cell spreading are recorded every two

hours for a total duration of 46 hours. For the control assay and each different EGF

concentration we perform three identically prepared experimental replicates (n = 3).

2.2.2 Image analysis

We use Matlab’s Image Processing Toolbox [26, 43] to estimate the position of the leading

edge of the spreading cell population in the IncuCyte ZOOMTM images. The experimental

image is imported and converted to greyscale using the imread and rgb2gray commands,

respectively. We detect edges in the images using edge with the Canny method [3] and

automatically-selected threshold values. Detected edges outside of these threshold values

are ignored. Remaining edges are dilated using the imdilate command and a structuring

element, defined using strel, with a circular element of size 15. Using the bwareaopen

command with a component size of 10,000 pixels, we remove any remaining vacant spaces

in the image while preserving the vacant scratch. Edge dilation is reversed using the

imerode command with the same structuring element defined previously to erode the

image. Finally, edges within the image are smoothed using medfilt2 and the area of

the remaining vacant space, A(t), representing the vacant area, is estimated using the

regionprops command.

We calculate the position of the leading edge, which we define to be the distance between

the centre of the experimental domain and the position of the leading edge using

LE(t) =
LxLy −A(t)

2Ly
, (2.1)

where Lx is the horizontal width of the image and Ly is the vertical height of the image.

For all experiments we have Lx = 1970 µm and Ly = 1430 µm. Equation (2.1) allows
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us to examine the time evolution of the scratched area in terms of LE(t), which is the

half-width of the scratch (Figure 2.4(a)).

2.2.3 Mathematical model

We interpret our experimental results using the Fisher-Kolmogorov equation [8, 22, 28],

which is a continuum reaction-diffusion model describing the spatiotemporal evolution of

cell density in a population of cells where cell migration is driven by random (undirected)

cell motility and cell proliferation is driven by carrying capacity limited logistic growth.

The Fisher-Kolmogorov equation, and extensions of the Fisher-Kolmogorov equation,

have been previously applied to in vitro [32, 35, 36] and in vivo [1, 29] data describing

collective cell spreading in a range of contexts including wound healing [10, 37], tissue

repair [2, 46] and malignant spreading [4, 19, 20, 34, 42].

Since our scratch assay takes place on a two-dimensional substrate (Figures 2.1(a)–(c)), we

start with the two-dimensional analogue of the Fisher-Kolmogorov equation in Cartesian

coordinates

∂C(x, y, t)

∂t
= D

(
∂2C(x, y, t)

∂x2
+
∂2C(x, y, t)

∂y2

)
+ λC(x, y, t)

(
1− C(x, y, t)

K

)
, (2.2)

where C(x, y, t) [cells/µm2] is the cell density, or average number of cells per unit area,

at location (x, y) and time t. For our experiments we have 0 ≤ x ≤ Lx and 0 ≤ y ≤ Ly.

There are three parameters in the Fisher-Kolmogorov equation: (i) the cell diffusivity, D

[µm2/h], (ii) the cell proliferation rate, λ [/h], and (iii) the carrying capacity density, K

[cells/µm2]. The proliferation rate, λ, is related to the cell doubling time td = loge(2)/λ.

We note that we make the standard assumption that D, λ and K are constants [2, 24,

25, 35, 37, 46]

Since the initial cell monolayer is spatially uniform and the initial scratch is made per-

pendicular to the x-direction (Figures 2.1(a)), we can simplify the mathematical model

by averaging in the y-direction [4, 19, 20]. To do this we average the two-dimensional cell

density

C(x, t) =
1

Ly

∫ Ly

0
C(x, y, t) dy, (2.3)

which allows us to write Equation (2.2) as a one-dimensional partial differential equation

∂C(x, t)

∂t
= D

∂2C(x, t)

∂x2
+ λC(x, t)

(
1− C(x, t)

K

)
. (2.4)

In general, approximating a two-dimensional nonlinear partial differential equation, such

as Equation (2.2), by an averaged one-dimensional nonlinear partial differential equation,

such as Equation (2.4), can introduce an averaging error. However, for initial conditions

such as ours where the initial density is independent of the vertical location, this error
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vanishes, and a detailed analysis of this error is presented elsewhere [38, 39]. The initial

condition for Equation (2.4) is given by the width of the scratch (Figure 2.1(a))

C(x, 0) =


C0 0 ≤ x < 985− LE(0) µm ,

0 985− LE(0) ≤ x < 985 + LE(0) µm ,

C0 985 + LE(0) ≤ x ≤ 1970 µm

(2.5)

where C0 is the initial density of cells in the monolayer and LE(0) is the initial position

of the leading edge. Since we use a WoundMakerTM tool to create uniform scratches in

all experimental replicates, the initial condition, given by Equation (2.5), applies to all

experiments and cannot be varied.

The physical distribution of cells in each experiment extends well-beyond the Lx × Ly
rectangular region imaged by the IncuCyte ZOOMTM apparatus. Therefore, since the

cells are spatially uniform except for the scratched region, there will be no net flux of cells

across the vertical boundaries along the lines x = 0 and x = Lx. We model this by using

zero-flux boundary conditions

∂C(x, t)

∂x
= 0 at x = 0,

∂C(x, t)

∂x
= 0 at x = Lx. (2.6)

These boundary conditions do not imply that cells are stationary at x = 0 and x = Lx.

Instead, these boundary conditions imply that the cell density profile is spatially uniform,

∂C(x, t)/∂x = 0, so that there is no net flux of cells across the vertical boundaries at x = 0

and x = Lx.

We solve Equation (2.4) using a finite difference numerical method [27]. The spatial do-

main, 0 ≤ x ≤ Lx, is discretised uniformly with grid spacing δx, and the spatial derivatives

are approximated using a central-difference approximation [27]. This leads to a system of

coupled nonlinear ordinary differential equations that are integrated through time using a

backward-Euler approximation with constant time steps of duration δt [27]. The resulting

system of coupled nonlinear algebraic equations are linearised using Picard (fixed-point)

iteration, with absolute convergence tolerance ε [47]. The associated tridiagonal system of

linear equations is solved using the Thomas algorithm [27]. For all results presented here

we always chose δx, δt and ε so that our numerical algorithm produces grid-independent

results.

We also apply Equation (2.4) to some simplified situations where we focus on the time

evolution of the cell density in small subregions, located well-behind the initial position of

the scratch, where the cell density is approximately spatially uniform. This implies that

C(x, t) ≈ C(t) within these subregions [41, 44, 45]. Since the cell density is approximately

spatially uniform we have ∂C(x, t)/∂x = 0, and the first term on the right of Equation
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(2.4) vanishes and, subsequently in these subregions, the partial differential equation

simplifies to the logistic equation,

dC(t)

dt
= λC(t)

(
1− C(t)

K

)
, (2.7)

whose solution is given by

C(t) =
KC(0)

C(0)− e−λt (C(0)−K)
, (2.8)

where C(0) = C0 is the initial density at t = 0. The simplification of approximating

Equation (2.4) by Equation (2.7) in subregions located well-behind the leading edge where

the cell density is spatially uniform does not imply that cells are stationary in these

subregions. Instead, Equation (2.7) represents the situation where there is no gradient

in cell density and cells are free to move amongst the extracellular space within these

subregions. The key advantage of applying this approximation is that cell motion in

these spatially uniform subregions does not contribute to any temporal changes in cell

density. Instead, when the cell density is spatially uniform, any temporal change in cell

density is solely associated with the proliferation term in Equation (2.4) [41, 44, 45].

2.2.4 Parameter estimation

We estimate the three parameters in the Fisher-Kolmogorov model using a sequential

approach. First, using cell counting, we estimate the parameters governing cell prolif-

eration: K and λ. Second, using data describing the temporal changes in the position

of the leading edge, we estimate the cell diffusivity, D. Although it is possible to use a

different approach, based on a multivariate regression technique to estimate D, λ and K

simultaneously, we prefer to estimate these parameters sequentially. Estimating the three

parameters sequentially, emphasises the differences in the interpretation of these param-

eters, as well as emphasising the differences in the mechanisms of cell proliferation and

cell motility. If, instead, a multivariate approach is used to estimate the three parameters

simultaneously, we anticipate that the interpretation of the mechanisms associated with

these parameters might not be obvious as it is in our approach.

Carrying capacity density

To estimate K we focus on experimental images from the latter part of the experiment,

t = 46 h, where the cell population has grown to confluence. We identify three smaller

subregions, located well-behind the initial leading edge, and count the number of cells

within each subregion, N . To quantify the variability in our estimate we analyse three

different subregions in each image and count N in each replicate subregion. Using this

data we estimate the average carrying capacity density as

K =
〈N〉
ASR

(2.9)
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Figure 2.2: Final time experimental images (t = 46 hours) for three IncuCyte ZOOMTM assays for
(a) Control, (b) EGF-50, and (c) EGF-100. The three coloured boxes indicate the location of the three
subregions used to estimate K and λ. Each coloured square within the subregions indicates the centre of
an individual cell in the cell counting step. Scale bar corresponds to 300 µm.

where 〈N〉 is the average number of cells within the subregion of area ASR = 3.789× 104

µm2. To examine whether EGF has any impact on the carrying capacity density we

estimate K for the control assay and for each experiment treated with a different EGF

concentration. Figure 2.2 shows IncuCyte ZOOMTM images at t = 46 h with the location

of three subregions superimposed. The images in Figures 2.2(a)–(c) show the control,

EGF-50 and EGF-100 assays, respectively. We note that the location of all three subre-

gions in each image is well-behind the initial position of the scratch (Figure 2.1(a)) so that

after t = 46 h the local density of cells within each subregion has grown to confluence. To

quantify the variability in our estimate of K, we calculate the sample standard deviation

for each EGF concentration, and report results as a mean value for K, with the variation

in our estimate given by plus or minus one standard deviation about the mean. Results

are summarised in Table 2.1.

Proliferation rate

The logistic equation, given by Equation (2.7), describes the time evolution of the cell

density where there is, on average, no spatial variation in cell density. To apply the

logistic equation to our data we analyse three subregions within each IncuCyte ZOOMTM

image at several time points during the assay. Counting the total number of cells in each

subregion and dividing by the area of the subregion gives an estimate of the local cell

density in that subregion. In all cases the subregions contain approximately 20-30 cells

at t = 0 h. Repeating this procedure for three different subregions, at fixed locations,

for each experimental replicate, at five different time points, allows us to calculate the

average cell density as a function of time, C(t). With this data, together with our previous

estimates of K, we find the value of λ in Equation (2.8) that matches our C(t) data across

several time points. For consistency, when we estimate λ we always analyse the same three

subregions that we used previously to estimate K. The location of these three subregions

is shown in Figure 2.3. We estimate the initial cell density, C(0), from the first image

taken immediately after the scratch is made at t = 0 h. Images of the assay in Figures
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Figure 2.3: (a)-(e) Time evolution of an EGF-75 IncuCyte ZOOMTM assay. Images taken after (a) 0,
(b) 8, (c) 16, (d) 24, and (e) 46 h after the scratch was performed. The three coloured boxes indicate the
location of the three subregions used to calculate K and λ. Each coloured square within the subregions
indicates the centre of an individual cell in the cell counting step. Scale bar corresponds to 300 µm. (f)
Comparison of the average experimental cell density C(t) (crosses) and the logistic growth curve using
our estimates of K and λ (solid).

2.3(a)–(e) correspond to 0, 8, 16, 24 and 46 h, respectively. The location of each subregion

is chosen to be well-behind the initial position of the leading edge of the population so that

the cell density is approximately spatially uniform locally within each subregion. In each

subregion C(t) increases with time, and we attribute this increase to cell proliferation.

The data in Figure 2.3(f) shows the time evolution of the average cell density, C(t),

calculated by averaging the three estimates of cell density from each subregion, at each

time point. Using our previous estimate of K, we estimate λ by matching the solution of

Equation (2.7) with the observed C(t) data.

For each EGF concentration we have three sets of data describing the temporal variation

in average cell density per experimental replicate. For each set of time series data we

use Matlab’s lsqnonlin function, a nonlinear least squares minimisation routine [5], to

estimate λ. To quantify the average proliferation rate we average the three estimates of

λ from each experimental replicate. A comparison of the resulting logistic growth curve

using our average estimate of K and λ with the observed C(t) data is given in Figure

2.3(f) for the EGF-25 experiment, indicating that the solution of Equation (2.7) matches

the data reasonably well. To quantify the variability in λ we report our average estimate

of λ and the variation as the average plus or minus one sample standard deviation. We

also report the average and variability in the C0 values used to obtain estimates of λ.

Results are summarised in Table 2.1.
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Figure 2.4: (a)-(d) Indicate the area of remaining vacant space, A(t), as determined by the edge detection
algorithm at (a) 0, (b) 10, (c) 20, and (d) 30 h for the control assay. The position of the detected leading
edge is given in green. The straight vertical lines superimposed on (a) (white) indicate the average width
of the scratch, 2LE(t). Scale bar corresponds to 300µm. (e) Average LE(t) data estimated from the
control assay experimental images (blue). The error bars correspond to one standard deviation about
the mean. Numerical LE(t) data (red), corresponding to the numerical solution of Equation (4) using
the relevant estimates of D, λ and K (Table 2.1). (f) Evolution of C(x, t) profiles at t = 0, 10, 20, 30
h corresponding to the numerical solution of Equation (2.4) using the relevant estimates of D, λ and
K (Table 2.1). Arrows indicate the direction of increasing time. Numerical solutions of Equation (2.4)
correspond to δx = 1 µm, δt = 0.1 h and ε = 1 × 10−6. The vertical lines show the locations of the
subregions where the estimates of λ and K were obtained.

Cell diffusivity

Several different approaches have been used in previous studies to estimate D from in

vitro assays describing collective cell spreading processes. For example, Treloar et al. [45]

estimate D in a circular barrier assay by applying two different methods to the same data

set. First, they estimate D using a cell labelling and cell counting technique to provide

an estimate of the detailed cell density profiles near the leading edge of the spreading

population. Treloar et al. [45] calibrate the solution of a partial differential equation to

that data to give an estimate of D which matches the position and shape of the spreading

cell density profile. Second, using the same data set, Treloar et al. [45] use automated

leading edge image analysis [26, 43] to quantify temporal changes in the position of the

leading edge of the spreading cell density profile without counting individual cells. Treloar

et al. [45] calibrate their model to this leading edge data to obtain a second estimate of

D. Given that the two approaches implemented by Treloar et al. [45] produce similar

estimates of D, here we choose to estimate D using leading edge data since this is the

most straightforward approach which avoids the need for labelling and counting individual

cells within the spreading population.
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Figures 2.4(a)-(d) show IncuCyte ZOOMTM images at 0, 10, 20 and 30 h, respectively.

The position of the two detected leading edges of the spreading population is superimposed

on each image. A visual comparison of how the position of the detected leading edges

changes with time suggests that the initially-vacant region closes symmetrically with time.

The edge detection results allow us to calculate the area of the vacant region, A(t), and

with this information Equation (2.1) allows us to estimate the half-width, LE(t), which

is decreasing function of time. Previously, Treloar et al. [43, 45] showed that the location

of the automatically detected leading edge corresponds to a cell density of approximately

2% of the carrying capacity density. Therefore, we conclude that the Fisher-Kolmogorov

model adequately describes this experimental system as these kinds of standard data

can be compared to the model output, and this approach provides parameter estimates

consistent with those obtained from other parameter recovery techniques [45].

Given our previous estimates of K and λ, and assuming that the position of the detected

leading edge corresponds to the location where the density is 2% of the carrying capacity,

we use Matlab’s lsqnonlin function to find an estimate of D that minimises the difference

between the observed time series of LE(t) and the time series of LE(t) data from the

numerical solution of Equation (2.4). We present an example of the match between the

experimental measurements of LE(t) and numerical prediction of LE(t) in Figure 4(c). For

all time points, the numerical estimate of LE(t) is within one sample standard deviation

of the average of the experimental measurements. Given our estimates of D, λ and K, we

can use our numerical solution of Equation (2.4) to explore how C(x, t) varies across the

entire width of the domain, for the duration of the assay, as illustrated in Figure 2.4(f).

These profiles show that the cell density remains approximately spatially uniform well-

behind the initial location of the scratch. In fact, we have indicated the position of the

location of the various subregions used to estimate K and λ on the profiles in Figure 4(f),

and we see that the predicted cell density profile is spatially uniform, ∂C(x, t)/∂x = 0,

at these locations for the duration of the assay, which is visually consistent with the

subregions presented in Figure 2.2. The cell density in the three subregions well-behind

the initial location of the scratch increases with time owing to cell proliferation. These

profiles also show the cell density front near the location of the scratch moves inward to

close the initially-scratched region with time.

Using our approach we calculate an average value of D by estimating the cell diffusivity

for each experimental replicate and then averaging the results. We note that Treloar et

al. found that varying the Matlab edge detection threshold parameters led to a small

variation in the position of the detected leading edge corresponding to a cell density in

the range of approximately 1–5% of the carrying capacity density [43]. To quantify the

variability in our estimate of D we repeated the edge detection by assuming that the

position of the detected leading edge corresponds to both 1% and 5% of the carrying

capacity density. Results are summarised in Table 2.1. We note that the maximum value

of D is obtained by assuming that the detected leading edge corresponds to 5% of the

carrying capacity since this upper bound implies additional spreading. Conversely, the
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minimum value of D is obtained by assuming that the detected leading edge corresponds

to 1% of the carrying capacity since this lower bound implies less spreading.
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Experiment K (cells/µm2) λ (/h)

Control 1.13× 10−3 (1.11× 10−3 − 1.14× 10−3) 5.07× 10−2 (4.12× 10−2 − 6.03× 10−2)
EGF-25 1.04× 10−3 (1.01× 10−3 − 1.07× 10−3) 5.59× 10−2 (4.40× 10−2 − 6.79× 10−2)
EGF-50 1.12× 10−3 (1.11× 10−3 − 1.13× 10−3) 6.94× 10−2 (5.60× 10−2 − 8.27× 10−2)
EGF-75 1.12× 10−3 (1.11× 10−3 − 1.13× 10−3) 5.74× 10−2 (5.44× 10−2 − 6.05× 10−2)
EGF-100 1.16× 10−3 (1.11× 10−3 − 1.20× 10−3) 6.13× 10−2 (5.17× 10−2 − 7.08× 10−2)
EGF-125 1.11× 10−3 (1.09× 10−3 − 1.12× 10−3) 5.48× 10−2 (5.35× 10−2 − 5.62× 10−2)

Experiment D (µm2/h) C0 (cells/µm2)

Control 1.32× 102 (1.05× 102 − 1.98× 102) 6.84× 10−4 (5.77× 10−4 − 7.91× 10−4)
EGF-25 1.59× 102 (1.27× 102 − 2.38× 102) 6.42× 10−4 (5.01× 10−4 − 7.83× 10−4)
EGF-50 1.53× 102 (1.21× 102 − 2.18× 102) 7.79× 10−4 (6.32× 10−4 − 9.26× 10−4)
EGF-75 1.64× 102 (1.30× 102 − 2.44× 102) 6.81× 10−4 (5.75× 10−4 − 7.87× 10−4)
EGF-100 2.06× 102 (1.65× 102 − 3.12× 102) 7.12× 10−4 (6.10× 10−4 − 8.15× 10−4)
EGF-125 2.40× 102 (1.90× 102 − 3.51× 102) 7.68× 10−4 (6.55× 10−4 − 7.68× 10−4)

Table 2.1: Estimated K, λ, D and C0 values for PC-3 cells for different EGF concentrations. Results are reported as a mean, with the estimate of the variability given in the
parenthesis.
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2.3 Results

By applying the parameter estimation procedures described in Section 2.4 we obtain

estimates of K, λ and D, as well an estimates of the variability in these values. These

results are summarised in Table 2.1. Comparing our estimates of K, λ and D for each

assay with a different concentration of EGF provides us with information about how EGF

affects cell proliferation and cell motility for the PC-3 cell line. Data in Table 2.1 indicates

that K varies by no more than approximately 8% between the experiments with different

EGF concentrations relative to the control experiment. In comparison, our estimates of λ

and D vary by approximately 37% and 82%, respectively, between the experiments with

different EGF concentrations, relative to the control experiment. These results imply that

EGF affects both the rate of cell motility and the rate of cell proliferation; however, EGF

appears to have a smaller influence on the carrying capacity density, suggesting that it

has minimal impact on the physical shape and maximum packing density of PC-3 cells.

Results in Table 2.1 suggest that we observe an increase in the rate of proliferation with

small concentrations of EGF. However, there appears to be a reduction in the rate of cell

proliferation at larger concentration of EGF, implying that there is an optimal stimula-

tion of proliferation at an EGF concentration of approximately 50 ng/mL. This kind of

nonmonotonic response to EGF has been observed in previous experiments involving both

PC-3 [14] and other cell types [33]. However, unlike these previous studies [14, 33], our

approach allows us to estimate how EGF affects both cell migration and cell proliferation

separately.

Results in Table 2.1 suggest that EGF significantly enhances cell motility, D. However,

unlike the response in λ, our results suggest that the diffusivity of PC-3 cells appears to

be an monotonically increasing function of EGF for the concentrations of EGF that we

consider.

2.4 Discussion and conclusions

In this work we provide an alternative method for analysing IncuCyte ZOOMTM as-

says [7]. The traditional approach for analysing IncuCyte ZOOMTM assays is to report

the temporal variation in the relative wound density (Figure 2.1), which is the ratio of

the occupied area to the initially-vacant area of the scratch [9, 30, 31]. While this data

allows us to quantify the rate of collective cell spreading, it does not provide any quan-

titative insight into the relative roles of different mechanisms that drive collective cell

spreading. As an alternative, we present a method which allows us to analyse standard

images from IncuCyte ZOOMTM assays by interpreting the results quantitatively using

the Fisher-Kolmogorov equation [8, 22]. Our approach provides a quantitative measure

of the relative roles of cell migration and cell proliferation by estimating the carrying

capacity density, K, the cell proliferation rate λ, and the cell diffusivity, D.
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To estimate K we focus on images from the latter part of the IncuCyte ZOOMTM assay,

t = 46 h, by which time the cell monolayer has approximately grown to confluence. We

count the number of cells in several subregions located well-behind the initial position of

the scratch. Dividing the cell counts by the area of the subregion gives us an estimate

of the carrying capacity density, K. To examine the influence of our choice of the area

of the subregion, we also examine the sensitivity of our estimate of K for the control

assay to variations in the area of the subregion. For example, with ASR = 3.789 ×
104 µm2, we obtain K = 1.13 × 10−3 ± 0.01 × 10−3 cells/µm2 for the control assay.

Repeating the procedure and doubling ASR gives an estimate of K which is within 2% of

the original estimate. Therefore, our estimate of K is practically insensitive to the size of

the subregion.

To estimate λ we count the numbers of cells in several subregions, located well-behind

the initial position of the scratch, at several time points during the assay. This allows

us to quantify how the cell density behind the initial scratch increases with time to

reach carrying capacity density. Using this information we calibrate the solution of the

logistic equation, using our previous estimate of K, to that data, which provides an

estimate of λ. To estimate λ we focus on relatively early time data, t = 0, 8, 16, 24

and 46 h, since we anticipate that most of the proliferation activity occurs before the

cell population reaches confluence. Using this approach for the control assay we obtain

λ = 5.07×10−2±0.96×10−2 /h. To examine the influence of our choice of time points we

re-estimate λ using data at t = 0, 8, 16, 24, 30 and 46 h, giving λ = 5.53× 10−2 /h, which

is well-within the variability of the original estimate. Since the process of identifying and

counting cells in various subregions is the most time-consuming aspect of our method

together with the fact that including additional data at these intermediate times does not

significantly alter our estimates of λ, we conclude that our choice of focusing on relatively

early-time observations is adequate to provide estimates of λ.

Given our estimates of λ and K, we then estimate D by solving the Fisher-Kolmogorov

equation numerically and finding a value of D which provides the best match between the

position of the leading edge observed in the experiments and the position of the leading

edge predicted by the numerical solution of the Fisher-Kolmogorov equation. Using this

approach, for our control assays, we estimate D ≈ 1.32×102 µm2/h, λ ≈ 5.07×10−2/h and

K ≈ 1.13×10−3 cells/µm2 for the PC-3 prostate cancer cell line [17]. Since typical values

of D reported in the literature vary in the range of 101 - 103 µm2/h [2, 35, 41, 45, 46],

our estimate of D seems reasonable since it is well within previously reported values for

different cell lines.

In addition to analysing the control assay, we also estimate D, λ and K for a suite of

assays where the cell culture medium is supplemented with different concentrations of

EGF (25, 50, 75, 100 and 125 ng/mL) [12, 13]. Using our approach we estimate D, λ and

K for each EGF concentration, which provides insight into how EGF affects the rate of cell

migration, the rate of cell proliferation and the carrying capacity density for PC-3 cells in

these assays. In summary, we find there is no consistent trend in our estimates of K with
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the different EGF treatments. The maximum variability in our estimate of K between

different EGF concentrations is approximately 8%, indicating that the carrying capacity

density is relatively unaffected by EGF. In contrast, we find that our estimates of D and

λ are both sensitive to EGF. The maximum variability in D and λ amongst different

EGF treatments is approximately 82% and 37%, respectively. Therefore, our analysis

suggests that EGF affects both cell motility and cell proliferation, with the impact on cell

motility being more pronounced than the impact on cell proliferation. Interestingly our

results suggests that we have a monotonic increase of D with EGF concentration whereas

we have a nonmonotonic relationship between λ and EGF concentration. We observe a

maximum stimulation of proliferation at an EGF concentration of 50 ng/mL.

Similar to other applications of the Fisher-Kolmogorov equation [2, 24, 25, 35–37, 41, 46],

we have made the standard assumption that the parameters in each experiment, D, λ

and K, are constants that do not vary with position, time or cell density. Recently,

there has been considerable interest in the theoretical physics and applied mathematics

literature regarding the analysis of extensions of the Fisher-Kolmogorov equation where

D and λ vary with position, time or cell density [6, 11]. Although these extensions are

mathematically interesting, we have not attempted to apply such an extension here since

the precise form of the putative spatial or temporal dependence is unknown, and at this

stage, we anticipate that more detailed experimental data would be required to calibrate

these more detailed mathematical models. We leave this extension as a potential topic

for future analysis.

The question of whether there is any role for chemotaxis in this particular IncuCyte

ZOOMTM assay has not been addressed in this work. Since we have been able to obtain

reasonable estimates for D, λ and K by calibrating the solution of the Fisher-Kolmogorov

equation to our experimental data it is not obvious that we need to consider applying

a more complicated model incorporating chemotactic cell migration at this time. How-

ever, it is possible that the cells produce a chemical signal, G(x, t), which as a result of

diffusion and decay, could lead to the formation of a chemical gradient that stimulates

additional directed cell motion [18]. An extension of the Fisher-Kolmogorov model which

incorporates these effects can be written as [4, 18, 28, 40]

∂C(x, t)

∂t
= D

∂2C(x, t)

∂x2
− χ ∂

∂x

(
C(x, t)

∂G(x, t)

∂x

)
+ λC(x, t)

(
1− C(x, t)

K

)
, (2.10)

∂G(x, t)

∂t
= Dg

∂2G(x, t)

∂x2
+ k1C(x, t)− k2G(x, t), (2.11)

where χ is the chemotactic sensitivity coefficient, Dg is the diffusivity of the chemotactic

chemical, k1 is the rate at which cells produce the chemotactic chemical, and k2 is the

rate at which the chemotactic chemical undergoes decay. This model can be used to

simulate chemoattraction by setting χ > 0 or chemorepulsion by setting χ < 0 [18, 28,

40]. Comparing this chemotactic extension of the Fisher-Kolmogorov equation with the
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standard model, Equation (2.4), indicates that there are an additional four parameters to

estimate in order to apply the chemotaxis model: χ, Dg, k1 and k2. Given that standard

applications of the IncuCyte ZOOMTM assay do not attempt to make any measurement of

the presence of any putative chemotactic factor, G(x, t) [9, 30, 31], nor have we made any

measurements of χ, Dg, k1 or k2, we do not attempt to calibrate this more complicated

chemotaxis model to our IncuCyte ZOOMTM assay data. Instead, we suggest that if this

kind of chemotaxis model were to be applied to an IncuCyte ZOOMTM assay data set,

additional experimental measurements of these kinds of details are warranted.

Availability of supporting data

The data set supporting our results is included within the article and the supplementary

material document.
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2.5 Supplementary material

2.5.1 Carrying capacity density

The carrying capacity density is calculated by counting the number of cells within each

subregion at the final experimental time point (t = 46 hours) and dividing by the area of

the subregion. For a schematic, see Figure 2.2 (main document). Each subregion is the

same size and has dimension 160.32 µm × 236.36 µm, resulting in an area of 3.79 × 104

µm2.

Region

Replicate Red Green Yellow Mean

1 1.19× 10−3 1.19× 10−3 1.03× 10−3 1.13× 10−3

2 1.13× 10−3 1.13× 10−3 1.13× 10−3 1.13× 10−3

3 1.08× 10−3 1.21× 10−3 1.03× 10−3 1.11× 10−3

Standard Deviation 1.52× 10−5 Mean 1.13× 10−3

Table 2.2: Carrying capacity density (cells/µm2) for the control assay.

Region

Replicate Red Green Yellow Mean

1 1.08× 10−3 1.11× 10−3 1.00× 10−3 1.06× 10−3

2 1.06× 10−3 1.08× 10−3 1.00× 10−3 1.05× 10−3

3 1.03× 10−3 1.03× 10−3 0.98× 10−3 1.01× 10−3

Standard Deviation 2.69× 10−5 Mean 1.04× 10−3

Table 2.3: Carrying capacity density (cells/µm2) for the EGF-25 assay.

Region

Replicate Red Green Yellow Mean

1 1.06× 10−3 1.19× 10−3 1.11× 10−3 1.12× 10−3

2 1.11× 10−3 1.21× 10−3 1.08× 10−3 1.13× 10−3

3 1.16× 10−3 1.13× 10−3 1.06× 10−3 1.12× 10−3

Standard Deviation 1.01× 10−5 Mean 1.12× 10−3

Table 2.4: Carrying capacity density (cells/µm2) for the EGF-50 assay.
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Region

Replicate Red Green Yellow Mean

1 1.16× 10−3 1.13× 10−3 1.03× 10−3 1.11× 10−3

2 1.24× 10−3 1.13× 10−3 1.03× 10−3 1.13× 10−3

3 1.19× 10−3 1.11× 10−3 1.06× 10−3 1.12× 10−3

Standard Deviation 1.34× 10−5 Mean 1.12× 10−3

Table 2.5: Carrying capacity density (cells/µm2) for the EGF-75 assay.

Region

Replicate Red Green Yellow Mean

1 1.08× 10−3 1.13× 10−3 1.11× 10−3 1.11× 10−3

2 1.27× 10−3 1.16× 10−3 1.16× 10−3 1.20× 10−3

3 1.16× 10−3 1.27× 10−3 1.08× 10−3 1.17× 10−3

Standard Deviation 4.51× 10−5 Mean 1.16× 10−3

Table 2.6: Carrying capacity density (cells/µm2) for the EGF-100 assay.

Region

Replicate Red Green Yellow Mean

1 1.16× 10−3 1.13× 10−3 1.06× 10−3 1.12× 10−3

2 1.16× 10−3 1.13× 10−3 1.03× 10−3 1.11× 10−3

3 1.13× 10−3 1.06× 10−3 1.08× 10−3 1.09× 10−3

Standard Deviation 1.34× 10−5 Mean 1.11× 10−3

Table 2.7: Carrying capacity density (cells/µm2) for the EGF-125 assay.
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2.5.2 Proliferation rate

The cell density is calculated by counting the number of cells within each subregion at

five experimental time points (t = 0, 8, 16, 24 and 46 hours) and dividing by the area of

the subregion. For a schematic, see Figure 2.3 (main document). Each subregion is the

same size and has dimension 160.32 µm × 236.36 µm, resulting in an area of 3.79 × 104

µm2. We use this cell density to obtain the proliferation rate from the logistic equation.

For a full explanation, see the main document.

Region

Time (hours) Red Green Yellow Mean

0 0.79× 10−3 0.69× 10−3 0.53× 10−3 0.67× 10−3

8 0.98× 10−3 0.87× 10−3 0.61× 10−3 0.82× 10−3

16 1.03× 10−3 0.92× 10−3 0.69× 10−3 0.88× 10−3

24 1.11× 10−3 0.98× 10−3 0.84× 10−3 0.98× 10−3

46 1.19× 10−3 1.19× 10−3 1.03× 10−3 1.13× 10−3

Table 2.8: Cell densities (cells/µm2) for the control assay, replicate one.

Region

Time (hours) Red Green Yellow Mean

0 0.71× 10−3 0.71× 10−3 0.48× 10−3 0.63× 10−3

8 0.77× 10−3 0.84× 10−3 0.58× 10−3 0.73× 10−3

16 0.84× 10−3 0.90× 10−3 0.66× 10−3 0.80× 10−3

24 0.98× 10−3 0.95× 10−3 0.82× 10−3 0.91× 10−3

46 1.13× 10−3 1.13× 10−3 1.13× 10−3 1.13× 10−3

Table 2.9: Cell densities (cells/µm2) for the control assay, replicate two.

Region

Time (hours) Red Green Yellow Mean

0 0.74× 10−3 0.77× 10−3 0.74× 10−3 0.75× 10−3

8 0.84× 10−3 0.82× 10−3 0.84× 10−3 0.84× 10−3

16 0.92× 10−3 0.90× 10−3 0.87× 10−3 0.90× 10−3

24 0.98× 10−3 0.95× 10−3 0.95× 10−3 0.96× 10−3

46 1.08× 10−3 1.21× 10−3 1.03× 10−3 1.11× 10−3

Table 2.10: Cell densities (cells/µm2) for the control assay, replicate three.
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Region

Time (hours) Red Green Yellow Mean

0 0.77× 10−3 0.79× 10−3 0.42× 10−3 0.66× 10−3

8 0.82× 10−3 0.84× 10−3 0.50× 10−3 0.72× 10−3

16 0.84× 10−3 0.90× 10−3 0.66× 10−3 0.80× 10−3

24 0.98× 10−3 0.98× 10−3 0.77× 10−3 0.91× 10−3

46 1.08× 10−3 1.11× 10−3 1.00× 10−3 1.06× 10−3

Table 2.11: Cell densities (cells/µm2) for the EGF-25 assay, replicate one.

Region

Time (hours) Red Green Yellow Mean

0 0.66× 10−3 0.77× 10−3 0.63× 10−3 0.69× 10−3

8 0.77× 10−3 0.87× 10−3 0.66× 10−3 0.77× 10−3

16 0.82× 10−3 1.00× 10−3 0.95× 10−3 0.92× 10−3

24 0.87× 10−3 1.00× 10−3 0.95× 10−3 0.94× 10−3

46 1.06× 10−3 1.08× 10−3 1.00× 10−3 1.05× 10−3

Table 2.12: Cell densities (cells/µm2) for the EGF-25 assay, replicate two.

Region

Time (hours) Red Green Yellow Mean

0 0.45× 10−3 0.74× 10−3 0.55× 10−3 0.58× 10−3

8 0.53× 10−3 0.82× 10−3 0.69× 10−3 0.68× 10−3

16 0.71× 10−3 0.92× 10−3 0.71× 10−3 0.78× 10−3

24 0.82× 10−3 0.92× 10−3 0.77× 10−3 0.84× 10−3

46 1.03× 10−3 1.03× 10−3 0.98× 10−3 1.01× 10−3

Table 2.13: Cell densities (cells/µm2) for the EGF-25 assay, replicate three.
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Region

Time (hours) Red Green Yellow Mean

0 0.71× 10−3 0.98× 10−3 0.87× 10−3 0.85× 10−3

8 0.79× 10−3 0.98× 10−3 0.90× 10−3 0.89× 10−3

16 0.95× 10−3 1.11× 10−3 1.00× 10−3 1.02× 10−3

24 1.00× 10−3 1.13× 10−3 1.06× 10−3 1.06× 10−3

46 1.06× 10−3 1.19× 10−3 1.11× 10−3 1.12× 10−3

Table 2.14: Cell densities (cells/µm2) for the EGF-50 assay, replicate one.

Region

Time (hours) Red Green Yellow Mean

0 0.63× 10−3 0.63× 10−3 0.74× 10−3 0.67× 10−3

8 0.82× 10−3 0.84× 10−3 0.87× 10−3 0.84× 10−3

16 0.98× 10−3 1.00× 10−3 0.87× 10−3 0.96× 10−3

24 1.03× 10−3 1.08× 10−3 0.98× 10−3 1.03× 10−3

46 1.11× 10−3 1.21× 10−3 1.08× 10−3 1.13× 10−3

Table 2.15: Cell densities (cells/µm2) for the EGF-50 assay, replicate two.

Region

Time (hours) Red Green Yellow Mean

0 1.00× 10−3 0.82× 10−3 0.63× 10−3 0.82× 10−3

8 1.00× 10−3 1.00× 10−3 0.79× 10−3 0.93× 10−3

16 1.06× 10−3 1.06× 10−3 0.84× 10−3 0.99× 10−3

24 1.11× 10−3 1.08× 10−3 0.90× 10−3 1.03× 10−3

46 1.16× 10−3 1.13× 10−3 1.06× 10−3 1.12× 10−3

Table 2.16: Cell densities (cells/µm2) for the EGF-50 assay, replicate three.
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Region

Time (hours) Red Green Yellow Mean

0 0.69× 10−3 0.63× 10−3 0.55× 10−3 0.62× 10−3

8 0.79× 10−3 0.77× 10−3 0.63× 10−3 0.73× 10−3

16 0.87× 10−3 0.87× 10−3 0.82× 10−3 0.85× 10−3

24 0.90× 10−3 0.92× 10−3 0.92× 10−3 0.91× 10−3

46 1.16× 10−3 1.13× 10−3 1.03× 10−3 1.11× 10−3

Table 2.17: Cell densities (cells/µm2) for the EGF-75 assay, replicate one.

Region

Time (hours) Red Green Yellow Mean

0 0.61× 10−3 0.69× 10−3 0.69× 10−3 0.66× 10−3

8 0.77× 10−3 0.79× 10−3 0.79× 10−3 0.78× 10−3

16 0.87× 10−3 0.95× 10−3 0.84× 10−3 0.89× 10−3

24 0.95× 10−3 0.98× 10−3 0.90× 10−3 0.94× 10−3

46 1.24× 10−3 1.13× 10−3 1.03× 10−3 1.13× 10−3

Table 2.18: Cell densities (cells/µm2) for the EGF-75 assay, replicate two.

Region

Time (hours) Red Green Yellow Mean

0 0.87× 10−3 0.82× 10−3 0.58× 10−3 0.76× 10−3

8 0.90× 10−3 0.90× 10−3 0.71× 10−3 0.84× 10−3

16 1.08× 10−3 0.95× 10−3 0.77× 10−3 0.93× 10−3

24 1.19× 10−3 0.98× 10−3 0.95× 10−3 1.04× 10−3

46 1.19× 10−3 1.11× 10−3 1.06× 10−3 1.12× 10−3

Table 2.19: Cell densities (cells/µm2) for the EGF-75 assay, replicate three.
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Region

Time (hours) Red Green Yellow Mean

0 0.66× 10−3 0.79× 10−3 0.63× 10−3 0.69× 10−3

8 0.82× 10−3 0.95× 10−3 0.74× 10−3 0.84× 10−3

16 0.87× 10−3 1.00× 10−3 0.84× 10−3 0.91× 10−3

24 0.92× 10−3 1.06× 10−3 0.90× 10−3 0.96× 10−3

46 1.08× 10−3 1.13× 10−3 1.11× 10−3 1.11× 10−3

Table 2.20: Cell densities (cells/µm2) for the EGF-100 assay, replicate one.

Region

Time (hours) Red Green Yellow Mean

0 0.77× 10−3 0.71× 10−3 0.74× 10−3 0.74× 10−3

8 0.92× 10−3 0.84× 10−3 0.84× 10−3 0.87× 10−3

16 0.98× 10−3 0.95× 10−3 0.87× 10−3 0.93× 10−3

24 1.00× 10−3 1.08× 10−3 0.98× 10−3 1.02× 10−3

46 1.27× 10−3 1.16× 10−3 1.16× 10−3 1.20× 10−3

Table 2.21: Cell densities (cells/µm2) for the EGF-100 assay, replicate two.

Region

Time (hours) Red Green Yellow Mean

0 0.84× 10−3 0.77× 10−3 0.50× 10−3 0.70× 10−3

8 1.00× 10−3 0.90× 10−3 0.74× 10−3 0.88× 10−3

16 1.00× 10−3 0.98× 10−3 0.92× 10−3 0.97× 10−3

24 1.00× 10−3 1.00× 10−3 1.03× 10−3 1.01× 10−3

46 1.16× 10−3 1.27× 10−3 1.08× 10−3 1.17× 10−3

Table 2.22: Cell densities (cells/µm2) for the EGF-100 assay, replicate three.
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Region

Time (hours) Red Green Yellow Mean

0 0.98× 10−3 0.74× 10−3 0.74× 10−3 0.82× 10−3

8 1.00× 10−3 0.87× 10−3 0.84× 10−3 0.91× 10−3

16 1.03× 10−3 0.98× 10−3 0.90× 10−3 0.97× 10−3

24 1.11× 10−3 1.00× 10−3 0.92× 10−3 1.01× 10−3

46 1.16× 10−3 1.13× 10−3 1.06× 10−3 1.12× 10−3

Table 2.23: Cell densities (cells/µm2) for the EGF-125 assay, replicate one.

Region

Time (hours) Red Green Yellow Mean

0 0.74× 10−3 0.84× 10−3 0.63× 10−3 0.74× 10−3

8 0.79× 10−3 0.90× 10−3 0.74× 10−3 0.81× 10−3

16 0.92× 10−3 0.98× 10−3 0.79× 10−3 0.90× 10−3

24 1.06× 10−3 1.06× 10−3 0.90× 10−3 1.00× 10−3

46 1.16× 10−3 1.13× 10−3 1.03× 10−3 1.11× 10−3

Table 2.24: Cell densities (cells/µm2) for the EGF-125 assay, replicate two.

Region

Time (hours) Red Green Yellow Mean

0 0.87× 10−3 0.74× 10−3 0.63× 10−3 0.75× 10−3

8 0.92× 10−3 0.92× 10−3 0.77× 10−3 0.87× 10−3

16 0.95× 10−3 0.95× 10−3 0.82× 10−3 0.91× 10−3

24 1.06× 10−3 1.00× 10−3 0.87× 10−3 0.98× 10−3

46 1.13× 10−3 1.06× 10−3 1.08× 10−3 1.09× 10−3

Table 2.25: Cell densities (cells/µm2) for the EGF-125 assay, replicate three.

2.5.3 Leading edge position

The leading edge position is obtained from the edge detection algorithm described in the

main document. Here we report the averaged position obtained from the three replicates

for each EGF concentration, as well as the standard deviation.
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Time (hours) 0 2 4 6 8 10 12 14

〈LE〉 (µm) 361 341 325 306 295 286 275 260

St. Dev. (µm) 11 36 52 91 91 92 89 96

Time (hours) 16 18 20 22 24 26 28 30

〈LE〉 (µm) 242 228 209 193 171 151 133 107

St. Dev. (µm) 89 77 89 75 69 78 71 85

Table 2.26: Leading edge position (µm) for the control assay.

Time (hours) 0 2 4 6 8 10 12 14

〈LE〉 (µm) 346 330 301 291 270 260 232 221

St. Dev. (µm) 42 59 73 78 96 97 127 124

Time (hours) 16 18 20 22 24 26 28 30

〈LE〉 (µm) 203 183 166 153 136 123 105 84

St. Dev. (µm) 136 159 163 155 164 161 166 163

Table 2.27: Leading edge position (µm) for the EGF-25 assay.

Time (hours) 0 2 4 6 8 10 12 14

〈LE〉 (µm) 318 299 289 276 267 251 227 206

St. Dev. (µm) 44 46 34 42 34 38 52 69

Time (hours) 16 18 20 22 24 26 28 30

〈LE〉 (µm) 187 168 133 104 84 64 52 39

St. Dev. (µm) 74 87 122 133 135 128 97 82

Table 2.28: Leading edge position (µm) for the EGF-50 assay.

Time (hours) 0 2 4 6 8 10 12 14

〈LE〉 (µm) 363 350 336 320 310 305 279 252

St. Dev. (µm) 41 44 59 69 73 60 86 76

Time (hours) 16 18 20 22 24 26 28 30

〈LE〉 (µm) 228 210 184 161 140 118 90 72

St. Dev. (µm) 86 75 56 62 51 59 74 69

Table 2.29: Leading edge position (µm) for the EGF-75 assay.
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Time (hours) 0 2 4 6 8 10 12 14

〈LE〉 (µm) 363 339 326 308 292 284 255 223

St. Dev. (µm) 37 31 54 44 60 65 79 122

Time (hours) 16 18 20 22 24 26 28 30

〈LE〉 (µm) 198 185 151 135 110 90 68 41

St. Dev. (µm) 113 126 153 136 146 131 123 95

Table 2.30: Leading edge position (µm) for the EGF-100 assay.

Time (hours) 0 2 4 6 8 10 12 14

〈LE〉 (µm) 359 341 325 296 283 251 231 208

St. Dev. (µm) 24 28 20 34 55 65 71 80

Time (hours) 16 18 20 22 24 26 28 30

〈LE〉 (µm) 176 158 133 113 93 66 58 38

St. Dev. (µm) 49 53 65 56 51 20 21 31

Table 2.31: Leading edge position (µm) for the EGF-125 assay.
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Abstract

Moving cell fronts are an essential feature of wound healing, development and disease.

The rate at which a cell front moves is driven, in part, by the cell motility, quantified

in terms of the cell diffusivity D, and the cell proliferation rate λ. Scratch assays are

a commonly-reported procedure used to investigate the motion of cell fronts where an

initial cell monolayer is scratched and the motion of the front is monitored over a short

period of time, often less than 24 hours. The simplest way of quantifying a scratch assay

is to monitor the progression of the leading edge. Leading edge data is very convenient

since, unlike other methods, it is nondestructive and does not require labeling, tracking or

counting individual cells amongst the population. In this work we study short time leading

edge data in a scratch assay using a discrete mathematical model and automated image

analysis with the aim of investigating whether such data allows us to reliably identify D

and λ. Using a näıve calibration approach where we simply scan the relevant region of

the (D,λ) parameter space, we show that there are many choices of D and λ for which

our model produces indistinguishable short time leading edge data. Therefore, without

due care, it is impossible to estimate D and λ from this kind of data. To address this,

we present a modified approach accounting for the fact that cell motility occurs over a

much shorter time scale than proliferation. Using this information we divide the duration

of the experiment into two periods, and we estimate D using data from the first period,

while we estimate λ using data from the second period. We confirm the accuracy of our

approach using in silico data and a new set of in vitro data, which shows that our method
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recovers estimates of D and λ that are consistent with previously-reported values except

that that our approach is fast, inexpensive, nondestructive and avoids the need for cell

labeling and cell counting.

3.1 Introduction

Moving cell fronts are key features of tissue repair [15] and tumour spreading [28]. The

rate at which the front of a population of cells moves is influenced by the rate at which in-

dividual cells within the population migrate and proliferate [27]. Random, undirected cell

migration is typically quantified in terms of the cell diffusivity D, while cell proliferation

is quantified in terms of the proliferation rate λ. Developing methods to estimate D and

λ from experimental observations is important so that we can assess the effectiveness of

intervention strategies which often aim at influencing either D or λ [22, 36]. For example,

drugs such as Mitomycin-C, which inhibit proliferation [22], are used to reduce tumour

spreading [36], whereas steroid treatment, which stimulates cell migration [11], is often

studied with the aim of enhancing wound healing.

Scratch assays [19, 21, 31, 38], also known as scrape or wound healing assays [31, 38],

are routinely used to investigate the motion of cell fronts by creating a scratch in a cell

monolayer and observing the motion of the cell front. Images of the front are captured

over a period of time that is typically less than 24 hours [5, 19, 24]. Short time scale

experimental data is very common since it avoids the need for replenishing the nutrients

in the assay. There are various ways that data from a scratch assay are reported and

analysed. The most common method is to present a qualitative, visual comparison be-

tween a control assay and another assay where some treatment has been applied. This

kind of data is often presented without any attempt to estimate D or λ. For example,

Teppo [31] presented scratch assay data showing that hypoxia increased the rate at which

the fronts of cancer cells moved, but they did not determine how the hypoxic conditions

affected D and/or λ.

Another approach to analyse scratch assays is to use a mathematical model, such as the

Fisher-Kolmogorov equation [9] or an extension of this reaction-diffusion equation [16,

23, 29, 30] (Supplementary material). Some previous studies have focused on matching

the experimental front speed with the long time asymptotic travelling wave speed of the

Fisher-Kolmogorov equation, c =
√

4λD [7, 13, 14]. Unfortunately, this approach is

of little practical use for most experiments which are conducted over short time scales

where no such travelling wave forms [5, 19, 24]. Another way of analysing scratch assays

is to generate cell density profiles which can be matched to numerical solutions of a

reaction-diffusion equation [20, 27, 35]. Unfortunately, this approach is expensive and

time consuming since it requires some kind of direct or indirect cell counting technique

to construct the density profiles. Other mathematical models have been used to interpret

scratch assays, such as mechanistic [2] and biased continuum models [12]. However, the
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experimental procedures required to parameterise these models are time consuming since

they involved individual cell counting [2] or individual cell tracking [12].

The simplest and most cost effective measurement that can be made to characterise a

scratch assay is to record the location of the cell front as a function of time [1, 5, 21].

The widespread availability of automatic edge detection algorithms [33, 37] means that

it is straightforward to obtain this information. Given that most scratch assays are

conducted for short time periods, here we seek to determine whether it is possible to

reliably estimate D and λ from short time leading edge data alone without constructing

cell density profiles [20, 27, 35]. To explore this question, we use automatic edge detection

algorithms to analyse a discrete model of collective cell spreading driven by cell migration

and cell proliferation [26]. While such models have been used to analyse various types

of in vitro assays previously [3, 20], these studies have not focused on short time leading

edge data. Our work shows that great care must be taken when interpreting short time

leading edge data since the most straightforward model calibration approach indicates

that there are many choices of D and λ which lead to indistinguishable leading edge

data. To overcome this we develop a novel method by dividing the leading edge time

series data into two intervals allowing us to estimate D from the first time interval,

and then we separately estimate λ using the second time interval. We test the method

using both in silico and in vitro data showing that we recover estimates of D and λ

that are consistent with previously-reported results obtained using far more complicated

experimental procedures.

This manuscript is organised in the following way. In Section 3.2 we describe a discrete

model for simulating the motion of cell fronts. Section 3.2 describes the image analysis

and experimental procedure. Data in Section 3.3 shows that a straightforward model

calibration procedure implies that there are many choices of D and λ that match short

time leading edge data. As a result, we also describe, in Section 3.3, a modified method

that leads to unique estimates of D and λ, and we validate our results using both in silico

and in vitro data. Finally, in Section 3.4, we discuss our results and outline options for

extending the work.

3.2 Methods

3.2.1 Experimental method

The experimental method has been presented previously [27]. Briefly, murine fibroblast

3T3 cells [32] were grown in T175 cm2 tissue culture flasks and one µL of cell suspension

was placed into the well, with diameter 15.6 mm, of a tissue culture plate. The tissue

culture plate was incubated at 37 ◦C and 5% CO2 until the population became confluent.

A scratch was made in the monolayer using a P1000 pipette tip (Lab Advantage, Aus-

tralia). Images were recorded at t = 0, 3, 6, 9, 12 and 24 h, and a schematic illustration of

the assay at t = 0 is given in Figure 3.1(a).
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Figure 3.1: Schematic illustrating the initial scratch in the cell monolayer, simulation and leading edge
data. (a) Monolayer of cells (grey) immediately after the scratch (white) has been made. The red rectangle
indicates the spatial region which we simulate. (b) The initial confluent cell monolayer (grey) has height
Y0 and the width Lx, corresponding to the width of the red rectangle in (a). The height of the domain, Ly
is chosen to be sufficiently large that the agents in the simulation never touch this boundary within the 24
hour period of the simulation. (c) Simulation after time t. (d) The simulation results are analysed using
the image analysis tools to detect the leading edge (green) which is used to estimate the average position
of the leading edge (blue). Scale bars in (a)-(d) are 2 mm. (e) Typical experimental image immediately
after a scratch has been made. To illustrate the edge detection algorithm we show in (f) an experimental
image and in (g) the detected leading edge (green) and the average position of the front (blue). Scale bars
in (e)-(g) are 400 µm. (h) Typical temporal evolution of the position of the leading edge for experimental
data (blue crosses) and averaged simulation data (red).

3.2.2 Mathematical model

We consider a lattice-based random walk model on a two-dimensional square lattice, with

lattice spacing ∆ [6, 26]. Each site may be occupied by, at most, one agent, and each

simulation contains a total of Z(t) agents which have the ability to move and proliferate,

with probability Pm ∈ [0, 1] and Pp ∈ [0, 1], respectively, during each time step of duration

τ . We make the standard assumption that Pm and Pp are constants, which are related to

D and λ by

D =
Pm∆2

4τ
, λ =

Pp
τ
, (3.1)

which means that we can view the parameters (Pm, Pp) as being interchangeable with

(D,λ). During each time step Z(t) agents are chosen, at random, one at a time, and

given the opportunity to move [26]. An agent at (x, y) will attempt to step to (x±∆, y)

or (x, y ± ∆), with the target site chosen with equal probability. After Z(t) potential

motility events have been attempted, an additional Z(t) agents are selected, at random,

one at a time, and given the opportunity to proliferate. A proliferative agent at (x, y)

will attempt to place a daughter agent at (x ± ∆, y) or (x, y ± ∆), with the target site

chosen with equal probability. Potential motility and proliferation events will only succeed

if the target site is vacant, otherwise the event is aborted. Implicitly, this means that

individual agents in crowded regions will be relatively immobile and unable to proliferate,

whereas uncrowded agents will behave differently and will have a greater opportunity to

move and proliferate. The continuum-limit description of this model is a generalisation of
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the Fisher-Kolmogorov equation in two-dimensions [26] (Supplementary material). This

description is valid only when the ratio Pp/Pm is sufficiently small [25, 26].

We apply this model to mimic the geometry of the scratch assay. In all results we set

∆ = 25 µm, corresponding to a typical cell diameter [27, 34]. The simulation domain,

shown in Figure 3.1(b), is 0 ≤ x ≤ Lx, 0 ≤ y ≤ Ly. We choose Lx = 12.5 mm so that our

domain captures almost the entire population within the well without directly simulating

the curved boundaries. Although it is possible to simulate such curved geometries [27, 34],

we neglect these details here since our experimental data, described in Section 3.3.3,

focuses on several rectangular subregions within the well, away from the circular boundary.

We choose Ly = 3.75 mm which is sufficient to ensure that agents in simulations never

reach the boundary, y = 3.75 mm, during the 24 hour simulation period. Symmetry

conditions are applied along the lines x = 0, x = Lx, y = 0 and y = Ly. To match

our experimental conditions, agents are initially placed on the lattice so that the region

y < Y0 is confluent. All simulation data is presented for a particular choice of τ and we

re-simulated all results with smaller values of τ to ensure our results are insensitive to τ .

The results in this work could have been generated using a lattice-free model [17, 18].

Instead, we chose a lattice-based model since lattice-free models with crowding effects are

far more computationally expensive [17, 18]. Furthermore, our recent work showed that

lattice-based and lattice-free models produce equivalent data at the leading edge [17, 18]

which means that there is no advantage in using a lattice-free model here if we are focusing

on leading edge data.

3.2.3 Image analysis

We use Matlab’s Image Processing Toolbox to estimate the position of the leading edge

from the experimental and modelling images. The experimental image is imported and

converted to greyscale using imread and rgb2gray, respectively. The simulation data is

converted from a matrix representing occupied and vacant sites into a greyscale image

using mat2gray. Henceforth, the procedure for analysing the experimental images and

simulation data is identical. Edges are detected using edge with the Canny method [4] and

a threshold between 0.04 and 0.1. Detected edges weaker than the threshold are ignored.

Remaining edges are dilated, using imdilate, by a stretching element, defined using

strel, with a square element of size seven. Any remaining vacant spaces are filled, using

imfill, after which the dilation was reversed by eroding the image with the stretching

element, defined previously, using imerode. The edges within the image were smoothed

using medfilt2, and the area enclosed by the leading edge estimated using regionprops.

For illustrative purposes, this algorithm was applied to the simulation data in Figure

3.1(c) and the detected edge is superimposed in Figure 3.1(d). To estimate the vertical

position of the leading edge, Y , we use

Y =
A

Lx
, (3.2)
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where A is the area enclosed by the detected leading edge. The average position of the

leading edge, Y , is superimposed in Figure 3.1(d). To estimate how Y changes with time

we repeat the process at many time points and subtract the initial position to give a

measure of the net displacement of the leading edge as a function of time. Schematic

results in Figure 3.1(h) indicate how the net displacement of the leading edge evolves

with time for a representative set of experimental and averaged simulation data. We

acknowledge that the edge detection could have been performed with ImageJ rather than

Matlab. For this work we chose to use Matlab since our previous comparison of Matlab

and ImageJ edge detection algorithms showed that Matlab allows greater flexibility in the

choice and control of threshold and dilation parameters [33].

3.3 Results

In this work we will generate, and refer to, two distinct types of data: experimental

data and averaged simulation data. The differences between these types of data can be

described as follows,

1. Experimental data: Describes the position of the leading edge as a function of time

obtained from a single experiment. Furthermore, we consider two different ways of

generating experimental data:

• In vitro experimental data: Corresponds to data from experimental images,

and

• In silico experimental data: Corresponds to data from discrete simulation

images.

2. Averaged simulation data: Describes the average position of the leading edge, where

the average has been constructed using data from many identically-prepared re-

alisations of the discrete model, that is, simulations performed with an identical

algorithm, initial condition and parameters.

We construct the averaged simulation data using

〈Y i〉 =
1

M

M∑
n=1

Y i
n, (3.3)

where Y i
n is the position of the leading edge, at time step i, in the nth identically-prepared

realisation and M is the total number of identically-prepared realisations. To measure

the differences between different sets of experimental data and averaged simulation data,

we define

E =
1

NYmax

√√√√ N∑
i=1

(〈Y i〉 − Y i)2, (3.4)

where 〈Y i〉 is the position of the leading edge, at time step i, using averaged simulation

data, Y i is the position of the leading edge, at time step i, using experimental data, N is

the number of time steps and Ymax is the maximum value of Y i, for i = 1, 2, 3, . . . , N .
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Figure 3.2: Comparison of in silico experimental data and averaged simulation data. (a) Leading edge
in silico experimental data corresponds to (Pm, Pp) = (0.5, 5× 10−3) (blue crosses). Data is presented at
every 20th time step. (b) Contour plot of E (Equation (3.4)) measuring the difference between the in silico
experimental data and averaged simulation data within the region Pm ∈ [0, 1], Pp ∈ [0, 0.01]. Simulation
parameters are M = 10, Y0 = 750 µm, ∆ = 25 µm and τ = 0.09191 h, with a final time of 24 h. The
contour plot of E was generated by considering 2601 different parameter combinations; 51 equally-spaced
values of Pm, and 51 equally-spaced values of Pp. The light blue, green and red coloured squares in (b)
correspond to three different parameter combinations: (Pm, Pp) = (0.6, 1.4× 10−3), (0.46, 8.8× 10−3) and
(0.5, 5× 10−3), respectively. Averaged simulation data from these three different parameter combinations
are superimposed in (a), showing that all three parameter combinations lead to indistinguishable short
time leading edge data. All averaged simulation data are insensitive to τ .

3.3.1 Näıve parameter recovery

To explore whether it is possible to reliably estimate D and λ from short time leading edge

data we first analyse a representative set of in silico experimental data corresponding to

(Pm, Pp) = (0.5, 5× 10−3), with ∆ = 25 µm, which is reported in Figure 3.2(a). We note

that it is difficult to draw specific conclusions by a simple visual inspection of this data

set, with the exception that it appears that the front speed is not constant over this time

interval. To analyse this data we generate a suite of averaged simulation data, sampling

2601 equally-spaced parameter combinations within the region Pm ∈ [0, 1], Pp ∈ [0, 0.01],

and we present a contour plot of E, given by Equation (3.4), in Figure 3.2(b). We expect

that if there is a unique choice of D and λ that matches the data in Figure 3.2(a), we

would see a unique minimum on the E surface. Instead, we observe a relatively large, flat

region, within which E takes on small, indistinguishable, values. This region extends right

across this portion of the parameter space, indicating that there are many combinations

of D and λ which match the experimental data equally well. To demonstrate that our

observations for this parameter set hold more generally, we repeated the process focusing

on in silico experimental data with a higher proliferation rate and found similar results

(Supplementary material).
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To demonstrate the redundancy in the short time leading edge data we choose three

different combinations of (Pm, Pp), highlighted in Figure 3.2(b), and we superimpose the

corresponding averaged leading edge data on the experimental data in Figure 3.2(a).

Comparing these data sets confirms that there are several parameter combinations which

give indistinguishable short time leading edge data. Furthermore, we found that any

parameter combination within the dark blue region in Figure 3.2(b) also gives averaged

simulation data that matches the experimental data (not shown). These results indicate

that short time leading edge information should be treated with care since a standard

model calibration procedure may not provide useful information.

3.3.2 Parameter recovery accounting for the separation of time scales

Our results in Section 3.3.1 imply that additional information needs to be incorporated

into our parameter estimation procedure if we are to infer useful information from short

time leading edge data. Here we make use of the fact that there is a large separation

of time scales between cell proliferation processes and cell motility processes. Typical

estimates of the cell doubling time are approximately 15-30 hours [14, 27] whereas the

time scale of cell motility events is approximately 10-20 minutes [10]. This separation

of time scales implies that the first part of the leading edge time series data will be

dominated by the influence of cell motility and we can make use of this information by

dividing our time series data into two intervals: (i) t < T , and (ii) t > T , where T is a

time interval during which the motion of the leading edge is dominated by cell motility.

Intuitively, we expect that T ought to be chosen to be much less than the cell doubling

time, and we will discuss this choice in Section 3.3.3.

To make use of this separation of time scales we estimate Pm and Pp iteratively:

Step 1 Estimate Pm by considering experimental data for t < T , we set Pp = 0 and sys-

tematically vary Pm so that our averaged simulation data matches the experimental

data,

Step 2 Estimate Pp by considering experimental data for t > T , we set Pm to be the value

found previously, and we systematically vary Pp so that our averaged simulation

data matches the experimental data.

Step 3 Re-estimate Pm by considering experimental data for t < T , we set Pp to be the

value found in step 2, and we systematically vary Pm so that our averaged simulation

data matches the experimental data. Repeat steps 2 and 3 until both Pm and Pp

converge.

We now apply this method to in silico experimental data and then examine in vitro

data in Section 3.3.3. Figure 3.3(a) shows same in silico experimental data presented

previously in Figure 3.2(a). The results from estimating Pm using the iterative procedure

are given in Figure 3.3(b) and show that by choosing T = 3 h and focusing on the interval

Pm ∈ [0, 1] we observe a relatively well-defined minimum in the plot of E indicating

that we have Pm ≈ 0.48. The results from estimating Pp are given in Figure 3.3(c)
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Figure 3.3: Parameter recovery for in silico experimental data using the iterative separation of time
scales approach. (a) In silico experimental data, at every 20th time step, with (Pm, Pp) = (0.5, 5× 10−3)
(blue crosses). The vertical line represents T = 3 h. (b) Observing the minimum value of E, (Equation
(3.4)), measuring the difference between the in silico experimental data and averaged simulation data
for t < 3 h suggests that Pm is approximately 0.48. The averaged simulation data corresponds to 51
equally-spaced values of Pm in the interval Pm ∈ [0, 1], and Pp = 0. (c) E, (Equation (3.4)), measuring
the difference between the in silico experimental data and averaged simulation data for 3 < t < 24 h. The
averaged simulation data corresponds to 51 equally-spaced values of Pp in the interval Pp ∈ [0, 0.01], and
Pm = 0.48, giving Pp ≈ 5.6 × 10−3. Simulation data was generated with M = 10, Y0 = 750 µm, ∆ = 25
µm and τ = 0.09191 h, with a final time of 24 h. Pm and Pp required two iterations to converge. All
averaged simulation data are insensitive to τ .

and show that with T = 3 h and Pm = 0.48, we observe a well-defined minimum in E

indicating that we have Pp ≈ 5.6 × 10−3. We note that it took two iterations for Pm

and Pp to converge. These parameter estimates are a great improvement on the results

in Section 3.3.1 where we found it was impossible to distinguish between many different

parameter combinations. We note that our parameter estimates do not precisely coincide

with the expected values of Pm = 0.50 and Pp = 5 × 10−3, and there are two potential

explanations for this. First, our in silico experimental data corresponds to one realisation

of the discrete model which might not be representative of the expected behaviour we

would observe when considering many identically prepared realisations. Secondly, when

we generated the averaged simulation data, we only used a modest number of simulations,

M = 10, and we expect that our estimate could be improved by increasing M . To further

illustrate the robustness of our approach we also applied it to data generated using several

different parameter combinations, including some for larger proliferation rates, and we

found that this method also gave reliable parameter estimates for these additional cases

(Supplementary material).

Once we have obtained estimates of Pm and Pp it is possible to re-examine the suitability

of our choice of T . Our estimate of Pp indicates that the average time taken for an

isolated agent to undergo a proliferation event is approximately 18 hours, whereas our

estimate of Pm indicates that the average time taken for an isolated agent to undergo a

motility event is approximately 30 minutes. These time scales give a physical explanation

for why our choice of T = 3 h is sufficient, since agents have plenty of opportunity to

undergo motility events during the first 3 hours of the simulation whereas there is hardly

any opportunity for proliferation to occur during this interval. To further demonstrate

the robustness of our results, we repeated the process of estimating Pp and Pm using the

data in Figure 3.3(a) and found that we obtained excellent estimates of the parameters

regardless of whether we chose T = 2, 3 or 4 hours.
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Figure 3.4: Time evolution of a scratch assay with 3T3 fibroblasts cells. Experimental images are shown
at:(a) 0, (b) 12 and (c) 24 h. To illustrate the application of the edge detection algorithm we show in
(d) the image at 12 h and in (e) we superimpose the detected leading edge (red). (f) Shows the detected
leading edge (red) and the average position of the front (blue). Scale bar corresponds to 200 µm.

3.3.3 In vitro data

We obtained in vitro experimental data for a scratch assay using 3T3 fibroblast cells as

described in Section 3.2.1. At each time point, we took four different images, at different

spatial locations, in the scratch assay. The field of view in each image is approximately

2 mm wide and 0.8 mm high. The spatial location of the four sets of images are approx-

imately evenly-spaced along the edge of the scratch within the red rectangle in Figure

3.1(a). One set of such images, at t = 0, 12 and 24 h, is presented in Figure 3.4(a)-(c).

An example of the results from the edge detection algorithm, applied to the image at

t = 12 h, is illustrated in Figure 3.4(d)-(f). Results summarising the average position of

the leading edge as a function of time are given in Figure 3.5(a), and the original data set

from the four sets of images at all time points is given in the Supplementary material.

We first apply the näıve parameter recovery method, described in Section 3.3.1, where

we consider the difference between our in vitro experimental data and averaged simu-

lation data using the entire time series of leading edge data. The averaged simulation

data was generated using 2601 equally-spaced parameter combinations within the region

Pm ∈ [0, 1], Pp ∈ [0, 0.01]. Results in Figure 3.5(b) show a contour plot of E, de-

fined by Equation (3.4), which confirms that there is a large region within the parameter

space for which the short time leading edge data is indistinguishable. To confirm that

multiple parameter combinations match the in vitro experimental data, we consider three

distinct parameter pairs, highlighted in Figure 3.5(b), and superimpose the corresponding

averaged simulation data in Figure 3.5(a).
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Figure 3.5: Comparison of in vitro experimental data and averaged simulation data. (a) Leading edge in
vitro data (blue crosses) is presented with the error bars indicating one standard deviation from the mean.
(b) Contour plot of E (Equation (3.4)) measuring the difference between the in vitro data and the averaged
simulation data in the region Pm ∈ [0, 1], Pp ∈ [0, 0.01]. Simulation parameters are M = 10, Y0 = 750
µm, ∆ = 25 µm and τ = 0.09191 h, with a final time of 24 h. The contour plot of E was generated by
considering 2601 different parameter combinations; 51 equally-spaced values of Pm and 51 equally-spaced
values of Pp. The red, green and light blue coloured squares in (b) correspond to three different parameter
combinations: (Pm, Pp) = (0.16, 5.4× 10−3), (0.14, 9.6× 10−3) and (0.2, 2× 10−4), respectively. Averaged
simulation data from these three different combinations are superimposed in (a), showing that all three
parameter combinations lead to indistinguishable short time leading edge data. All averaged simulation
data are insensitive to τ .

We now apply the approach described in Section 3.3.2 to our in vitro data choosing

T = 6 h. Results in Figure 3.6(a) show the averaged experimental data. A plot of E,

given in Figure 3.6(b), constructed using 51 equally-spaced values of Pm in the interval

Pm ∈ [0, 1], with Pp = 0, indicates that the optimal value of Pm is approximately 0.18.

A plot of E, given in Figure 3.6(c), constructed using 51 equally-spaced values of Pp in

the interval Pp ∈ [0, 0.01], with Pm = 0.18, indicates that the proliferation parameter

lies within the subinterval Pp ∈ [0, 5 × 10−3]. We now refine our parameter estimates

by repeating the process and increasing the number of realisations used to generate the

averaged simulation data from M = 10 to M = 50. Furthermore, we now focus our

attention on the subintervals Pm ∈ [0, 0.5] and Pp ∈ [0, 5 × 10−3], highlighted by the

rectangles superimposed on Figure 3.6(b)-(c). By repeating the parameter estimation

process, we obtained the refined results shown in Figure 3.6(e)-(f), indicating that the

optimal parameter pair is (Pm, Pp) = (0.17, 2.7×10−3), or (D,λ) ≈ (300 µm2/h, 0.03 /h).

To quantify the uncertainty in our estimates, we repeated the same process using the mean

experimental data plus or minus one sample standard deviation of the experimental data.

This gave Pm = 0.17 (0.14− 0.20) and Pp = 2.7× 10−3 (1.6× 10−3 − 3.5× 10−3), where

the ranges in the parenthesis indicate an estimate of the uncertainty. Our estimates of

Pm and Pp were obtained using just one iteration.

To explore whether our results are sensitive to our choice of T , we repeated the process

using T = 9 h and found that this also gave (Pm, Pp) = (0.17, 2.7 × 10−3), or (D,λ) ≈
(300 µm2/h, 0.03 /h), indicating that our results are relatively insensitive to T . The

reason for this insensitivity can be explained by considering the time scales implied by

our parameter estimates. Our estimate of λ indicates that the average time required for
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Figure 3.6: Parameter recovery for in vitro data using the separation of time scales approach. (a) in
vitro data (blue crosses) showing the average position of the leading edge with the error bars denoting one
standard deviation from the mean (See Supplementary material for the original data set). The vertical
line indicates T = 6 h. (b) Plot of E (Equation (3.4)) measuring the difference between the in vitro
experimental data and averaged simulation data for t < T with Pp = 0. The plot of E was generated
by considering 51 equally-spaced values of Pm within the interval Pm ∈ [0, 1], and indicates that Pm is
approximately 0.18. (c) Plot of E measuring the difference between the in vitro experimental data and
the averaged simulation data for t > T with Pm = 0.18. The plot of E, generated using 51 equally-spaced
values of Pp within the interval Pp ∈ [0, 0.01], indicates that the true value of Pp lies in the subinterval
Pp ∈ [0, 5 × 10−3]. (d) Plot of E measuring the difference between the in vitro experimental data and
the averaged simulation data for t < T with Pp = 0. The plot of E, generated using 51 equally-spaced
values of Pm within the subinterval Pm ∈ [0, 0.5], indicates that an improved estimate is Pm ≈ 0.17. (e)
Plot of E measuring the difference between the in vitro experimental data and the averaged simulation
data for t > T with Pm = 0.17. The plot of E, generated using 51 equally-spaced values of Pp within the
subinterval Pp ∈ [0, 5× 10−3], indicates that the true value of Pp is approximately 2.7× 10−3. Averaged
simulation data showing the position of the leading edge with Pm = 0.17 and Pp = 2.7 × 10−3 are
superimposed on the in vitro experimental data in (a). All simulation data corresponds to Y0 = 750
µm, ∆ = 25 µm and τ = 0.09191 h. Results in (b)-(c) correspond to M = 10, while results in (d)-(e)
correspond to M = 50. Our estimates of Pm and Pp required one iteration to converge. All averaged
simulation data are insensitive to τ .
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an isolated cell to proliferate is approximately 34 hours. In comparison, our estimate of

D indicates that the average time taken for an isolated cell to undergo a motility event is

approximately 30 minutes. This indicates that that either T = 6 or 9 h are appropriate

since either of these time scales are sufficiently small relative to the proliferation time

scale as well as being sufficiently large compared to the motility time scale. Averaged

simulation data produced using (Pm, Pp) = (0.17, 2.7× 10−3) are superimposed in Figure

3.6(a), confirming that the simulated leading edge data matches the measurements. We

note that our parameter estimates are consistent with Tremel’s [35] previously-reported

estimates. However, we would also like to point out that our estimates of D and λ

were obtained simply and inexpensively, using only short time leading edge data, whereas

Tremel’s results were obtained by constructing cell density profiles and tracking individual

cells, both of which are time consuming and expensive.

3.4 Discussion and conclusions

Moving cell fronts [19, 21, 31, 38] play a key role in development, disease and tissue repair.

The rate at which the cell front moves depends both on the motility and proliferation

of individual cells within the population. Mathematical models can be used to interpret

scratch assays, with some previous studies focusing exclusively on matching experimental

estimates of the front speed with the long time asymptotic wave speed of the travelling

wave solution of the Fisher-Kolmogorov equation, c =
√

4λD [16]. This approach suffers

from two limitations. First, travelling wave solutions require a large amount of time to

develop whereas most scratch assays are performed for short time intervals. Second, even

if large time experimental data is available, this approach determines the product, λD,

and not the values of λ and D separately [13, 14]. Other methods for interpreting scratch

assays have involved calibrating the numerical solution of a reaction-diffusion equation to

observed cell density profiles [20, 27, 35] to provide estimates of λ and D. Unfortunately,

this approach is expensive and time consuming since it requires either a direct or indirect

method for counting individual cells to construct the cell density profiles.

In this work we describe a different approach for analysing scratch assays relying only

on determining short time leading edge data. Our method can be implemented either

for new experimental images, or retrospectively, using previously published images. The

simplicity of our approach derives from the fact that we do not require any analysis or

counting of individual cells. Using a discrete model of cell motility and cell proliferation,

we show that care ought to be exercised when analysing short time leading edge data since

a straightforward model calibration procedure, whereby we match the entire time history

of the position of the leading edge, reveals that there are many parameter combinations for

which the short time leading edge data from the model are equivalent. To overcome this

we make use of the fact that cell migration takes place on a short time scale compared to

cell proliferation, and we introduce a new iterative method where we analyse the leading

edge time series data in two steps. First, we analyse the interval t < T , setting Pp = 0

in the model, to provide an estimate of Pm. Second, we analyse the time interval t > T ,
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using our previously-determined estimate of Pm, to provide an estimate of Pp. These two

steps can be applied iteratively until our estimates converge to within some tolerance.

Our approach relies on estimating some time, T , which is sufficiently large compared to

the time scale of cell migration, yet is sufficiently small compared to the time scale of

proliferation. We confirm our approach using both in silico and in vitro data, and we

note that our estimates of D and λ for the in vitro data are consistent with previously-

published values for the same cell line in a similar experiment [35].

As we demonstrate, once the data has been analysed to produce an estimate of D and

λ, we can test the sensitivity of our estimates to our choice of T . For our in silico data

we found that we obtained similar results regardless of whether we chose T = 2, 3 or 4 h.

Similarly, for our in vitro data, where we had less experimental data points from which to

choose T , we found that we obtained the same values for D and λ regardless of whether

we chose T = 6 or 9 h.

Our parameter estimates for the in vitro data indicate that care should be taken when

interpreting leading edge data with the long time asymptotic wave speed expression for

the Fisher-Kolmogorov equation [7, 13, 14]. Our parameter estimates for the in vitro

data correspond to (D,λ) ≈ (300 µm2/h, 0.03/h). While it is possible to use these

parameters to estimate the speed of the travelling wave solution of the Fisher-Kolmogorov

equation [7, 13, 14], this result is valid only in the long time limit, t → ∞. Since our

experimental results have been reported over a time interval which is less than the doubling

time, we expect that it is inappropriate to use such a result since there has been insufficient

time for the travelling wave to form. Indeed, comparing the slope of the data in Figure

3.5(a) with c =
√

4λD, evaluated using our parameter estimates, confirms that these

approaches give different estimates of the front speed.

Our approach of combining simulation data with automated leading edge analysis can

be extended in several ways. One important point, not considered here, is that certain

cells, such as melanoma [34] and glioma cells [10], exhibit significant cell-to-cell adhesion.

To incorporate cell-to-cell adhesion we could consider a different discrete model with an

additional parameter controlling the adhesion strength [10]. Under these conditions it

would be interesting to explore whether the three parameters governing cell migration,

cell proliferation and the strength of adhesion could be uniquely determined by short time

leading edge data. Alternatively, we could apply our model to scratch assays performed

on different substrates [13, 14] to analyse the effect of cell-to-substrate adhesion. Another

approach may be to apply our model to narrow wounds, where cell proliferation is neg-

ligible or absent [8]. A further application of our model would be to analyse a series of

scratch assays where we considered some control assay relative to a set of other assays

where a chemical inhibitor or promotor has been applied. Our approach could be used

to determine precisely how D and/or λ varies as a function of the concentration of the

chemical, and therefore play a role in the design of intervention strategies aimed at ma-

nipulating the movement of cell fronts.
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Figure 3.7: Comparison of in silico experimental data and averaged simulation data. (a) Leading edge
in silico experimental data (blue crosses) corresponds to (Pm, Pp) = (0.5, 0.02) (blue crosses). Data is
presented every 20th time step. (b) Contour plot of E (Equation (4), main paper) measuring the difference
between the in silico data and averaged simulation data within the region Pm ∈ [0, 1], Pp ∈ [0, 0.1].
Simulation parameters are M = 10, Y0 = 750 µm, ∆ = 25 µm and τ = 0.09191 h, with a final time of 24
h. The contour plot of E was generated by considering 2601 different parameter combinations; 51 equally-
spaced values of Pm and 51 equally-spaced values of Pp. The red, green and light blue coloured squares
in (b) correspond to three different parameter combinations: (Pm, Pp) = (0.5, 0.05), (0.32, 0.096) and
(0.78, 0.028), respectively. Averaged simulation data from these three different parameter combinations
are superimposed in (a), showing that all three parameter combinations lead to indistinguishable short
time leading edge data. All averaged simulation data are insensitive to τ .

3.5 Supplementary material

3.5.1 Reaction-diffusion model

The continuum-limit description of the discrete model described in Section 3.2.2 is a

two-dimensional generalization of the Fisher-Kolmogorov equation [13],

∂u

∂t
= D∇2u+ λu(1− u),

where 0 ≤ u ≤ 1 is a scaled density, D is the diffusivity and λ is the proliferation rate. This

model, applied in one-dimensional geometry, where ∇2u = ∂2u/∂x2, supports travelling

wave solutions in the long time limit, t → ∞ [14]. For initial conditions with compact

support the long time travelling wave speed is c =
√

4Dλ [14].

3.5.2 Näıve parameter recovery with high proliferation rate

We now consider results that are equivalent to those presented in Section 3.3.1 (main

paper) except that we consider a higher proliferation rate with parameters (Pm, Pp) =

(0.8, 0.02). The experimental data is given in Figure 3.7(a) and the corresponding contour

plot of E, generated using Equation (4) (main paper), is given in Figure 3.7(b) indicates

that there is no single well-defined minimum on this surface. Instead, we observer a large

dark blue region, extending right across the parameter space, from which any combination

of D and λ produce indistinguishable short time leading edge data. We demonstrate this
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Figure 3.8: Recovery of parameter values from in silico experimental data using a separation of
timescales. (a) In silico experimental data (blue crosses) with (Pm, Pp) = (0.8, 0.02). The vertical line
denotes T = 1.5 h. (b) Shows a plot of E (Equation 4, main paper) measuring the difference between
the in silico experimental data and averaged simulation data for t < T with Pp = 0. The plot of E was
generated by considering 51 equally-spaced values of Pm within the interval Pm ∈ [0, 1], and indicates that
Pm is approximately 0.84. (c) Plot of E measuring the difference between the in silico experimental data
and averaged simulation data for t > T with Pm = 0.84. The plot of E, generated using 51 equally-spaced
values of Pp within the interval Pp ∈ [0, 0.1], indicates that Pp is approximately 0.022. All simulations
were performed with M = 10, Y0 = 750 µm, ∆ = 25 µm and τ = 0.09191 h, with a final time of 24h. Pm
and Pp took three iterations to converge. All simulation results are independent of the duration of the
time step.

by choosing three different parameter combinations, highlighted in Figure 3.7(b), and give

the corresponding averaged simulation data in Figure 3.7(a).

3.5.3 Parameter recovery accounting for the separation of time scales

with high proliferation rate

We now apply the technique described in Section 3.3.2 (main paper) to the in silico exper-

imental data from Figure 3.7(a) with T = 1.5 h, as shown in Figure 3.8(a). We consider

the leading edge data from the first 1.5 h of the experiment and scan the parameter space

in the interval Pm ∈ [0, 1]. Results in Figure 3.8(b) indicate that we have Pm ≈ 0.84. We

then consider the leading edge data in the interval 1.5 < t < 24 h and scan the parameter

space in the interval Pp ∈ [0, 0.1]. Results in Figure 3.8c indicate that we have Pp ≈ 0.022,

which provides an excellent match to the real parameters. Our procedure to estimate Pm

and Pp required three iterations to converge.

Experimental data

The experimental data set describing n = 4 images from the scratch assay, performed

according to the methods outlined in Section 3.2.1, are presented in Table 3.1.
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Table 3.1: Data describing the mean, 〈Y 〉, and standard deviation, σ, of the leading edge position from
four images of the scratch assay. Data corresponds to t = 0, 3, 6, 9, 12 and 24 h, as indicated.

t = 0 h t = 3 h t = 6 h t = 9 h t = 12 h t = 24 h

Y1 (µm) 0 39.99 46.38 109.53 161.82 183.84
Y2 (µm) 0 13.87 52.46 82.18 130.29 230.53
Y3 (µm) 0 14.85 71.74 97.34 125.65 261.14
Y4 (µm) 0 33.04 58.27 125.60 155.06 235.92
〈Y 〉 (µm) 0 25.44 57.21 103.66 136.45 227.86
σ (µm) 0 13.11 31.03 18.42 27.12 32.34
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Abstract

Quantifying the impact of biochemical compounds on collective cell spreading is an es-

sential element of drug design, with various applications including developing treatments

for chronic wounds and cancer. Scratch assays are a technically simple and inexpensive

method used to study collective cell spreading; however, most previous interpretations

of scratch assays are qualitative and do not provide estimates of the cell diffusivity, D,

or the cell proliferation rate, λ. Estimating D and λ is important for investigating the

efficacy of a potential treatment and provides insight into the mechanism through which

the potential treatment acts. While a few methods for estimating D and λ have been pro-

posed, these previous methods lead to point estimates of D and λ and provide no insight

into the uncertainty in these estimates. Here we compare various types of information

that can be extracted from images of a scratch assay and quantify D and λ using discrete

computational simulations and approximate Bayesian computation. We show that it is

possible to robustly recover estimates of D and λ from synthetic data as well as a new set

of experimental data. For the first time our approach also provides a method to estimate

the uncertainty in our estimates of D and λ. We anticipate that our approach can be

generalised to deal with more realistic experimental scenarios in which we are interested

in estimating D and λ, as well as additional relevant parameters such the strength of

cell–to–cell adhesion or the strength of cell–to–substrate adhesion.

77



Chapter 4. Interpreting scratch assays using pair density dynamics and ap-
proximate Bayesian computation

78

4.1 Introduction

Scratch assays, otherwise known as scrape or wound healing assays [18, 27], are a common

experimental method used to study collective cell spreading. Cells are grown to confluence

on a culture plate, after which an artificial gap is created in the monolayer with a fine-

tipped instrument [18]. Microscopic images of the cell front moving into the vacated area

are captured over approximately 12-24 hours [6, 21, 26, 30]. Scratch assays are often

used to evaluate the impact of biochemical compounds on cell migration and proliferation

[10, 12, 16, 46]. For example, scratch assays have been used to study wound healing

treatments [16, 17], compounds that promote metastasis [10] and chemotherapeutic drugs

[12]. Unfortunately, the majority of these evaluations are qualitative [17, 26] or focus

on measurements that do not distinguish between the roles of cell diffusivity and cell

proliferation [10, 12, 16, 19, 29]. Quantitative comparisons between control assays and

assays where a treatment has been applied are critical to providing information about the

efficacy of a treatment. There is, therefore, considerable interest in the development of

robust approaches that recover estimates of the cell diffusivity D, and cell proliferation

rate λ, as these parameters provide important information about the effectiveness, and

the mechanism of action, of a putative treatment.

Previous quantitative interpretations of scratch assays have considered a variety of exper-

imental measurements, including counting cell numbers to construct detailed cell density

profiles [5, 28, 33, 45], estimating the position of the leading edge of the spreading popu-

lation [9, 13, 19] and recording detailed individual cell trajectories [5, 45]. In some cases

these measurements have been compared with the results of a mathematical model to

produce point estimates of D and λ [36, 37]. Presently, it is unclear whether some of

these experimental measurements lead to improved estimates of D and λ relative to other

experimental measurements, and it remains unclear whether an optimal experimental

measurement from a scratch assay can be identified. To the best of our knowledge, pair

density information and pair correlation functions [2, 43] have not been previously consid-

ered as a means of estimating D and λ from a scratch assay. Unlike previous quantitative

interpretations, the data required to calculate the pair correlation function from a scratch

assay is straightforward to obtain since it can be calculated simply by inspecting images

of the assay at several time points without detailed cell labelling techniques or real time

tracking of individual cells. Calculating the pair correlation function from experimental

images incorporates information about both the counts of pair distances and the number

of cells in the image. This kind of information can also be easily extracted from a discrete,

individual-based random walk simulations incorporating random cell movement, governed

by the cell diffusivity D, and cell proliferation, governed by the cell proliferation rate λ.

Typically, D and λ are estimated by minimising a measure of the difference between some

experimental measure and a prediction of a mathematical model, giving rise to point-

estimates of D and λ [13, 19, 37, 45]. However, any information about the uncertainty of
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the recovered parameters is ignored by this standard approach. Understanding and quan-

tifying the uncertainty in our estimates is important since previously reported estimates

of D vary widely [37] and so it is insightful to employ parameter estimation techniques

that provide more information than traditional approaches. Approximate Bayesian com-

putation (ABC) generates a parameter distribution that contains this information and

hence provides more insight to the recovered parameters [20, 23, 40]. The use of ABC

algorithms in spatiotemporal problems is relatively novel and has not been considered in

the context of a scratch assay.

Therefore, in this work we focus on a relatively straightforward experimental system by

working with 3T3 fibroblast cells which are widely assumed to undergo migration and

proliferation without significant cell–to–cell or cell–to–substrate adhesion effects [5, 33,

45]. This simplification allows us to focus on the estimation of two parameters, D and λ.

Of course, if the technique described in this work were to be applied to other cell types

where other mechanisms, such as cell–to–cell adhesion, cell–to–substrate adhesion or other

mechanical effects were present, a more detailed random walk framework with additional

parameters would be required. For example, Khain and coworkers [15] describe such an

extension whereby individual motility events in the random walk simulation are affected

by adhesion, and this is incorporated into the computer simulations through the use of

an additional parameter. Other extensions are also possible, such as the incorporation of

mechanical forces [1, 35, 38]. While the present work does not incorporate these additional

details, we anticipate that the general framework presented here for the simpler random

walk simulations with just two parameters could be extended to deal with these further

details in future applications.

Here we interpret new experimental images from a scratch assay using discrete random

walk simulations, pair correlation functions and ABC. In Section 4.2 we describe the

experimental procedure, present a random walk simulation framework that approximates

the behaviour of cells in a scratch assay [31] and describe the process of comparing the

simulation predictions with experimental data. We note that the random walk model is

applied by performing repeated stochastic computational simulations and, henceforth, we

refer to our random walk model as a computational simulation. In Section 4.3 we present

the results from an ABC algorithm, applied to synthetically generated data, and compare

our ability to estimate D and λ using various pieces of information from the images of

the synthetic scratch assay. We show that combining estimates of the pair correlation

function and the number of cells in the image allows us to robustly estimate D and λ.

Applying the same technique to new experimental data we recover estimates of D and

λ that are well-defined and consistent with previous point-estimates [33]; however, we

also present information about the uncertainty in our parameter estimates which has not

been presented previously. In Section 4.4, we discuss our results and suggest directions

for future study.
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Figure 4.1: (a) Typical experimental image obtained from a scratch assay performed using 3T3 fibroblast
cells. (b) Identification of the position of the cells. Scale bar corresponds to 250 µm. (c) Position of cells
mapped to a square lattice, where the lattice size is equal to the cell diameter, ∆ = 25 µm. (d) Pair
correlation function q(i), obtained from experimental images at time t = 4 h (red), t = 8 h (green), t = 12
h (blue). Arrow indicates direction of increasing time. See Section 4.2.3 and Supplementary material for
details about the calculation and interpretation of q(i).

4.2 Methods

4.2.1 Experimental method

The details of the experimental method have been presented previously [42]. Briefly,

murine fibroblast 3T3 cells [39] were grown in T175 cm2 tissue culture flasks. One µL of

cell suspension was carefully inserted into the well of a tissue culture plate to ensure that

cells were approximately evenly distributed. The tissue culture plate was placed in a hu-

midified incubator at 37◦C and 5% CO2 until the population became confluent. A scratch

was made in the population using a P1000 pipette tip (Lab Advantage, Australia). Images

of the spreading population were recorded using a Leica AF6000 automated microscope

every five minutes for 24 hours.

4.2.2 Computational simulation

We consider a discrete random walk incorporating motility and proliferation mechanisms

on a two-dimensional square lattice with lattice spacing ∆, where each lattice site may be

occupied by, at most, one agent [8, 31]. At time t the lattice contains N(t) agents, which

have the ability to move and proliferate, with probability Pm ∈ [0, 1] and Pp ∈ [0, 1],

respectively, during each timestep of fixed duration τ . Invoking the standard assumption

that Pm and Pp are constant, the parameters in the computational simulation are related

to D and λ by [31]

D =
Pm∆2

4τ
, λ =

Pp
τ
. (4.1)

Using these relationships we can treat the parameters in the simulation, Pm and Pp, as

interchangeable with D and λ, respectively.

During each timestep N(t) agents are selected with replacement, at random, one at a

time [7], and given a chance to move [31]. Once selected, an agent at (x, y) randomly

chooses, and attempts to move to either (x±∆, y) or (x, y±∆). Potential motility events
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are successful provided that the target site is vacant; otherwise the event is aborted. Af-

ter N(t) motile events have been attempted, an additional N(t) agents are selected with

replacement, at random, one at a time, and are given the opportunity to proliferate. A

proliferative agent at (x, y) attempts to place a daughter agent at (x±∆, y) or (x, y±∆).

Attempted proliferation events can only be successful if the target site is unoccupied; oth-

erwise the event is aborted. We note that our random walk simulation is an idealisation in

which it is always theoretically possible that an agent in the simulations could occasion-

ally proliferate twice in quick succession and we note that this is not biologically relevant.

However, for parameter values relevant to our, and many other, biological systems, this

feature is expected to have minimal impact. To see this, we note that the average time

between motility events for an isolated agent is τ/Pm whereas the average time between

proliferation events for an isolated agent is τ/Pp. Therefore, for our simulations to be

biologically realistic we expect that the quantity τ/Pm to be in the order of 10–20 minutes

[15] whereas the quantity τ/Pp to be in the order of approximately 24-48 hours [13]. We

will make a comment on these details in Section 4.3.2 when we interpret our results.

We choose the geometry of our simulation to mimic the scratch assay presented in Figures

4.1(a)-(b). The average cell diameter is approximately 25 µm [33], giving ∆ = 25 µm.

The simulation domain, an X by Y lattice, presented in Figure 4.1(c), corresponds with

the size of the experimental images. The image in Figure 4.1(a) is approximately 900 µm

wide and 675 µm high, corresponding to X = 36 and Y = 27. We apply symmetry (zero

flux) boundary conditions along the boundaries at x = 0, x = X∆, y = 0 and y = Y∆.

To initiate the computational simulation we place N(0) agents, at random, ensuring that

no two agents occupy the same site, in the region for y ≤ Y0∆. We estimate N(0) by

counting the number of cells present at t = 0 in the experimental images. We note that

N(t) depends on time, t, but we refer to this quantity as N from this point for notational

convenience.

4.2.3 Pair correlation functions

There is a significant amount of information available in an experimental image of a

scratch assay. For example, cell density profiles [33, 45], individual cell trajectories [45]

and the position of the leading edge of the spreading cell front [13, 19] have all been

estimated from experimental images and used to provide point estimates ofD and λ. Here,

we consider estimating the pair correlation function [2] as an experimental measurement,

henceforth referred to as a summary statistic. Summary statistics are lower-dimensional

summaries of data that provide tractable comparisons between sets of data [20]. Since

summary statistics merely summarise a data set, it is important to examine whether a

particular summary statistic is informative, that is, a statistic that contains sufficient

information to distinguish the model output obtained from different parameters.

To calculate the pair correlation function we consider a data set corresponding to a square

lattice of dimensions X by Y , where each lattice site can be occupied by, at most, one
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agent. Each lattice site has an index, (x, y), where 1 ≤ x ≤ X, 1 ≤ y ≤ Y . All occupied

lattice sites at time t, (xj , yj), are uniquely indexed by j = 1, . . . , N . The number of

occupied lattice pairs for each pair distance i = 1, . . . , Y − 1 is then given by

c(i) =

N∑
k=1

N∑
m=k+1

1xk=xm1|yk−ym|=i, i = 1, . . . , Y − 1, (4.2)

where 1a is the indicator function, which is equal to one if a is true and is equal to

zero otherwise. We have oriented our lattice such that the x direction is parallel to the

direction of the initial scratch and the y direction is perpendicular to the direction of

the initial scratch. Previous analysis [2] indicates that there is more information in the y

direction for this kind of scratch assay and so we focus on counting the pairs of agents in

the y direction from this point onward.

Binder and Simpson [2] demonstrated that it was possible to normalise Equation (4.2) to

produce a pair correlation function which accounted for volume exclusion and crowding

effects, and here we use the same approach. Binder and Simpson’s [2] normalisation term

describes the expected number of pairs of occupied lattice sites, for each pair distance i,

in a randomly distributed population without any spatial correlation. The normalisation

term is given by

ĉ(i) = X2(Y − i)ρρ, for i = 1, 2, . . . , Y − 1, (4.3)

where ρ = N/(XY ), ρ = (N −1)/(XY −1) and N is the number of occupied lattice sites.

Therefore, the pair correlation function is given by

q(i) =
c(i)

ĉ(i)
. (4.4)

We note that q(i) is a nondimensional measure of the abundance of pairs of objects relative

to a uniformly distributed population whereas c(i) is a dimensional measure of the number

of pairs. Intuitively, we expect that measurements relating to pair density information

could provide important information about the rates of cell motility and cell proliferation

since proliferation events produce pairs separated by a short distance whereas motility

events act to increase the distance between cell pairs. However, without any quantitative

comparisons, it is unclear whether there is any advantage in using q(i) or c(i) to recover

estimates of D and λ.

To compare our experimental data with the predictions from our computational simulation

we map the positions of cells in the experimental images onto the same lattice used in the

simulation (Supplementary material). We then calculate the pair correlation function,

q(i), for both the experimental images and the images produced by the computational

simulation, using the method outlined by Binder and Simpson [2] . Values of q(i) greater

than unity indicate that the distribution of cells or agents is such that we are more likely

to find a pair of cells or agents separated by a distance i than in a spatially uniform

distribution. Similarly, values of q(i) less than unity indicate that the distribution of cells
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or agents is such that we are less likely to find a pair of cells or agents separated by a

distance i than in a spatially uniform distribution. If we find that q(i) is approximately

unity for all pair distances, the domain is populated uniformly at random [2]. Calculating

q(i) requires information about the counts of pair distances c(i), and the number of cells

or agents N . To calculate the pair correlation function we normalise the pair distance

counts by the density, which depends on N . Therefore, we expect some information

regarding N will be lost when considering the pair correlation function only as a summary

statistic. However, since the pair correlation function has been used previously to analyse

in vitro cell biology assays [2, 43], it is relevant for us to examine whether there is sufficient

information in the pair correlation function to robustly recover estimates of D and λ using

an ABC framework. For completeness, in Section 4.3.1, we also examine and compare

results generated by considering other potential summary statistics to ensure that we use

the most appropriate information in our parameter estimation.

The process of mapping cells from a continuous image onto a lattice can involve some

discretisation error, which we investigated, in detail, recently [43]. This previous study

explored the impact of using different sized lattices to discretise similar experimental

images and we computed the pair correlation function for various sized lattices, and this

showed that the pair correlation function was insensitive to the size of the lattice provided

that the lattice spacing was at least as small as the average cell diameter [43]

4.2.4 Approximate Bayesian computation

ABC is a useful method for computing posterior distributions of unknown model pa-

rameters in situations where the likelihood function is intractable [34]. ABC algorithms

consider parameter values that generate model predictions that attempt to match ob-

served experimental data [20, 23, 34, 40, 41]. To approximate the posterior distribution,

f(θ|β), we consider a prior distribution, π(θ), and a simulation that provides a summary

statistic based on a parameter set, θ. We note that β represents the experimental data

and define S(β) as the corresponding summary statistic. Making no assumptions, we

consider a uniform prior, Pm ∈ [0, 1], Pp ∈ [0, 1], to generate parameter values and cor-

responding simulations. Given that the timescale of cell proliferation is typically much

larger than the timescale of cell motility, Pp/Pm � 1 [31], we anticipate that a significant

region of the parameter space will not produce realisations that match the experimental

data. To reduce the computation time we therefore implement the ABC Markov Chain

Monte Carlo algorithm (ABC-MCMC) [20, 34], an ABC algorithm that evolves based on

previously successful parameter values (Supplementary material).
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Figure 4.2: (a)-(d): Typical evolution of the discrete simulation described in Section 4.2.2, generated
with (Pm, Pp) = (0.25, 2 × 10−3), presented at time (a) t = 0 h, (b) t = 4 h, (c) t = 8 h, (d) t = 12 h.
(e)-(h): Calculated posterior distribution obtained from a summary statistic generated with (Pm, Pp) =
(0.25, 2×10−3) using (e) the pair correlation function, q(i), (f) the number of cells, N , (g) the counts of pair
distances, c(i), (h) K, the combination of q(i) and N as the summary statistic. The details of the process
to obtain the distributions are given in the Supplementary material. In brief, ε is the maximum difference
between the summary statistics for θ to be accepted, Γ is the width of the distribution of potential step
sizes in the ABC-MCMC algorithm and M is the total number of steps attempted. Parameter values used
were (e) ε = 0.012, (f) ε = 0.01, (g) ε = 0.06, (h) ε = 0.012. ε values were chosen such that the posterior
distribution did not significantly change if ε was reduced (Supplementary material). For all simulations
τ = 1/24 h, Γ = (10−1, 10−3), M = 106, N(0) = 100, Y0 = 10. Red areas indicate high relative frequency
while blue areas indicate low relative frequency. All simulation data are insensitive to τ . The white
squares represent the parameter values used to generate the synthetic data.

4.3 Results

4.3.1 Synthetic data

To examine the robustness of our method and the validity of using the pair correla-

tion function as a summary statistic we first attempt to recover parameter values from

data that was generated synthetically. We choose a biologically relevant parameter set

(Pm, Pp) = (0.25, 2 × 10−3), which with ∆ = 25 µm and τ = 1/24 h, corresponds to

(D,λ) = (937.5 µm2/h, 4.8× 10−2 /h). We perform a single realisation of the simulation

with these parameters and calculate the relevant summary statistics at time t = 4, 8, 12

h. The average distance between the summary statistic for the synthetic data and the

simulation prediction at t = 4, 8, 12 h is calculated and compared to either accept or reject

potential parameter values to estimate the posterior distribution (Supplementary mate-

rial). The evolution of the computational simulation is presented in Figures 4.2(a)-(d).

We apply the ABC-MCMC algorithm (Supplementary material) and present the result-

ing posterior distribution for the pair correlation function q(i), in Figure 4.2(e). If the

pair correlation function were a close-to-sufficient summary statistic we would observe a

well-defined posterior distribution centred at (Pm, Pp) = (0.25, 2 × 10−3), with a narrow

spread about the mean in the distributions of Pm and Pp. Instead, we observe that the

posterior distribution is centred at (Pm, Pp) ≈ (0.22, 6.7 × 10−3) with significant spread.
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These observations suggest that additional information ought to be incorporated into our

ABC algorithm. We note that identically prepared simulations using the same values of

∆ and τ , but different values of Pm and Pp, can occasionally produce similar or indis-

tinguishable summary statistics. This is due to the fact that our random walk computer

simulations are stochastic. For this reason we feel it is more appropriate to interpret our

experimental results using a probabilistic ABC approach, leading to a distribution of D

and λ, rather than using a more traditional approach and arriving at point estimates of

D and λ.

We now attempt to refine our estimates of Pm and Pp by examining the posterior distri-

butions obtained by considering the number of cells N , and the pre-normalised counts of

the pair distances c(i), as summary statistics in Figures 4.2(f) and 4.2(g), respectively.

Intuitively, we expect that N may provide some information about Pp but less information

about Pm. Indeed, the posterior distribution in Figure 4.2(f) suggests that all values in

the range Pm ∈ [0, 1] are potentially acceptable and there is little correlation between Pm

and Pp. The counts of pair distances correspond to the pre-normalised pair correlation

functions. Since information regarding Pm and Pp may be lost in the normalisation which

converts c(i) into q(i), we anticipate that c(i) could be a more relevant summary statistic

than q(i). We observe in Figure 4.2(g) that c(i) is indeed an excellent summary statistic

as the calculated posterior distribution is centred on (Pm, Pp) ≈ (0.25, 2× 10−3).

The final summary statistic we consider is the average of q(i) and N , K = {d[q(i)] +

d[N ]}/2, where d[L] is a measure of the difference between two data sets using an arbi-

trary summary statistic L (Supplementary material). Therefore, the summary statistic,

K, includes information about the number of cells or agents which is lost due to the

formulation of the pair correlation function, q(i). We present the posterior distribution

calculated using K in Figure 4.2(h) and we find that the distribution is similarly centred

on (Pm, Pp) ≈ (0.25, 2× 10−3). Due to the explicit inclusion of N in the summary statis-

tic, we observe a reduction in the spread of the posterior distribution in the Pp direction,

compared to Figure 4.2(g), while maintaining a similar spread in the Pm direction. While

in theory we could continue to incorporate additional information in our summary statis-

tic to obtain a further refined posterior distribution, there is an important computational

trade off between the more complicated summary statistic and the improvement in the

posterior distribution [3].

Since the c(i) and K summary statistics both lead to reasonable posterior distributions

we now compare them by repeating the ABC-MCMC algorithm on ten sets of identically

prepared simulation data, that is, simulation data generated using the same parameter

values, initial and boundary conditions, and investigate the average of the ten resulting

posterior distributions, presented in Figure 4.3. We observe that the distribution in Figure

4.3(a) using K as the summary statistic has a significantly smaller spread than in Figure

4.3(b) which used c(i) as the summary statistic. To quantitatively compare the posterior

distributions we calculate the Kullback-Leibler divergence [4], which is a measure of the
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information gained from moving from the prior to the posterior distribution, and is defined

as

DKL(f |π) =
∑
j

f(θj |β) ln

(
f(θj |β)

π(θj)

)
, (4.5)

where the index j accounts for all possible discretised parameter pairs. A larger DKL(f |π)

value implies that more information is obtained when moving from the prior to the pos-

terior distribution [4]. We discretise our posterior distribution onto a lattice with 102

equally-spaced values of Pm in the interval Pm ∈ [0, 1] and 104 equally-spaced values of

Pp in the interval Pp ∈ [0, 1] and count the number of successful observations for each

parameter combination, and use this information to calculate DKL(f |π). We find that

DKL(f |π) is higher for the posterior distribution calculated using K rather than c(i),

DKL(f |π) = 7.98 and DKL(f |π) = 7.61, respectively. For perspective, the DKL(f |π)

values for q(i) and N , individually, were 6.32 and 6.93, respectively. Therefore, a differ-

ence in DKL(f |π) of approximately 0.3 is relevant. Guided by this information we will

interpret our experimental data using K as the summary statistic.

4.3.2 Experimental data

We obtained experimental data from a scratch assay, calculated q(i) and c(i), and counted

N , at t = 4, 8, 12 h. The position of the cells in the experiments was mapped to a square

lattice with ∆ = 25 µm (Supplementary material). Figures 4.4(a)-(i) illustrate the process

of mapping the cell positions to the lattice. We applied the ABC-MCMC algorithm

(Supplementary material) to the experimental data using K as a summary statistic and

the average distance between the summary statistic for the experimental data and the

simulation prediction at t = 4, 8, 12 h to either reject or accept potential parameter
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Figure 4.4: Typical experimental images of a scratch assay at (a) t = 4 h, (b) t = 8 h, (c) t = 12
h. Experimental images of a scratch assay with the position of cells indicated (red squares) at (d)
t = 4 h, (e) t = 8 h, (f) t = 12 h. The position of cells when mapped onto a lattice at (g) t = 4 h,
(h) t = 8 h, (i) t = 12 h. (j) Posterior distribution calculated using K, which is the average of q(i)
and N , as a summary statistic and ε = 0.015. The details of the process to obtain the distribution
are given in the Supplementary material. In brief, ε is the maximum difference between the summary
statistics for θ to be accepted, Γ is the width of the distribution of potential step sizes in the ABC-
MCMC algorithm and M is the total number of steps attempted. For all simulations τ = 1/24 h,
Γ = (10−1, 10−3), M = 106, N(0) = 102, Y0 = 10. Red areas indicate high relative frequency while
blue areas indicate low relative frequency. ε was chosen such that the posterior distribution did not
significantly change if ε was reduced (Supplementary material). The white square represents the mean
parameter values, (D,λ) ≈ (1350 µm2/h, 2.5 × 10−2 /h). All simulation data are insensitive to τ . (k)
Posterior distribution of λ obtained by averaging over D with the mean, λ = 2.5 × 10−2 /h, (dashed
green) and 90% credible interval, (1.7 × 10−2 − 3.1 × 10−2) /h (dashed red) superimposed. (l) Posterior
distribution of D obtained by averaging over λ with the mean, D = 1350 µm2/h, (dashed green) and 90%
credible interval, (675− 1800) µm2/h (dashed red), superimposed.
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values in the estimation of the posterior distribution, given in Figure 4.4(j). We observe

that the resulting bivariate posterior distribution is well-defined and contains a relatively

narrow spread in both the D and λ directions. To provide further insight we estimate

the corresponding univariate distributions of D and λ, presented in Figures 4.4(k)-(l),

by averaging the posterior distribution in each of the λ and D directions, respectively.

Since the univariate posterior distributions do not appear to be significantly skewed,

we choose to report the mean of the univariate posterior distributions as our estimate

of D and λ. To provide quantitative insight into the uncertainty in our estimates we

calculate the 90% credible interval by finding the interval, symmetric about the mode,

containing approximately 90% of the total area under the univariate distribution. The

mean and 90% credible intervals are D ≈ 1350 (675 − 1800) µm2/h and λ ≈ 2.5 ×
10−2 (1.7× 10−2 − 3.1× 10−2) /h. We note that our estimates of D and λ are consistent

(within a factor of two) with previously reported point estimates [33]. However, unlike

previous point-estimates of D and λ, our approach provides a well-defined quantitative

estimate of the uncertainty present in the parameter recovery. Furthermore, our approach

does not require overly complicated and time-consuming experimental procedures such

as tracking individual cells [5, 45], constructing cell density profiles [45] or performing

multiple sets of assays in which proliferation is artificially suppressed [33]. We note

that other measures of uncertainty could be implemented, such as the minimal credible

interval, but as the marginal distributions are approximately normal the credible interval

is relatively insensitive to the choice of uncertainty measure.

For our parameter estimates (D ≈ 1350 µm2/h and λ ≈ 2.5×10−2/h) with ∆ = 25 µm and

τ = 1/24 h, Equation (4.1) gives Pm = 0.36 and Pp = 0.00104. Therefore, the average time

between motility events for an isolated agent, τ/Pm, is approximately 7 minutes whereas

the average time between proliferation events for an isolated agent, τ/Pp, is approximately

40 hours. These quantities are biologically realistic since the timescale of cell motility is

much shorter than the timescale of cell proliferation, and these quantities are consistent

with previous estimates of the timescale of cell motility [15] and previous estimates of the

timescale of cell proliferation [13]. While it is possible to impose additional conditions

on our computational simulations, such as explicitly ensuring that no two proliferation

events ever occur in rapid succession, we have avoided introducing such details to ensure

that our computational simulations are consistent with previously-reported algorithms

[31]

4.4 Discussion and conclusions

Scratch assays are a technically simple and inexpensive method used to observe spreading

cell fronts [18] which can be thought of as a simple representation of wound healing, malig-

nant spreading or certain developmental processes. The impact of biochemical compounds

on cell diffusivity and cell proliferation, vital to cancer and wound healing research, can,

in principle, be measured using a scratch assay [10, 12, 16, 46]. However, the majority

of these previous studies have reported qualitative data [17, 26] which cannot separately
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identify D and λ or the impact of the potential treatment on D and λ [10, 12, 16, 19].

While mathematical models have been used to obtain separate point estimates of D and λ

[13, 28, 36, 45], these previous studies have neglected to consider the uncertainty present

in the parameter recovery process.

The work presented here addresses two common limitations of previous interpretations

of scratch assays. First, our method provides quantitative estimates of D and λ by com-

paring images from a scratch assay with predictions from a lattice-based computational

simulation of cell migration and proliferation. Second, to compare the experimental im-

ages with the simulation we implement an ABC-MCMC algorithm with an appropriate

summary statistic to approximate the posterior distribution of D and λ. The posterior

distribution contains vital information about the uncertainty and variability of the re-

covered parameters, information that is not present in previous interpretations of scratch

assays. Using an ABC technique which quantifies this uncertainty will be useful for in-

vestigating the efficacy of putative drug treatments, which could be relevant for studying

both wound healing [46] and cancer [12]. For example, a traditional approach of estimat-

ing D and λ could be used to provide point estimates of D and λ under control conditions

and comparing these to separate point estimates of D and λ for an experiment in which

the drug has been applied. Alternatively, our approach could be used to produce a dis-

tribution of D and λ under control conditions and comparing these distributions to those

obtained by analysing a set of equivalent experiments where the drug was applied. Com-

paring distributions of D and λ provides additional information that is not possible when

comparing point estimates. For example, it allows us to assess our confidence in stating

that one treatment is better than another. Furthermore, it will assist us in determining

an appropriate number of experimental comparisons to ensure reliable assessment.

Our approach for estimating D and λ from a scratch assay provides more comprehensive

information than a traditional method, which typically produces point estimates of D and

λ only. However, one of the limitations of our approach is that it relies upon obtaining

highly-resolved images of the scratch assay such that the location of each cell in the image

can be determined, and acknowledge that this could be non-trivial in some situations.

Although we have achieved this here using non-labelled cells, another approach might be

to use some kind of nuclear stain to help identify the location of individual cells in the

population [33].

To investigate the validity of applying ABC to spatiotemporal experiments, such as

scratch assays, we initially attempted to recover estimates of Pm and Pp from synthetic

data generated using our computational simulation with pre-specified values of Pm and Pp.

By comparing different summary statistics we found that using a weighted average of the

pair correlation function q(i), and the number of cells or agents present N , provided a sim-

ple yet insightful summary statistic. After confirming the validity of our approach using

synthetic data, we applied the same approach to a new experimental data set. Our poste-

rior distribution of D and λ allowed us to estimate (D,λ) ≈ (1350 µm2/h, 2.5× 10−2 /h),

which are consistent with previously-reported estimates [33]. However, unlike previous
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point estimates, we also obtained information about the uncertainty present in the pa-

rameter recovery. The posterior distribution allowed us to estimate credible intervals for

both D = (675− 1800) µm2/h and λ = (1.7× 10−2 − 3.1× 10−2) /h very simply using a

single experimental data set.

Our approach of interpreting scratch assays using ABC together with a combination of

the pair correlation function and the number of cells present in the experimental images

can be extended in several ways. For example, in this work, we have only considered ex-

perimental data where cell–to–cell adhesion is negligible [39]. However, many cell types,

such as glioma [15] and melanoma cells [44] exhibit significant cell-to-cell adhesion. An

extension of the computational simulation framework presented here, such as the one

presented by Khain et al. [15], could be employed to analyse scratch assays conducted

with adhesive cells. Khain’s random walk model includes an additional dimensionless

parameter, q̂ ∈ [0, 1], describing the strength of cell–to–cell adhesion and it would be

interesting to investigate whether there is sufficient information present in images from

a scratch assay using adhesive cells to robustly recover estimates of Khain’s three model

parameters, D, λ and q̂. Furthermore, other types mathematical models could be con-

sidered, either with more detailed descriptions of cell migration and proliferation [38],

other more detailed mechanisms of cell–to–cell interaction [22, 25] or different types of

mechanical interactions [35]. However, since the application of ABC techniques to inter-

pret scratch assay data has not been previously attempted, the present study focused on

a relatively straightforward experimental system which could be interpreted with a model

relying on just two parameters. Of course, further extensions are possible and these in-

clude applying three–dimensional random walk simulations to describe three–dimensional

assays [11, 32, 47]. Alternatively, we could investigate the influence of the assumption of

memoryless proliferation, particularly for applications where a large proliferation rate is

relevant. Another possible extension of our present study is to explore the limitations of

using a lattice–based random walk model. This could be achieved by repeating the ABC

analysis using a lattice–free random walk [14, 24] and comparing the estimates of D and

λ in the lattice–based and lattice–free frameworks. While this comparison is, in principle,

possible to carry out, we note that ABC techniques rely on repeated simulations of the

random walk and we note that lattice–free models of collective cell behaviour with crowd-

ing effects are significantly more computationally demanding than lattice–based models.

Therefore, we leave the extension of applying ABC techniques to a lattice–free model for

future analysis.

Acknowledgements. We thank the CRC for Wound Management Innovation and the

Australian Research Council (FT130100148). We appreciate the experimental assistance

provided by Ms Parvathi Haridas. We thank the two anonymous referees for their helpful

comments.

Availability of supporting data. The data set supporting the results of this article is

included within the article.



Chapter 4. Interpreting scratch assays using pair density dynamics and ap-
proximate Bayesian computation

91

Bibliography

[1] Arciero, J. C., Mi, Q., Branca, M. F., Hackam, D. J. and Swigon, D. [2011], ‘Con-

tinuum model of collective cell migration in wound healing and colony expansion’,

Biophysical Journal 100(3), 535–543.

[2] Binder, B. J. and Simpson, M. J. [2013], ‘Quantifying spatial structure in experi-

mental observations and agent-based simulations using pair-correlation functions’,

Physical Review E 88(2), 022705.

[3] Blum, M. G., Nunes, M., Prangle, D., Sisson, S. et al. [2013], ‘A comparative review

of dimension reduction methods in approximate Bayesian computation’, Statistical

Science 28(2), 189–208.

[4] Burnham, K. P. and Anderson, D. R. [2002], Model selection and multimodel infer-

ence: a practical information-theoretic approach, Springer.

[5] Cai, A. Q., Landman, K. A. and Hughes, B. D. [2007], ‘Multi-scale modeling of a

wound-healing cell migration assay’, Journal of Theoretical Biology 245(3), 576–594.

[6] Chigurupati, S., Mughal, M. R., Okun, E., Das, S., Kumar, A., McCaffery, M., Seal,

S. and Mattson, M. P. [2012], ‘Effects of cerium oxide nanoparticles on the growth of

keratinocytes, fibroblasts and vascular endothelial cells in cutaneous wound healing’,

Biomaterials 34, 2194–2201.

[7] Chowdhury, D., Schadschneider, A. and Nishinari, K. [2005], ‘Physics of transport

and traffic phenomena in biology: from molecular motors and cells to organisms’,

Physics of Life Reviews 2(4), 318–352.

[8] Codling, E. A., Plank, M. J. and Benhamou, S. [2008], ‘Random walk models in

biology’, Journal of the Royal Society Interface 5(25), 813–834.

[9] Doran, M. R., Mills, R. J., Parker, A. J., Landman, K. A. and Cooper-White, J. J.

[2009], ‘A cell migration device that maintains a defined surface with no cellular

damage during wound edge generation’, Lab on a Chip 9(16), 2364–2369.

[10] Fishman, D. A., Liu, Y., Ellerbroek, S. M. and Stack, M. S. [2001], ‘Lysophosphatidic

acid promotes matrix metalloproteinase (MMP) activation and MMP-dependent in-

vasion in ovarian cancer cells’, Cancer Research 61(7), 3194–3199.

[11] Frascoli, F., Hughes, B. D., Zaman, M. H. and Landman, K. A. [2013], ‘A computa-

tional model for collective cellular motion in three dimensions: General framework

and case study for cell pair dynamics’, PLOS ONE 8(3), e59249.

[12] Gingis-Velitski, S., Loven, D., Benayoun, L., Munster, M., Bril, R., Voloshin, T.,

Alishekevitz, D., Bertolini, F. and Shaked, Y. [2011], ‘Host response to short-term,

single-agent chemotherapy induces matrix metalloproteinase-9 expression and accel-

erates metastasis in mice’, Cancer Research 71(22), 6986–6996.

[13] Johnston, S. T., Simpson, M. J. and McElwain, D. L. S. [2014], ‘How much infor-

mation can be obtained from tracking the position of the leading edge in a scratch

assay?’, Journal of The Royal Society Interface 11(97), 20140325.

[14] Johnston, S. T., Simpson, M. J. and Plank, M. J. [2013], ‘Lattice-free descriptions

of collective motion with crowding and adhesion’, Physical Review E 88(6), 062720.



Chapter 4. Interpreting scratch assays using pair density dynamics and ap-
proximate Bayesian computation

92

[15] Khain, E., Katakowski, M., Hopkins, S., Szalad, A., Zheng, X., Jiang, F. and Chopp,

M. [2011], ‘Collective behavior of brain tumor cells: the role of hypoxia’, Physical

Review E 83(3), 031920.

[16] Knecht, D. A., LaFleur, R. A., Kahsai, A. W., Argueta, C. E., Beshir, A. B. and

Fenteany, G. [2010], ‘Cucurbitacin I inhibits cell motility by indirectly interfering

with actin dynamics’, PLOS ONE 5(11), e14039.

[17] Landesberg, R., Cozin, M., Cremers, S., Woo, V., Kousteni, S., Sinha, S., Garrett-

Sinha, L. and Raghavan, S. [2008], ‘Inhibition of oral mucosal cell wound healing by

bisphosphonates’, Journal of Oral and Maxillofacial Surgery 66(5), 839–847.

[18] Liang, C.-C., Park, A. Y. and Guan, J.-L. [2007], ‘In vitro scratch assay: a convenient

and inexpensive method for analysis of cell migration in vitro’, Nature Protocols

2(2), 329–333.

[19] Maini, P. K., McElwain, D. L. S. and Leavesley, D. [2004], ‘Travelling waves in a

wound healing assay’, Applied Mathematics Letters 17(5), 575–580.

[20] Marjoram, P., Molitor, J., Plagnol, V. and Tavaré, S. [2003], ‘Markov chain
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4.5 Supplementary material

4.5.1 Lattice mapping

To map the positions of cells from the experimental image, where cell position is a con-

tinuous variable, to a discrete lattice we first calculate the position of each cell. We then

define a mapping from cell position (xc, yc) to lattice site (xL, yL) through the relationship

xL =
⌈xc

∆

⌉
, yL =

⌈yc
∆

⌉
, (4.6)

where dxe denotes the ceiling function.

4.5.2 ABC algorithm

Marjoram et al. [24] provide a full description of this approach and here we only give a

brief outline of the algorithm used in our study.

R1 If at θ step to θ′ according to a transition kernel w(θ → θ′).

R2 Simulate β′ from the model using θ′ and calculate the summary statistic S(β′).

R3 Calculate the distance ||S(β)− S(β′)||, using an appropriate distance measure.

R4 If ||S(β)− S(β′)|| > ε reject θ′ and return to R1.

R5 Calculate

h = min

(
1,
π(θ′)w(θ′ → θ)

π(θ)w(θ → θ′)

)
.

R6 Accept θ′ with probability h.

R7 Return to R1 until M steps have been attempted.

Initially, we sample θ randomly from the prior distribution, until the corresponding sum-

mary statistic is sufficiently close to the experimental summary statistic. We define

the transition kernel that proposes θ′ values as a bivariate uniform distribution, so that

θ′ ∈ θ ± Γ, where Γ defines the width of the uniform distribution. The transition kernel

ensures that Pm ∈ [0, 1], Pp ∈ [0, 1] by truncating the bivariate uniform distribution at

the boundaries of the parameter space, if necessary. To measure the differences between

two summary statistics we define

d [S(β)] = ||S(β)− S(β′)|| = 1

Q

[
Q∑
i=1

(
S(β)i − S(β′)i

1 + S(β)i

)2
] 1

2

, (4.7)

where S(β)i is the ith data point in S(β) and Q is the number of data points in S(β). We

note that we take the average d [S(β)] value when there are summary statistics taken at

multiple time points.
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Figure 4.9: Convergence of the averaged posterior distribution for ten identically prepared synthetic
data sets for the K summary statistic, where K = {d[q(i)] + d[N ]}/2. Synthetic data was generated with
Pm = 0.25, Pp = 2× 10−3. The maximum distance between summary statistics for θ to be accepted was
(a) ε = 0.015, (b) ε = 0.0135, (c) ε = 0.012. Red indicates high relative frequency while blue indicates low
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4.5.3 Distribution convergence

To examine whether the posterior distribution generated from our ABC algorithm approx-

imates f(θ|β), we consider posterior distributions generated with different ε values. The

posterior distributions are calculated using the same data sets and identically prepared

simulations. If the change in the posterior distribution between ε values is insignificant

then the estimated posterior distribution provides a close approximation to f(θ|β) [23].

In Figures 4.5(a)-(c) we present results using three different ε values that demonstrate

that the posterior distribution approximately converges for ε = 0.012. We observe that

the distribution is centred at approximately the same position, with regard to Pm and

Pp, and that the spread of the distribution in the Pm and Pp directions are consistent

between Figures 4.5(b)-(c). We repeat this process in Figures 4.6-4.11 for all distributions

presented in this work and demonstrate the values of ε chosen are appropriate.
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Abstract

Scratch assays are often used to investigate potential drug treatments for chronic wounds

and cancer. Interpreting these experiments with a mathematical model allows us to

estimate the cell diffusivity, D, and the cell proliferation rate, λ. However, the influence

of the experimental design on the estimates of D and λ is unclear. Here we apply an

approximate Bayesian computation (ABC) parameter inference method, which produces

a posterior distribution of D and λ, to new sets of synthetic data, generated from an

idealised mathematical model, and experimental data for a non-adhesive mesenchymal

population of fibroblast cells. The posterior distribution allows us to quantify the amount

of information obtained about D and λ. We investigate two types of scratch assay, as well

as varying the number and timing of the experimental observations captured. Our results

show that a scrape assay, involving one cell front, provides more precise estimates of D

and λ, and is more computationally efficient to interpret than a wound assay, with two

opposingly-directed cell fronts. We find that recording two observations, after making the

initial observation, is sufficient to estimate D and λ, and that the final observation time

should correspond to the time taken for the cell front to move across the field of view.

These results provide guidance for estimating D and λ, while simultaneously minimising

the time and cost associated with performing and interpreting the experiment.
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Figure 5.1: Schematic representation of scratch assay design parameters. (a)-(b) Schematic wound assay.
(a) Immediately after the scratch, and (b) as the two fronts move and the wound begins to close. (c)-(d)
Schematic scrape assay. (c) Immediately after the scratch, and (d) as the single cell front moves. (e)
Potential combinations of the timing of experimental observations.

5.1 Introduction

Scratch assays are commonly used to observe the migration and proliferation of cells

[11, 19–21, 27, 41]. Cells are placed on a culture dish and incubated, eventually forming

a confluent monolayer [21]. An artificial wound is created and images of the resulting

collective cell spreading, driven by combined cell migration and proliferation, are captured

over 12-24 hours [1, 5, 25, 26, 30]. The number of experimental images captured and

reported varies considerably. For example, some results that are reported include just one

or two observations [1, 26, 30], whereas others report many more [5, 14, 25]. The influence

of the number of observations on the experimental findings has not been quantified.

The majority of scratch assays fall into one of two categories. The first, which we refer

to as a wound assay, involves the creation of a thin wound [21, 27], which produces two

opposingly directed cell fronts that eventually merge [1], as shown in the schematic in

Figures 5.1(a)-(b). The second, which we refer to as a scrape assay, involves a monolayer

that has been more extensively scratched so there is only one cell front [5, 23], as shown

in the schematic in Figures 5.1(c)-(d). Again, the influence of the assay choice on the

experimental findings has not been quantified.

Previously, scratch assays have been used to investigate the influence of various chemical

compounds and potential drug treatments on the rates of cell motility and proliferation

[11, 19, 20, 41]. For example, wound healing can be stimulated by steroid treatment

[41], while cell proliferation can be inhibited by chemotherapeutic drugs [29]. Developing
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methods that allow us to robustly quantify the rates of cell migration and proliferation is

therefore critical to drug design. However, the majority of scratch assay results are inter-

preted qualitatively [20, 26] or use simple quantitative measures that do not distinguish

between the roles of cell motility and proliferation [11, 19]. In contrast, mathematical

models that explicitly distinguish between the roles of cell diffusivity, D, and cell prolif-

eration, λ, for scratch assays have also been presented [5, 12, 14–17, 28, 40]. Previous

approaches using both deterministic models [14, 15] and stochastic models [16] lead to

point-estimates of D and λ. More recently, approximate Bayesian computation (ABC)

has been used to provide estimates of D and λ, together with a measure of the un-

certainty associated with these estimates [17]. While ABC methods are computationally

demanding compared to deterministic data calibration techniques, such as the Levenberg-

Marquadt algorithm [15], the advantage of ABC is that additional information regarding

the uncertainty of the model parameter estimates is obtained. Furthermore, prior knowl-

edge about the system can be incorporated in a principled and systematic way, such that

knowledge can be accumulated as more data is available. The ABC method of Johnston

and coworkers [17] has been used to obtain parameter estimates for 3T3 fibroblasts but

did not consider the influence of design parameters on the model parameter estimates.

In this work we refer to two different categories of parameters:

• Model parameters, which govern the cell diffusivity, D, and cell proliferation rate,

λ, and

• Design parameters, which distinguish between different experimental designs of a

scratch assay, such as shown in Figure 5.1.

It is instructive to consider how the posterior distribution of D and λ from the ABC algo-

rithm is influenced by the choice of design parameters. The information gained in moving

from a prior to a posterior distribution can be quantified using the Kullback-Leibler di-

vergence, DKL [4]. Numerical approximations of posterior distributions are calculated

using ABC [24] and have been applied to parameter inference in dynamical systems [37]

and spatio-temporal models [17, 42]. Bayesian experimental design is concerned with de-

termining the optimal experimental design that maximises DKL, by adjusting the design

parameters [6]. Our mathematical framework, which mimics the random motility and

proliferation of mesenchymal (non-adhesive) cells in a scratch assay, contains a significant

number of design parameters [17, 32]. However, we require that the design parameters can

be adjusted experimentally, as well as in the mathematical model, otherwise the results

may have limited practical relevance. The simplest design parameter to alter is the num-

ber and timing of the experimental observations. An example of different combinations of

experimental observations is presented in Figure 5.1(e). The combination of observation

times in (i) contains four equally-spaced observations, whereas in (ii) and (iii) the obser-

vations are clustered at the start and end of the experiment, respectively. Currently, it is

unclear which combination of observation times provides the most information about the

model parameters, D and λ, and Bayesian experimental design allows us to quantify these
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Figure 5.2: Interpretation of experimental images for (a)-(d) the scrape assay and (e)-(h) the wound
assay. (a),(e) Experimental images. (b),(f) Identification of the position of cells. The red markers denote
the cell centres, and the markers are deliberately chosen to be smaller than the size of the individual cells
so that individual cells are not obscured. The scale bar corresponds to 300 µm. (c),(g) Cell positions
mapped to a square lattice with ∆ = 25 µm. (d),(h) Temporal evolution of the pair correlation function.
The pair correlation function is presented at 0 h (dashed black), 4 h (blue), 8 h(red) and 12 h (green).
The arrows indicate the direction of increasing time.

differences. Therefore, we may be able to identify the optimal number of experimental

images required and consequently avoid collecting additional unnecessary observations,

reducing the cost associated with performing and interpreting the experiments.

Here we implement the ABC parameter inference method of Johnston and coworkers

[17]. In Section 5.2 we provide a brief description of the experimental procedure and

the mathematical model. The influence of the assay choice on the model parameter

estimates, using both synthetic and experimental data sets, is examined in Section 5.3.

We also investigate the influence of the number and timing of observations on the model

parameter estimates, using both synthetic and experimental data sets. In Section 5.4

we discuss the implications of our results, and in Section 5.5, we make recommendations

about the experimental design, and suggest options for future work.

5.2 Methods

5.2.1 Experimental method

The experimental method has been presented previously [34]. Briefly, murine fibroblast

3T3 cells [36] are grown in T175 cm2 tissue culture flasks and one µL of cell suspension is

placed into the well of a tissue culture plate. The tissue culture plate is incubated at 37
◦C in 5% CO2 overnight so that the cell population settles, attaches to the substrate, and
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the density begins to increase as cell proliferation takes place. A scratch is made in the

monolayer using a P100 pipette tip for the wound assay, and a P1000 pipette tip for the

scrape assay. Microscopic images are captured every five minutes for 24 hours after the

initial scratch is made using a Leica AF6000 automated microscope. Experimental images

of the scrape and wound assays are given in Figures 5.2(a) and (e), respectively. We note

that the cell populations in Figures 5.2(a) and (e) appear to be confluent away from

the scratched region. However, 3T3 fibroblasts are known to grow to reach significantly

higher densities than in Figures 5.2(a) and (e) [34]. This implies that the cell density will

increase well beyond the density in Figures 5.2(a) and (e) provided that sufficient time is

allowed for more cell proliferation to take place.

5.2.2 Mathematical model

Individual-based random walk models with crowding effects are widely used to mimic the

behaviour of cells in biological systems [9, 16, 17, 22, 32]. We consider a two-dimensional

random walk on a square lattice, with lattice spacing ∆ [7, 32], where each site may be

occupied by, at most, one agent. Agents have the potential to move and proliferate with

constant probability Pm ∈ [0, 1] and Pp ∈ [0, 1], respectively, during each timestep of fixed

duration τ . These probabilities are related to the diffusivity and proliferation rate by [32]

D =
Pm∆2

4τ
, λ =

Pp
τ
. (5.1)

Using these relationships we consider the parameters in the discrete model, (Pm, Pp,∆, τ),

as being interchangeable with the model parameters, D and λ [16, 17]. We treat ∆ and

τ as constants: ∆ is measurable [34] and τ is a constant that is chosen to be sufficiently

small that the results are independent of the time step [38]. For all simulations τ = 1/24

h. Although our model is an exclusion process, whereby individual agents are subject

to crowding effects, previous analysis has shown that the two-dimensional spreading of a

population of these agents due to random motility with crowding is described by a linear

diffusion mechanism with D = Pm∆2/4τ [31].

In any simulation we have N(t) agents, and during each timestep, N(t) agents are selected

sequentially at random, with replacement, and given the opportunity to move with prob-

ability Pm. If an agent undergoing a movement event is currently at (x, y) it attempts

to move to (x ±∆, y) or (x, y ±∆), without bias. After N(t) agents have attempted to

move, an additional N(t) agents are selected sequentially at random, with replacement,

and given the opportunity to proliferate with probability Pp. An agent undergoing a pro-

liferation event at (x, y) will attempt to place a daughter agent at (x±∆, y) or (x, y±∆),

without bias. Potential motility or proliferation events only succeed if the target site is

vacant [32].

The geometry of a scratch assay is approximated with a lattice of height Y∆ and width

X∆. The field of view of our microscope and average cell size provide a natural choice for

∆, Y and X. The average cell diameter of 3T3 fibroblasts has been measured previously,
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giving ∆ = 25 µm [34]. For our synthetic data set we consider an idealised case where X

and Y are the same for both assays. For our experimental data set, the experimental image

of a scrape assay in Figure 5.2(a) gives Y = 27 and X = 36, while the experimental image

of a wound assay in Figure 5.2(e) gives Y = 49 and X = 36. Since the approximately

spatially uniform population extends well beyond the boundaries of the field of view,

there will be no net flux of cells across these boundaries [15]. Hence we apply no net flux

(symmetry) boundary conditions along the lines y = 0, y = Y∆, x = 0, x = X∆ [15–17].

To model a scrape assay, we randomly place N(0) agents in the region y ≤ Y0∆ such that

each lattice site is occupied by, at most, one agent. We note that Y0 is the height of

the initially-occupied region in a scrape assay. Our wound assay contains a total of N(0)

agents in two regions, y ≤ Y0,1∆ and y > (Y − Y0,2)∆, where Y0,1 and Y0,2 are the height

of the initially occupied regions at y = 0 and y = Y∆, respectively. To calculate N(0) we

count the number of cells in the relevant experimental observation at t = 0 h.

In the mathematical model we can alter X, Y , N(0), the height of the initially-confluent

monolayer and the number and timing of observations captured. However, since we aim

to mimic an experiment, we recognise that some design parameters are constrained by

the experimental procedure. For example, X and Y are defined by the field of view of the

microscope. Therefore, without additional equipment, we cannot alter this feature of the

experimental domain. In addition, N(0) is determined by the cell density at confluence,

which is cell-type specific and cannot be easily varied. The height of the initially confluent

monolayer, either Y0 or Y0,1 and Y0,2, depends on the instrument used to perform the

scratch and is difficult to reproduce reliably, and is therefore inappropriate to consider as

a design parameter. We therefore focus on varying the number and timing of experimental

observations captured. A single observation must be captured to determine the state of

the system at t = 0 h and, consequently, we can only vary the number of observations

captured after the initial observation. Therefore, the number of experimental observations

captured refers to the number of observations captured after the initial observation.

5.2.3 Data interpretation

Both the synthetic data set, produced by our mathematical model, and the experimental

data set contain the spatial positions of N(t) cells in each observation. We note that the

cell positions in the experimental data set are obtained manually while the cell positions

in the synthetic data set are obtained automatically. However, it is computationally

intractable to compare the data sets using the spatial position of all cells. Johnston and

coworkers [17] found that considering the number of cells, N(t), and the pair correlation

function, q(i) [3], provides a summary statistic that contains a large percentage of the

complete information. A summary statistic provides a lower-dimensional summary of a

data set that allows tractable comparisons between data sets [10, 24]. Full details of the

pair correlation function are presented elsewhere [3], and are summarised here. Briefly,

we count the number of pairs of cells, separated by a distance of i∆ µm, in the y-direction

and define this as c(i), which is the counts of pair distances. We note that we could repeat
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Figure 5.3: Mean model parameter estimates with 90% credible intervals, for a synthetically generated
data set interpreted with a suite of combinations of observation times. (a)-(b) Mean estimates of Pm.
(c)-(d) Mean estimates of Pp. The dashed line corresponds to the model parameter values used to obtain
the synthetic data set. The blue crosses correspond to the mean values. (e)-(f) Mean DKL values. The
blue bar corresponds to the information gained about Pm and the green bar corresponds to information
gained about Pp. The red crosses denote the combination of observation times that results in the highest
DKL value. Data was generated using (Pm, Pp) = (0.25, 2 × 10−3). For all simulations τ = 1/24 h,
N(0) = 100, M = 106, X = 36, Y = 27, ∆ = 25 µm. For scrape assays, Y0 = 10. For wound assays,
Y0,1 = Y0,2 = 5.

this for the x-direction, however since the initial distribution of cells in the x-direction is,

on average, uniform, and remains uniform throughout the experiment [3], we choose to

focus on the counts of pair distances in the y direction only. The counts of pair distances

are normalised to obtain the pair correlation function

q(i) =
c(i)

X2(Y − i)ρρ̄
, (5.2)

where ρ = N(t)/(XY ) is the mean density and ρ̄ = (N(t) − 1)/(XY − 1). The process

of obtaining q(i) from the experimental images is shown in Figure 5.2. To do this we
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identify the position of the centre of each cell in Figures 5.2(a) and (e) and mark their

position with a red square in Figures 5.2(b) and (f), respectively. The red markers are

deliberately chosen to be smaller than the cell diameter so that superimposing the markers

on the experimental images does not obscure the view of the cells. We map the cell

positions onto the lattice described in Section 5.2.2. We present the resulting lattice for

the cell positions identified in Figures 5.2(b) and (f) in Figures 5.2(c) and (g), respectively.

The corresponding pair correlation functions are presented in Figures 5.2(d) and (h),

respectively, at 0, 4, 8 and 12 h.

5.2.4 Approximate Bayesian computation

To investigate which values of D and λ can generate summary statistics that are consistent

with our synthetic or experimental data set we apply an ABC algorithm [2, 17, 24, 35, 37].

The ABC algorithm involves performing M identically-prepared stochastic realisations of

the mathematical framework described in Section 5.2.2 and uses a combination of N(t)

and q(i) as a summary statistic to determine an approximate posterior distribution of

D and λ [17]. We note that we consider the uniform prior distribution for all data sets.

Further details are given in the Supplementary material.

5.3 Results

5.3.1 Assay choice: synthetic data set

In the experimental literature there has been no explicit discussion of whether the choice of

performing a scrape or wound assay influences our ability to estimate D and λ. Therefore,

we attempt to recover estimates of D and λ from synthetic data sets generated from

the mathematical framework, for both assays. We consider biologically relevant model

parameters (Pm, Pp) = (0.25, 2×10−3), where cell proliferation occurs over a significantly

longer timescale than cell motility [34]. We perform ten identically-prepared realisations

of the mathematical model for both assays. For each realisation and assay we calculate

q(i) and N(t) at t = 0, 1, 2, ..., 12 h [17]. We note that, in our synthetic experiments, t = 12

h approximately corresponds to the observed time taken for a cell front to move across a

typical experimental field of view. For each realisation, we apply the ABC algorithm with

the appropriate initial condition, and calculate the approximate posterior distribution of

D and λ. For each assay, we then average the posterior distributions [16]. To measure

the amount of information gained from the ABC algorithm we discretise the posterior

distribution into 104 equally-spaced values of Pp, for Pp ∈ [0, 1], and 102 equally-spaced

values of Pm, for Pm ∈ [0, 1]. Since proliferation takes place on a longer timescale than

motility [17, 39], we require a finer resolution for Pp than Pm. We then calculate the

Kullback-Leibler divergence [4]

DKL(f |π) =

106∑
j=1

f(θj |β)ln

(
f(θj |β)

π(θj)

)
, (5.3)
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Observation Times (h) 3 6 9 12

Scrape Assay Pm 90% CI 0.52 0.34 0.36 0.28

Wound Assay Pm 90% CI 0.32 0.36 0.38 0.49

Scrape Assay Pp 90% CI (10−3) 2.2 1.4 1.2 1.0

Wound Assay Pp 90% CI (10−3) 3.0 1.6 1.2 1.2

Observation Times (h) 3,12 6,12 8,12 10,12

Scrape Assay Pm 90% CI 0.30 0.26 0.24 0.24

Wound Assay Pm 90% CI 0.26 0.28 0.34 0.40

Scrape Assay Pp 90% CI (10−3) 1.0 1.0 1.0 1.0

Wound Assay Pp 90% CI (10−3) 1.2 1.2 1.2 1.2

Observation Times (h) 1,2,3 2,4,6 3, 6,9 4,8,12

Scrape Assay Pm 90% CI 0.45 0.34 0.34 0.22

Wound Assay Pm 90% CI 0.20 0.30 0.28 0.26

Scrape Assay Pp 90% CI (10−3) 2.4 1.4 1.2 1.0

Wound Assay Pp 90% CI (10−3) 3.1 1.6 1.2 1.2

Observation Times (h) 8,10,12 6,9,12 2,9,12 2,4,12

Scrape Assay Pm 90% CI 0.22 0.22 0.24 0.24

Wound Assay Pm 90% CI 0.30 0.36 0.28 0.30

Scrape Assay Pp 90% CI (10−3) 1.0 1.0 1.0 1.0

Wound Assay Pp 90% CI (10−3) 1.2 1.2 1.0 1.2

Table 5.1: Comparison between the width of the 90% credible interval (CI), symmetric around the mode,
for (i) Pm in the scrape assay; (ii) Pm in the wound assay; (iii) Pp in the scrape assay, and (iv) Pp in the
wound assay for a suite of combinations of observation times. The assay type with the narrower credible
interval for each combination of observation times and parameter is presented in bold.

where f is the posterior distribution, β is a data set, π is the uniform prior distribution,

θ is a model parameter pair and the index j accounts for all possible parameter pairs.

We also calculate the marginal distributions for Pm and Pp by averaging the posterior

distribution across Pp and Pm, respectively, and evaluate the corresponding value of DKL.

The mean and 90% credible interval, symmetrical around the mode, for Pm and Pp, are

then estimated from the marginal distributions.

The posterior distributions of D and λ are calculated, for both assays, using a suite

of combinations of observation times. Typically, scratch assays are interpreted with, at

most, two observation times [1, 26, 30]. Therefore, we restrict our investigation to, at

most, three observation times after the initial scratch is made.

The mean model parameter estimates and 90% credible intervals for both assays are given

in Figures 5.3(a)-(d), indicating that the majority of combinations of observation times

provide estimates of Pm and Pp that match those used to generate the synthetic data set

for both assays. However, the credible intervals indicate that there is greater uncertainty

in the estimates of Pm for the majority of combinations of observation times in the wound

assay. We highlight the assay type with a narrower credible interval, corresponding to
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less uncertainty, for each combination of observation times in Figure 5.3 in Table 5.1.

We attribute the greater uncertainty about Pm in the wound assay to the fact that the

two cell fronts begin to interact toward the end of the experiment, which results in pair

correlation functions that can be replicated with different values of Pm.

Interestingly, the credible intervals for Pp are similar for both the wound and scrape

assay, suggesting that the difference in assay geometry does not influence the uncertainty

associated with Pp. It is possible that the uncertainty associated with Pp is proportional

to N(0), which is the same for both synthetic assays. To explore this possibility, we

repeat the synthetic scrape assay with N(0) = 50 and find that, for all combinations of

observation times, there is more uncertainty in the recovered parameters compared to the

synthetic scrape assay with N(0) = 100 (Tables 5.1-5.2, Supplementary material). To

examine the amount of information gained about the model parameters, we present DKL

for the suite of combinations of observation times, for both assay types, in Figures 5.3(e)-

(f). Our results indicate that, predominantly, the scrape assay gives higher DKL values

when compared to the same combination of observation times in the wound assay. We

note that there are cases where the DKL value is higher for the wound assay. However, this

occurs for combinations of observations times where the final observation is made at short

time and hence these do not correspond to the designs that provide the most information.

We denote the combination of observation times that provides the most information both

the scrape and wound assay with a red cross in Figures 5.3(e)-(f), respectively. The most

informative design in the scrape assay results in a DKL value of 8.11, compared to 7.90

in the wound assay. For both assay types, the most informative design includes a final

observation time at t = 12h, which corresponds to the final observation captured. We

note that the Kullback-Leibler divergence is logarithmic, meaning that a large difference

in uncertainty can correspond to a small difference in DKL. To illustrate this, consider

the DKL values and uncertainty associated with Pp in the scrape assay at 1, 2, 3 h and

2, 4, 6 h. The DKL values are 5.93 and 6.32, respectively, while the width of the 90%

credible intervals are 2.4 × 10−3 and 1.4 × 10−3, respectively. In this case a 6% increase

in DKL corresponds to a 42% reduction in the credible interval. Tabular form of the data

in Figure 5.3 is provided in the Supplementary material.

5.3.2 Assay choice: experimental data set

We now repeat the process in Section 5.3.1 for an experimental data set obtained using

the procedure described in Section 5.2.1. We note that the wound assay was performed

over 24 h whereas the scrape assay was performed over 12 h. These timescales were

chosen since they indicate the amount of time required for the cell front(s) in the two

different assays to move across their respective field of view. Without a priori informa-

tion about D, it is difficult to choose an appropriate final time. Therefore, we capture

experimental observations relatively frequently until the cell front has moved across the

field of view. After the final observation has been captured, we select the relevant earlier
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Figure 5.4: Mean model parameter estimates with 90% credible intervals, for an experimentally gen-
erated data set interpreted with a suite of combinations of observation times. (a)-(b) Mean estimates
of D, given by Equation (5.3). (c)-(d) Mean estimates of λ. The blue crosses correspond to the mean
values. (e)-(f) Mean DKL values, given by Equation (5.3). The blue bar corresponds to the information
gained about D and the green bar corresponds to information gained about λ. The red crosses denote
the combination of observation times that results in the highest DKL value. For all simulations τ = 1/24
h, M = 106, X = 36, Y = 27, ∆ = 25 µm. For scrape assays, N(0) = 155, Y0 = 10. For wound assays,
N(0) = 226, Y0,1 = 7, Y0,2 = 9.
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observations to interpret our experimental results. While it is possible to capture exper-

imental observations after the front(s) have moved across the field of view, it is unlikely

that there is any additional information to be gained. Since the wound and scrape assays

are different experiments, and hence are captured over different time periods, we compare

combinations of observation times relative to the final time of the experiment, as this

systematically utilises all relevant data for each experiment. For example, 6 and 12 h in

the scrape assay are compared to 12 and 24 h in the wound assay. It would be compu-

tationally infeasible to explore all possible observation times and, as such, we attempt to

provide a fair comparison by selecting observation times in a sensible manner.

We present mean estimates of D and λ, with 90% credible intervals, symmetric about the

mode, for both assays in Figures 5.4(a)-(d). We observe that the qualitative trend for

the mean model parameter estimates with regard to the combination of observation times

is consistent for both assays. This suggests that comparing combinations of observation

times after the same proportion of the final observation time is reasonable.

Unlike the synthetic data set, we observe that the scrape and wound assay provide different

estimates of the cell diffusivity, D. Given that estimates of D for 3T3 fibroblasts are

reported to be in the range 30-3000 µm2/h [5, 17, 39, 40], our observed variation is

not necessarily surprising. However, we note that our estimates of D are consistent

with previous results obtained by interpreting experiments using 3T3 cells with an ABC

algorithm [17]. Comparing the credible intervals for the two assays we observe that,

again, there is more uncertainty associated with D for the majority of combinations of

observation times in the wound assay.

Our estimates of the cell proliferation rate, λ, from the two assays are similar. This

is consistent with the synthetic data set, suggesting that estimates of λ are relatively

insensitive to whether we consider a scrape or wound assay. However, the 90% credible

intervals for λ are always smaller for the wound assay. The reduction in uncertainty may

be attributed to the larger number of initial cells in the wound assay, as we observed

similar credible intervals in the synthetic data set where N(0) is the same for both assays.

Evaluating the DKL value for each combination of observation times and both assays,

presented in Figures 5.4(e)-(f), respectively, suggests that more information is obtained

from the wound assay. However, decomposing the DKL value into the DKL values for the

marginal distributions for D and λ, which correspond to the blue and green bars in Figures

5.4(e)-(f), respectively, suggests that while more information is obtained about λ in the

wound assay, the scrape assay provides more information about D. The most informative

combination of observation times, denoted by the red crosses in Figures 5.4(e)-(f), provides

more information in the wound assay than in the scrape assay. Again, however, this

additional information is associated with λ. Furthermore, similar to the results obtained

from the synthetic data set, the most informative combination of observations for both

assays include the final experimental observation. Tabular form of the data in Figure 5.4

is provided in the Supplementary material.
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Figure 5.5: Results obtained from the parameter inference approach applied to the synthetic data set
generated with (Pm, Pp) = (0.25, 2×10−3). (a)-(c) Mean estimates of Pm and Pp with corresponding 90%
credible intervals, and the mean DKL values, respectively, for the scrape assay for a final observation time
of 3 h, 6 h, 9 h and 12 h. (d)-(f) Mean estimates of Pm and Pp with corresponding 90% credible intervals,
and the mean DKL values, respectively, for the wound assay for a final observation time of 3 h, 6 h, 9 h
and 12 h. The mean DKL values were calculated using Equation (5.3). The green bar corresponds to the
DKL value for Pp and the blue bar corresponds to the DKL value for Pm. For all simulations τ = 1/24
h, N(0) = 100, M = 106, X = 36, Y = 27, ∆ = 25 µm. For scrape assays, Y0 = 10. For wound assays,
Y0,1 = Y0,2 = 5. The crosses correspond to the mean values.

Unfortunately, the additional information obtained from the wound assay is associated

with two important limitations. First, the interpretation of the experimental images is

significantly more time-consuming due to higher N(t) values. Second, the time required

to perform the ABC algorithm for the experimental wound assay is significantly longer

than for the experimental scrape assay, due to the increase in both the final time and

initial number of cells. Running in parallel on ten cores (2.66 GHz Intel Xeon E5-2670),

the ABC algorithm for the wound assay required approximately one week of computation

time, whereas the scrape assay required approximately one day of computation time.

5.3.3 Choice of observation times: synthetic data set

Typically, in the experimental literature there is no explicit discussion about the choice

of the duration of the experiment [1, 17, 19, 26]. Therefore, it is instructive to compare

estimates of D and λ, and the corresponding DKL values, for different final time points

using synthetic data. Using the approximate posterior distributions generated in Section

5.3 we calculate the mean estimates of Pm and Pp, and the corresponding mean 90%

credible intervals, symmetric around the mode, for a final observation time of 3, 6, 9

and 12 h. Results are presented in Figures 5.5(a)-(b) and Figures 5.5(d)-(e), for the
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Figure 5.6: Results obtained from the parameter inference approach applied to the synthetic data set
generated with (Pm, Pp) = (0.25, 2 × 10−3). (a)-(c) Mean estimates of Pm and Pp with corresponding
90% credible intervals, and the mean DKL values, respectively, for the scrape assay for one, two and three
observations. (d)-(f) Mean estimates of Pm and Pp with corresponding 90% credible intervals, and the
mean DKL values, respectively, for the wound assay for one, two and three observations. The mean DKL
values were calculated using Equation (5.3). The green bar corresponds to the DKL value for Pp and the
blue bar corresponds to the DKL value for Pm. For all simulations τ = 1/24 h, N(0) = 100, M = 106,
X = 36, Y = 27, ∆ = 25 µm. For scrape assays, Y0 = 10. For wound assays, Y0,1 = Y0,2 = 5. The crosses
correspond to the mean values.

scratch assay and the wound assay, respectively. For both assays we see that the mean

parameter estimates depend on the choice of final observation time. To determine which

final observation time provides the most information about D and λ we calculate the mean

DKL value, for both Pm and Pp, for each final observation time. The mean DKL values

are presented in Figures 5.5(c) and (f) for the scrape assay and wound assay, respectively.

We note that the green bar reflects the information gained about Pp while the blue bar

reflects the information gained about Pm. For the scrape assay, we observe that a final

observation time of 12 h provides the most information about both Pm and Pp and note

that 12 h corresponds to the approximate time taken for the cell front to move across the

experimental field of view. This result is intuitive, as we are able to observe cell migration

and proliferation until the cell front crosses, and leaves, the experimental field of view.

For the wound assay, we observe that the information gained peaks at a final observation

time of 9 h. Again, this result is intuitive as the two opposingly-directed cell fronts begin

to interact towards the end of the experiment, and hence information is lost beyond that

time. This suggests that interpreting experimental observations in a wound assay after

the two cell fronts merge does not provide additional information about D and λ.
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Currently, there is no explicit discussion in the experimental literature about the choice

of the number of observations. Typically there is, at most, two observations made after

the initial observation [1, 26, 30], which is due to the cost associated with capturing and

interpreting experimental observations. Therefore, we restrict our analysis to consider,

at most, three observations after the initial observation. We present the mean parameter

estimates, and the mean of the corresponding 90% credible intervals, symmetric around

the mode, that we obtain when we analyse one, two and three observations in Figures

5.6(a)-(b) and Figures 5.6(d)-(e), for the scrape and wound assays, respectively. While

our estimates of Pm and Pp are sensitive to the number of observations, they are less

sensitive compared to the choice of final observation time. To determine whether there

is any benefit in capturing and interpreting additional experimental observations, we

calculate the mean DKL value for Pm and Pp, for one, two and three observations. To

obtain the mean DKL value for one observation we consider the mean of four DKL values.

Each of these DKL values is obtained using a combination of observation times that

contains a single observation, that is, either 3 h, 6 h, 9 h or 12 h. We follow a similar

process to obtain the mean DKL values for two and three observations. For two and three

observations we calculate the mean of the DKL values obtained from all combinations

of observation times that contain two and three observations, respectively. The mean

DKL values are given in Figures 5.6(c) and (f). In both assays, on average, there is

a slight increase in the amount of information gained when we make two observations

relative to when we make one observation. However, there is a much smaller amount

of information gained when we make three observations, compared to two observations.

The third observation does not provide a significant amount of additional information,

even if we only compare combinations of observations that include t = 12 h. With this

additional restriction, in the scrape assay, we obtain mean DKL values of 7.95 and 8.05

for two and three observations, respectively. In the wound assay, we obtain mean DKL

values of 7.64 for both two and three observations. The lack of additional information

obtained from interpreting three observations compared to two observations implies that

there is likely to be further diminishing returns and we therefore recommend that making

two observations is sufficient.

5.3.4 Choice of observation times: experimental data set

We repeat the process described in Section 5.3.3 for our experimental data set and calcu-

late the mean model parameter estimates, and corresponding mean 90% credible intervals,

for different final observation times. Again, we note that the wound assay was performed

over 24 h and that we compare observation times after the same proportion of time has

elapsed relative to the final time. For example, we compare an observation at 6 h in

the scrape assay with an observation at 12 h in the wound assay. We present the mean

model parameter estimates and 90% credible intervals in Figures 5.7(a)-(b) and Figures

5.7(d)-(e), for the scrape and wound assays, respectively. Similar to the synthetic results,

we observe that the estimates of D are more sensitive to the choice of final observation

time in the wound assay. Additionally, estimates of λ are more sensitive to the choice of
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Figure 5.7: Results obtained from the parameter inference approach applied to the experimental data
set. (a)-(c) Mean estimates of Pm and Pp with corresponding 90% credible intervals, and the mean DKL
values, respectively, for the scrape assay for a final observation time of 3 h, 6 h, 9 h and 12 h. (d)-(f)
Mean estimates of Pm and Pp with corresponding 90% credible intervals, and the mean DKL values,
respectively, for the wound assay for a final observation time of 3 h, 6 h, 9 h and 12 h. The mean DKL
values were calculated using Equation (5.3). The green bar corresponds to the DKL value for λ and the
blue bar corresponds to the DKL value for D. For all simulations τ = 1/24 h, M = 106, X = 36, Y = 49,
∆ = 25 µm. For scrape assays, N(0) = 155, Y0 = 10. For wound assays, N(0) = 226, Y0,1 = 7, Y0,2 = 9.

final observation time in the wound assay, a trend that is not observed in the synthetic

data set. Interestingly, while the estimates of λ are more sensitive in the wound assay,

the DKL values corresponding to λ, represented by the green bar in Figures 5.7(c) and

(f), are higher for the wound than the scrape assay. We attribute this to the additional

number of cells present in the wound assay, which may influence the information gained

but not the relationship between λ and the final observation time. The DKL value for the

scrape assay, given in Figure 5.7(c), increases with the final observation time. Conversely,

the DKL value for the wound assay, given in Figure 5.7(f), does not increase significantly

after a final observation time of 12 h. We observe that the composition of the DKL value

for the wound assay changes with the final observation time; as the final observation time

increases, the DKL value for D decreases and the DKL value for λ increases, while the

sum of the two DKL values is approximately constant. This result is consistent with the

synthetic wound assay, where we observed that information about D is lost when the two

cell fronts began to interact.

We now examine the influence of the number of observations on our estimates of D and λ

and the corresponding DKL values. The mean model parameter estimates for all combi-

nations of observation times, for one, two and three observations are presented, with the

corresponding mean 90% credible interval for D and λ, in Figures 5.8(a)-(b) and Figures



Chapter 5. Quantifying the effect of experimental design choices for in vitro
scratch assays

115

1 2 3
0

3000

1 2 3
0

0.06

1 2 3
0

3

6

9

Number of ObservationsNumber of Observations Number of Observations

Wound AssayWound AssayWound Assay (d) (f )(e)

D 

(μm2/h)

1 2 3
0

3000

1 2 3
0

0.06

1 2 3
0

3

6

9

Number of ObservationsNumber of Observations Number of Observations

Scrape AssayScrape Assay Scrape Assay(a) (b) (c)

D 

(μm2/h) λ (/h)

λ (/h)

D
KL

D
KL

Figure 5.8: Results obtained from the parameter inference approach applied to the experimental data
set. (a)-(c) Mean estimates of Pm and Pp with corresponding 90% credible intervals, and the mean DKL
values, respectively, for the scrape assay for one, two and three observations. (d)-(f) Mean estimates of
Pm and Pp with corresponding 90% credible intervals, and the mean DKL values, respectively, for the
wound assay for one, two and three observations. The mean DKL values were calculated using Equation
(5.3). The green bar corresponds to the DKL value for λ and the blue bar corresponds to the DKL value
for D. For all simulations τ = 1/24 h, M = 106, X = 36, Y = 49, ∆ = 25 µm. For scrape assays, N(0)
= 155, Y0 = 10. For wound assays, N(0) = 226, Y0,1 = 7, Y0,2 = 9.

5.8(d)-(e) for the scrape and wound assays, respectively. For both model parameters and

assays, the parameter estimates are less sensitive to the number of observations than to

the final observation time, which is consistent with the synthetic results. It is instruc-

tive to consider whether the number of observations influences DKL, to provide guidance

about the number of experimental observations that ought to be captured. We present

the DKL values for one, two and three observations for the scrape and wound assays in

Figures 5.8(c) and (f), respectively. Similar to the synthetic results for the data set in

Section 5.3.3, there is no significant increase in information gained between two and three

observations, implying that capturing and interpreting additional experimental observa-

tions is unnecessary. Given that the interpretation of experimental observations is both

time-consuming and expensive, this result provides useful guidance about the number of

experimental observations required to estimate D and λ.

For all data sets we observe that it is possible to obtain consistent DKL values with

different combinations of observation times, suggesting that various experimental designs

are equally informative. However, it is also important to consider the ratio of the DKL

values associated with the marginal distributions of Pm and Pp. To illustrate this, we

present the approximate posterior distributions of D and λ for the experimental wound

assay data set using the combinations of observation times at 6, 12, 18 h, and 12, 18, 24 h
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Figure 5.9: Approximate posterior distributions corresponding to different combinations of observation
times for the wound assay experimental data set. (a)-(b) Approximate posterior distribution using obser-
vations at (a) 6, 12 and 18 h and (b) 12, 18 and 24 h. (c) Mean DKL values for 6, 12 and 18, and for
12, 18 and 24 h. The mean DKL values were calculated using Equation (5.3). The green bar corresponds
to the DKL value for λ and the blue bar corresponds to the DKL value for D. (d)-(e) Corresponding
marginal distributions for (d) D and (e) λ. Red curves are obtained from observations at 6, 12 and 18
h, while the black curves are obtained from observations at 12, 18 and 24 h. Dashed lines correspond to
mean parameter estimates. For all simulations τ = 1/24 h, M = 106, X = 36, Y = 49, N(0) = 226,
Y0,1 = 7, Y0,2 = 9, ∆ = 25 µm.

in Figures 5.9(a)-(b), respectively. The DKL values, presented in Figure 5.9(c), for the two

posterior distributions are similar: 8.63 and 8.50, respectively, suggesting that both are

approximately equally informative. However, if we consider the marginal distributions,

we find that the 6, 12, 18 h design results in approximately 30% extra information about

D compared to the 12, 18, 24 h design, while retaining 97% of the information about λ.

The marginal distributions in Figures 5.9(d)-(e) illustrate the relative information gain

for the two designs. We observe that the marginal distribution for D varies significantly,

in particular the width of support of the distribution is very different, while the marginal

distributions for λ are relatively consistent. The change in distribution for D suggests

that the ratio between marginal DKL values can be used to distinguish between posterior

distributions that have similar DKL values.

5.4 Summary of results and recommendations

Our results provide guidance about experimental design choices for scratch assays. For

both synthetic and experimental data sets we observe that the scrape assay provides es-

timates of D and λ that are less sensitive to the choice of observation times. For the

synthetic data set, where D and λ are known in advance, the scrape assay provides more
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robust estimates of D and λ. With regard to the information gained about D and λ,

defined using the Kullback-Leibler divergence, the scrape assay is superior for the syn-

thetic data set. Conversely, for the experimental data set, the wound assay provides more

information about the model parameters than the scrape assay. However, if we consider

the DKL values for the marginal distribution of D and λ, we see that the additional infor-

mation gained in the wound assay is primarily associated with λ. This result is intuitive

for the experimental data set, as initially there are significantly more cells in the wound

assay than in the scrape assay, in contrast with the synthetic data set where the initial

number of cells is the same for both assays. We found that the increase in the initial

number of cells results in an increase in computational time of approximately one order

of magnitude between the scrape assay and the wound assay. The majority of combina-

tions of observation times for the scrape assay lead to more information about D than

the corresponding combinations of observation times for the wound assay. As the DKL

values associated with the marginal distribution of D are significantly lower than those

associated with the marginal distribution of λ, an increase in information about D is

more significant than an equivalent absolute increase in information about λ. Therefore,

since the scrape assay provides more robust estimates of D and λ, is less sensitive to

the choice of combination of observation times, and is more computationally efficient, we

recommend that scrape assays, instead of wound assays, ought to be used to estimate D

and λ. We note that these recommendations are based upon experimental observations

for a mesenchymal (non-adhesive) cell population and that our recommendations may not

be valid for cell populations that involve significant cell-to-cell adhesion.

The uncertainty in our estimates of λ is sensitive to the data obtained at the final obser-

vation time. It is intuitive to consider the estimate of λ obtained from a combination of

experimental observations that include the latest final observation time, as it is difficult

to characterise λ for an experimental time that is significantly less than the cell doubling

time, which is approximately 24 h [16]. For the scrape assay, using both experimental

and synthetic data sets, we observe that using a final observation time corresponding to

time taken for the cell front to cross the experimental field of view provides the most

information about D and λ. The choice of the number of observations captured and

interpreted affects both the cost and amount of time required to analyse an experiment.

Therefore, there is a considerable advantage in minimising the number of observations.

We note that the main cost of our approach is associated with the interpretation, rather

than the capture, of the experimental images. Therefore, if there is no prior estimate of

D, which provides guidance about the final experimental time, images can be captured

until the cell front has crossed the experimental field of view. The choice of which images

to interpret can then be made after the experiment is performed and the final observation

time is determined. For both assays and data sets, we observe that there is, at best,

a small increase in information gained by interpreting three experimental observations

compared to two. To minimise the expense associated with interpreting experiments, we

recommend that two experimental observations are captured, after the initial observation.

The time when the first observation is captured, after the initial observation, does not
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significantly influence the information obtained, compared to the final observation time.

As such, we do not provide a recommendation for the time when the first observation

should be captured.

5.5 Discussion and conclusions

Scratch assays are widely used to observe collective cell spreading and to examine the

influence of potential drugs on the rates of cell motility and proliferation [11, 19, 20,

41]. However, the experimental design of scratch assays reported in the literature varies

considerably [1, 5, 16, 17, 25, 26, 30]. The number of experimental observations, the timing

at which the observations are captured, and the type of scratch assay are all technically

straightforward to vary but there is no explicit discussion in the literature about the

influence of these design choices. To the best of our knowledge, there is no biological

justification associated with the choice of assay type. Instead, this choice appears to

be made according to personal preference. Mathematical models that can be used to

estimate D and λ have been presented previously, but these previous applications have not

considered the influence of varying experimental designs [5, 16, 17, 28, 40]. To address this

limitation, we quantify the information gained about the D and λ, depending on whether

a scrape or wound assay is performed. We also investigate the amount of information

gained depending on how many experimental observations are captured, and the timing

of these observations. To interpret the experimental observations we use an ABC method

which provides an approximate bivariate posterior distribution of D and λ [17]. This

allows us to quantify the amount of information gained about the model parameters, D

and λ, thereby providing guidance about the influence of the experimental design. By

identifying experimental designs that allow for more robust parameter estimation, we can

make objective recommendations about the number of experimental observations required

and, subsequently, reduce the time and cost requirements.

We find that a scrape assay, with just one cell front, provides more robust estimates of the

random motility, D, and the cell proliferation rate, λ, is more computationally efficient,

requires less time to locate cell positions, and provides more information about D, without

sacrificing too much information about λ, compared to the wound assay. Therefore, if the

aim is to estimate D and λ, we recommend that scrape assays, and not wound assays,

be performed. We find that most information about D and λ is obtained when the final

observation time corresponds to the amount of time taken for the front to migrate across

the experimental field of view. We also find there is limited benefit to capturing three

observations, compared to two.

The work presented here could be extended in several ways. We note that our experi-

mental analysis is relevant for a mesenchymal cell population and that the influence of

cell-to-cell or cell-to-substrate adhesion in epithelial cell populations may affect our rec-

ommendations. In our mathematical model, we make the standard assumption that both

D and λ are constant [16, 17, 33, 34], However, from the results presented in Figure



Chapter 5. Quantifying the effect of experimental design choices for in vitro
scratch assays

119

5.7, we observe that D appears to increase with time. It is possible that the cells are

disrupted by the initial scratch or the addition of fresh medium immediately after the

scratch is performed. We do not make any suggestion about the putative form of any

model parameters that may depend on time or local cell density. It would be instructive

to consider an extension to our discrete mathematical model with parameters that are

not constant [8, 13] and, subsequently, to investigate whether ABC can result in robust

model parameter estimates for a more complicated mathematical model. Such a model

may require a different choice of summary statistic and we could employ a semi-automatic

approach to determine an appropriate summary statistic [10]. A similar investigation of

potential summary statistics for a model that includes parameters that are sensitive to

chemical gradients could be performed. However, introducing chemotaxis into the math-

ematical model increases both the complexity of the model and the number of unknown

model parameters. For example, a chemotaxis model would include the diffusivity of the

attractant, the production rate of the attractant, the decay rate of the attractant, as well

as the parameters governing the chemotactic sensitivity function [18]. We therefore leave

this for future work. Alternatively, we could apply the approach outlined in this work to

different types of in vitro experiments, such as two-dimensional barrier assays or three-

dimensional spheroid assays, to quantify the impact of experimental design choices. We

make two approximations to compare the cell positions in the experimental images to the

mathematical model. First, we assume that cells are incompressible, uniformly-sized disks

and, second, we map the cell positions on to a regular lattice with lattice spacing equiva-

lent to the average cell diameter [34]. It would be instructive to relax these assumptions

by considering cells that are able to deform or by considering a lattice-free mathematical

model. However, both of these approaches would significantly increase the complexity of

the mathematical model. Subsequently, the time required to perform the ABC algorithm

would become intractable and, as such, we leave this extension for a future study.
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5.6 Supplementary material

5.6.1 Approximate Bayesian computation

To investigate which values of D and λ can generate summary statistics that are con-

sistent with those resulting from our synthetic or experimental data set we consider an

ABC algorithm [2, 16, 22, 32, 34]. The ABC algorithm performs stochastic identically-

prepared realisations of the mathematical framework described in Section 5.2.2 of the

main document and uses a combination of N(t) and q(i) as a summary statistic to de-

termine whether a particular model parameter pair, θ, generates simulation data that

matches the synthetic or experimental data set to a specified tolerance, ε [16]. We define

a measure of the difference between the summary statistics of two data sets, β and β′,

||S(β)− S(β′)|| = 1

Q

[
Q∑
i=1

(
S(β)i − S(β′)i

1 + S(β)i

)2
] 1

2

, (5.4)

where S(z) is an arbitrary summary statistic, S(β)i is the ith element in S(β) and Q is

the number of elements in S(β). We define an overall measure of the difference between

the two data sets as

L(β, β′) =
1

2M

M∑
j=1

[
||Spcf(β)− Spcf(β

′)||j
]

+
1

2M

M∑
j=1

[
||SN(β)− SN(β′)||j

]
, (5.5)

where M is the number of experimental observations, Spcf is the summary statistic for

the pair correlation function, SN is the summary statistic for the number of cells and

the subscript j corresponds to an individual experimental observation. For a model

parameter pair to be accepted we require that L(β, β′) < ε. To reduce computation time

we consider an ABC Markov Chain Monte Carlo (ABC-MCMC) algorithm [16, 22, 32],

which proposes model parameter values based on previously successful model parameter

values. Making minimal assumptions, we initially sample θ from a bivariate uniform

distribution, Pm ∈ [0, 1], Pp ∈ [0, 1], until we obtain the first model parameter pair that

results in L(β, β′) < ε. The ABC-MCMC algorithm then uses a transition kernel Γ to

propose θ′ values, where θ′ is uniformly sampled from θ ± Γ and Γ = (10−1, 10−3). We

note that Γ is truncated, if necessary, such that Pm ∈ [0, 1], Pp ∈ [0, 1]. Successful θ values

are recorded and are used to generate an approximation to the posterior distribution. For

full details of the ABC-MCMC algorithm see [16, 22].

5.6.2 Data

We present results obtained from the ABC algorithm applied to: (i) synthetic scrape assay

data with N(0) = 100; (ii) synthetic scrape assay data with N(0) = 50; (iii) synthetic

wound assay data; (iv) experimental scrape assay data, and (v) experimental wound assay

data. Each table contains the DKL value for the bivariate posterior distribution of Pm and
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Pp, or D and λ, for the synthetic and experimental data sets, respectively. Additionally,

the tables contain the mean and 90% credible interval for the recovered estimates of Pm

and Pp, or D and λ, for the synthetic and experimental data sets, respectively. Finally,

the tables contain the DKL values associated with the univariate distribution for both

Pm and Pp, or D and λ, for the synthetic and experimental data sets, respectively.
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M Observation Times (h) DKL Pm (90% CI) DKL(Pm) Pp (90% CI) (10−3) DKL(Pp)

1 3 6.47 0.30 (0-0.52) 0.51 2.2 (0.9-3.1) 5.94

1 6 7.21 0.27 (0.08-0.42) 0.87 2.0 (1.2-2.6) 6.32

1 9 7.47 0.25 (0.03-0.39) 0.86 2.0 (1.3-2.5) 6.58

1 12 7.85 0.23 (0.07-0.35) 1.05 1.9 (1.4-2.4) 6.78

2 3, 12 7.79 0.23 (0.05-0.35) 1.03 1.9 (1.4-2.4) 6.75

2 6, 12 7.95 0.24 (0.09-0.35) 1.16 1.9 (1.4-2.4) 6.77

2 8, 12 8.00 0.23 (0.10-0.34) 1.22 1.9 (1.4-2.4) 6.78

2 10, 12 8.05 0.23 (0.10-0.34) 1.25 1.9 (1.4-2.4) 6.78

3 1, 2, 3 6.69 0.27 (0-0.45) 0.74 2.1 (0.6-3.0) 5.93

3 2, 4, 6 7.33 0.26 (0.05-0.39) 0.97 2.0 (1.3-2.7) 6.32

3 3, 6, 9 7.61 0.24 (0.03-0.37) 1.04 2.0 (1.3-2.5) 6.54

3 4, 8, 12 8.08 0.23 (0.10-0.32) 1.30 1.9 (1.4-2.4) 6.77

3 8, 10, 12 8.11 0.23 (0.11-0.33) 1.32 1.9 (1.4-2.4) 6.78

3 6, 9, 12 8.10 0.23 (0.10-0.32) 1.32 1.9 (1.4-2.4) 6.78

3 2, 9, 12 8.02 0.23 (0.09-0.33) 1.25 1.9 (1.4-2.4) 6.77

3 2, 4, 12 7.93 0.23 (0.09-0.33) 1.20 2.0 (1.4-2.4) 6.72

Table 5.2: Comparison of parameter recovery for ten averaged sets of synthetic scrape assay data with N(0) = 100. Synthetic data was identically prepared with Pm = 0.25
and Pp = 2× 10−3.
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M Observation Times (h) DKL Pm (90% CI) DKL(Pm) Pp (90% CI) (10−3) DKL(Pp)

1 3 6.46 0.26 (0.02-0.46) 0.62 2.0 (0.7-3.5) 5.67

1 6 6.85 0.25 (0.01-0.41) 0.75 1.8 (0.7-2.7) 6.06

1 9 7.22 0.23 (0.00-0.36) 0.98 1.8 (0.6-2.6) 6.21

1 12 7.45 0.23 (0.04-0.36) 0.96 1.8 (0.8-2.4) 6.42

2 3, 12 7.54 0.22 (0.07-0.35) 1.08 1.8 (1.0-2.4) 6.42

2 6, 12 7.71 0.21 (0.06-0.32) 1.14 1.7 (0.9-2.3) 6.51

2 8, 12 7.56 0.21 (0.02-0.34) 1.06 1.8 (0.8-2.4) 6.45

2 10, 12 7.60 0.22 (0.00-0.34) 1.10 1.8 (1.0-2.4) 6.47

3 1, 2, 3 6.71 0.23 (0.00-0.40) 0.73 1.4 (0.0-2.6) 5.93

3 2, 4, 6 6.97 0.22 (0.00-0.35) 0.94 1.8 (0.1-2.7) 5.97

3 3, 6, 9 7.31 0.22 (0.03-0.35) 1.02 1.7 (0.6-2.4) 6.26

3 4, 8, 12 7.66 0.20 (0.10-0.31) 1.16 1.8 (1.0-2.4) 6.45

3 8, 10, 12 7.76 0.20 (0.10-0.31) 1.17 1.7 (1.0-2.2) 6.53

3 6, 9, 12 7.69 0.21 (0.04-0.32) 1.17 1.8 (0.9-2.3) 6.47

3 2, 9, 12 7.59 0.22 (0.05-0.33) 1.13 1.8 (0.8-2.4) 6.42

3 2, 4, 12 7.66 0.22 (0.07-0.33) 1.20 1.8 (1.0-2.4) 6.42

Table 5.3: Comparison of parameter recovery for ten averaged sets of synthetic scrape assay data with N(0) = 50. Synthetic data was identically prepared with Pm = 0.25
and Pp = 2× 10−3.
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M Observation Times (h) DKL Pm (90% CI) DKL(Pm) Pp (90% CI) (10−3) DKL(Pp)

1 3 6.75 0.23 (0.03-0.35) 1.05 2.3 (1.0-4.0) 5.67

1 6 7.34 0.24 (0.01-0.37) 0.98 2.0 (1.1-2.7) 6.29

1 9 7.53 0.29 (0.05-0.43) 0.93 1.9 (1.2-2.4) 6.59

1 12 7.30 0.32 (0-0.49) 0.77 1.9 (1.4-2.6) 6.51

2 3, 6 7.32 0.24 (0.04-0.36) 1.06 2.1 (1.3-2.9) 6.22

2 2, 9 7.82 0.25 (0.06-0.36) 1.18 1.9 (1.2-2.4) 6.60

2 4, 9 7.90 0.24 (0.10-0.34) 1.28 1.9 (1.2-2.4) 6.59

2 6, 9 7.75 0.25 (0.06-0.36) 1.15 1.9 (1.2-2.4) 6.57

2 3, 12 7.75 0.26 (0.10-0.36) 1.20 1.9 (1.4-2.6) 6.53

2 6, 12 7.71 0.26 (0.09-0.37) 1.15 2.0 (1.4-2.6) 6.51

2 8, 12 7.66 0.28 (0.06-0.40) 1.05 1.9 (1.4-2.6) 6.55

2 10, 12 7.45 0.30 (0.04-0.44) 0.91 2.0 (1.4-2.6) 6.53

3 1, 2, 3 7.13 0.20 (0.09-0.29) 1.38 1.8 (0-3.1) 5.71

3 2, 4, 6 7.55 0.21 (0.02-0.32) 1.19 2.0 (1.0-2.6) 6.23

3 3, 6, 9 7.72 0.25 (0.08-0.36) 1.17 1.9 (1.3-2.5) 6.53

3 4, 8, 12 7.80 0.25 (0.09-0.35) 1.21 1.9 (1.3-2.5) 6.52

3 8, 10, 12 7.66 0.26 (0.08-0.38) 1.05 1.9 (1.3-2.5) 6.60

3 6, 9, 12 7.44 0.25 (0.03-0.39) 0.87 2.0 (1.3-2.5) 6.55

3 2, 9, 12 7.77 0.28 (0.10-0.38) 1.14 1.9 (1.4-2.4) 6.61

3 2, 4, 12 7.52 0.25 (0.07-0.37) 1.06 2.0 (1.4-2.6) 6.44

Table 5.4: Comparison of parameter recovery for ten averaged sets of synthetic wound assay data. Synthetic data was identically prepared with Pm = 0.25 and Pp = 2×10−3.
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M Observation Times (h) DKL D (90% CI) (µm2/h) DKL(D) λ (90% CI) (10−2/h) DKL(λ)

1 3 7.78 970 (563-1313) 1.36 4.37 (2.64-6.00) 6.41

1 6 8.27 960 (563-1238) 1.51 4.04 (2.88-5.28) 6.76

1 9 8.18 1310 (713-1688) 1.21 3.63 (2.64-4.56) 6.97

1 12 8.27 1605 (1088-2063) 1.15 3.47 (2.64-4.08) 7.11

2 3, 12 8.39 1337 (863-1688) 1.29 3.54 (2.88-4.32) 7.09

2 6, 12 8.47 1258 (863-1613) 1.37 3.56 (2.88-4.32) 7.09

2 8, 12 8.38 1498 (1050-1875) 1.28 3.49 (2.64-4.08) 7.10

2 10, 12 8.41 1507 (1013-1838) 1.30 3.46 (2.64-4.08) 7.11

3 1, 2, 3 7.61 818 (300-1200) 1.27 4.64(2.88-6.24) 6.34

3 2, 4, 6 8.22 811 (450-1125) 1.52 4.24 (2.88-5.28) 6.69

3 3, 6, 9 8.45 1079 (713-1388) 1.22 3.69(2.64-4.56) 6.94

3 4, 8, 12 8.43 1301 (938-1688) 1.35 3.54 (2.88-4.32) 7.07

3 8, 10, 12 8.37 1463 (938-1838) 1.29 3.44 (2.64-4.08) 7.08

3 6, 9, 12 8.37 1243 (788-1613) 1.31 3.57 (2.88-4.32) 7.05

3 2, 9, 12 8.42 1286 (825-1650) 1.34 3.55 (2.88-4.32) 7.07

3 2, 4, 12 8.27 1051 (563-1463) 1.23 3.68 (2.64-4.56) 7.03

Table 5.5: Comparison of parameter recovery for experimental scrape assay data.
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M Observation Times (h) DKL D (90% CI) (µm2/h) DKL(D) λ (90% CI) (10−2/h) DKL(λ)

1 6 8.31 1245 (863-1613) 1.44 4.85 (3.84-5.76) 6.87

1 12 8.63 1837 (1388-2138) 1.40 4.29 (3.60-5.04) 7.22

1 18 8.30 2265 (1350-2850) 0.82 3.71 (3.12-4.08) 7.46

1 24 8.53 2253 (1388-2.813) 0.82 3.14 (2.64-3.60) 7.69

2 6, 12 8.51 1676 (1238-2063) 1.30 4.33 (3.60-5.04) 7.20

2 4, 18 8.48 1881 (1313-2363) 1.03 3.78 (3.36-4.32) 7.42

2 8, 18 8.54 1940 (1350-2400) 1.09 3.78 (3.36-4.32) 7.43

2 12, 18 8.38 2126 (1463-2663) 0.95 3.78 (3.36-4.32) 7.42

2 6, 24 8.33 1876 (1088-2513) 0.76 3.24 (2.64-3.60) 7.54

2 12, 24 8.47 2145 (1275-2700) 0.87 3.24 (2.64-3.60) 7.59

2 16, 24 8.51 2163 (1425-2700) 0.88 3.25 (2.64-3.60) 7.61

2 20, 24 8.40 2609 (1763-3338) 0.71 3.15 (2.64-3.60) 7.66

3 2, 4, 6 7.90 1179 (638-1613) 1.13 5.01 (3.84-6.24) 6.76

3 4, 8, 12 8.41 1655 (1163-2063) 1.24 4.39 (3.60-5.04) 7.16

3 6, 12, 18 8.63 1884 (1388-2288) 1.21 3.83 (3.36-4.32) 7.41

3 8, 16, 24 8.63 1884 (1388-2288) 1.21 3.83 (3.36-4.32) 7.41

3 16, 20, 24 8.55 2367 (1650-2925) 0.90 3.23 (2.64-3.60) 7.64

3 12, 18, 24 8.50 2175 (1425-2700) 0.93 3.35 (2.88-3.84) 7.55

3 4, 18, 24 8.83 1994 (1425-2400) 1.20 3.28 (2.88-3.84) 7.62

3 4, 8, 24 8.74 1745 (1200-2175) 1.14 3.27 (2.88-3.84) 7.58

Table 5.6: Comparison of parameter recovery for experimental wound assay data.
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Chapter 6

Modelling the movement of interacting cell populations: a mo-

ment dynamics approach

A paper published in the Journal of Theoretical Biology.

Johnston, S. T., Simpson, M. J. and Baker, R. E. [2015], ‘Modelling the movement

of interacting cell populations: A moment dynamics approach’, Journal of Theoretical

Biology 370, 81-92.

Abstract

Mathematical models describing the movement of multiple interacting subpopulations

are relevant to many biological and ecological processes. Standard mean-field partial

differential equation descriptions of these processes suffer from the limitation that they

implicitly neglect to incorporate the impact of spatial correlations and clustering. To

overcome this, we derive a moment dynamics description of a discrete stochastic process

which describes the spreading of distinct interacting subpopulations. In particular, we

motivate our model by mimicking the geometry of two typical cell biology experiments.

Comparing the performance of the moment dynamics model with a traditional mean-field

model confirms that the moment dynamics approach always outperforms the traditional

mean-field approach. To provide more general insight we summarise the performance of

the moment dynamics model and the traditional mean-field model over a wide range of

parameter regimes. These results help distinguish between those situations where spatial

correlation effects are sufficiently strong, such that a moment dynamics model is required,

from other situations where spatial correlation effects are sufficiently weak, such that a

traditional mean-field model is adequate.

6.1 Introduction

Biological and ecological processes often involve moving fronts of interacting subpopula-

tions. For example, in a biological setting, malignant spreading occurs when tumour cells
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interact with, and move through, the stroma [3, 7, 10, 18]. In an ecological setting, the

spreading of an invasive species involves moving fronts, that, in some cases, is coupled

with a retreating front of that species’ prey [13, 24, 38].

Figure 1 shows images of two different types of cell biology experiments involving mov-

ing fronts of interacting subpopulations. Figure 1(a)-(c) shows images of a co-culture

scratch assay [22]. This assay is constructed such that initially we have two subpopula-

tions present in a certain region of the domain that is adjacent to a vacant region. As

time proceeds, the two subpopulations spread into the vacant space. The image in Figure

1(c) indicates that one of the subpopulations is clustered, whereas the other subpopu-

lation is more evenly distributed. The image in Figure 1(d) shows a subpopulation of

initially confined melanoma cells that are spreading into a surrounding subpopulation of

fibroblast cells [18]. These images demonstrate that collective cell spreading processes can

involve moving fronts of interacting subpopulations. Given the importance of collective

cell spreading processes to a range of biological applications, including wound healing and

malignant spreading, it is relevant for us to develop robust mathematical and computa-

tional tools that can accurately describe the motion of these kinds of multispecies moving

front problems.

Figure 6.1: (a)-(c) Co-culture scratch assay containing human dermal microvascular endothelial cells
(red) and human dermal fibroblasts (green) at (a) 0 hours, (b) 24 hours and (c) 48 hours. Adapted from
[22]. (d) Human fibroblasts (blue) and TGF-β1 transduced 451Lu melanoma cells (brown), 19 days after
subcutaneous injection into immunodeficient mice. Adapted from [18].

Previous mathematical modelling of problems involving moving fronts of multiple interact-

ing subpopulations have typically involved studying systems of reaction-diffusion partial

differential equations (PDEs) [9, 23, 27, 31, 35, 39]. For example, Sherratt [27] considers

a two-species model of tumour growth. In this model, the movement of the tumour cell

subpopulation, v(x, t), is inhibited by the stroma subpopulation, u(x, t). Cell prolifera-

tion is also influenced by crowding, since the rate of proliferation is a decreasing function

of the total cell density, u(x, t) + v(x, t) [27]. More generally, Painter and Sherratt [23]

suggest that the motion of interacting cell subpopulations depends on the gradient of

each particular species’ density, as well as the gradient of the total cell density. Focusing

specifically on tumour invasion, Gatenby and Gawlinski [9] propose a three-species model,

where the density of normal tissue decreases due to an excess concentration of H+ ions.

Smallbone et al. [39] extend the Gatenby and Gawlinski three-species model by including

a necrotic core within the tumour, which is more consistent with biological observations.

However, while these models provide valuable insight into the interaction of multiple cell
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subpopulations, they are limited in two ways. First, each of these PDE models relies on

invoking a mean-field assumption. That is, these models implicitly assume that individu-

als in an underlying stochastic process interact at a rate that is proportional to the average

density [12]. This assumption amounts to the neglect of any spatial structure present in

the subpopulations [17]. Second, these PDE models describe population-level behaviour,

and do not explicitly consider individual-level information that could be relevant when

dealing with certain types of experimental data [34].

Instead of working directly with PDEs, mean-field descriptions of collective cell behaviour

have been derived from discrete individual-level models [4, 6, 8, 15, 32, 33]. These dis-

crete models, which can also incorporate crowding [5], can be identified with corresponding

mean-field continuum PDE models that aim to describe the average behaviour of the un-

derlying stochastic process. Using this kind of approach gives us access to both discrete

individual-level information as well as continuum population-level information. For exam-

ple, to model the migration of adhesive glioma cells, Khain et al. [15] derive a mean-field

PDE description of a discrete process which incorporates cell motility, cell-to-cell adhe-

sion and cell proliferation. However, while the relationship between the averaged discrete

data and the solution of the corresponding mean-field PDE description is useful in certain

circumstances, it is well-known that the assumptions invoked when deriving mean-field

PDE descriptions are inappropriate in certain parameter regimes, due to spatial correla-

tions between the occupancy of lattice sites [1, 14, 29]. The impact of spatial correlation

is relevant when we consider patchy or clustered distributions of cells, such as in Figures

1(b)-(c). Baker and Simpson [1] partly address this issue by developing a moment dynam-

ics model that approximately incorporates the effect of spatial correlation. Markham et

al. [19] extend this work, but focus on problems where the initial distribution of cells

is spatially uniform, meaning that the modelling and computational tools developed by

Markham et al. [19] are not suitable for studying the motion of moving fronts of various

interacting subpopulations.

In this work we consider a discrete lattice-based model for describing the motion of a

population of cells where the total population is composed of distinct, interacting sub-

populations. To understand how our work builds on previous methods of analysis, we

derive a standard mean-field description of the discrete model and demonstrate that, in

certain parameter regimes, the mean-field model does not describe the averaged discrete

behaviour. By considering the dynamics of the occupancy of lattice pairs, we derive one-

and two-dimensional moment dynamics descriptions that incorporate an approximate de-

scription of the spatial correlation present in the system. Motivated by the geometry

of the two typical cell biology experiments in Figure 1, we apply our model to two case

studies. The first case study is relevant to co-culture scratch assays and the second case

study is relevant to the invasion of one subpopulation into another subpopulation, thereby

mimicking tumour invasion processes. Through these case studies we demonstrate that

our moment dynamics model provides a significantly more accurate description of the
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averaged discrete model behaviour. Finally, we discuss our results and outline directions

for future work.

6.2 Methods

6.2.1 Discrete model

We consider a lattice-based random walk model where each lattice site may be occupied

by, at most, one agent [5]. The model is presented for situations where there are two

subpopulations, denoted by superscripts G and B, and we note that the framework could

be extended to include a larger number of subpopulations if required. The superscripts

G and B correspond to the colour scheme in our figures where results relating to the G

subpopulation are given in green and results relating to the B subpopulation are given in

blue. The discrete process takes place on a one-dimensional lattice, with lattice spacing

∆, where each site is indexed i ∈ [1, X]. Agents on the lattice undergo movement,

proliferation and death events at rates PGm , PGp , PGd and PBm , PBp , PBd per unit time, for

subpopulations G and B, respectively. During a potential motility event, an agent at site

i attempts to move to site i± 1, with the target site chosen with equal probability. This

potential event will be successful only if the target site is vacant. A proliferative agent at

site i attempts to place a daughter agent at site i ± 1, with the target site chosen with

equal probability. This event will only be successful if the target site is vacant. Agent

death occurs by simply removing an agent from the lattice. For all results presented in

this work, we apply periodic boundary conditions. However, in practice, we only consider

initial conditions and timescales such that the effects of the boundary conditions at i = 1

and i = X are unimportant.

For the two-dimensional discrete model, we define a square two-dimensional lattice, with

lattice spacing ∆, where each lattice site is indexed (i, j), where i ∈ [1, X] and j ∈ [1, Y ].

A motile agent at (i, j) will attempt to step to site (i± 1, j) or (i, j ± 1), with the target

site chosen with equal probability. Similarly, a proliferative agent at (i, j) will attempt to

deposit a daughter agent at site (i±1, j) or (i, j±1), with the target site chosen with equal

probability. Since the model is an exclusion process, any potential motility or proliferation

event that would place an agent on an occupied site is aborted. Agent death occurs by

removing an agent from the lattice. While we do not explicitly consider extending this

model to a three-dimensional lattice, it is straightforward to perform discrete simulations

on a three dimensional lattice [1].

We use the Gillespie algorithm to generate sample paths from the discrete model [11]. An

individual realisation of the Gillespie algorithm results in the binary lattice occupancy,

Ck
i , at each site i. To obtain averaged density information we perform M identically-

prepared realisations of the discrete algorithm and calculate the average lattice occupancy

Cki = 〈Ck
i 〉, which represents the probability that lattice site i is occupied by an agent of

subpopulation k ∈ {G,B}.
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6.2.2 One-dimensional mean-field approximation

To derive a mean-field description of the discrete model we consider a discrete conservation

statement describing the rate of change of the occupancy status of site i. Accounting for

all possible motility, proliferation and death events we obtain

dCki
dt

=
P km
2

[
Cki−1Φi + Cki+1Φi − Cki Φi−1 − Cki Φi+1

]
+
P kp
2

[
Cki−1Φi + Cki+1Φi

]
− P kdCki ,

(6.1)

for subpopulation k ∈ {G,B}, where Φi = 1 −
∑

K C
K
i is the probability that site i is

vacant. Since we interpret the product of site occupation probabilities in Equation (6.1) as

a net transition probability [14], we explicitly assume that the occupancy status of lattice

sites are independent, which is equivalent to neglecting the correlations in occupancy

between lattice sites. Extending this kind of mean-field conservation statement to apply

to our two-dimensional discrete model is straightforward, and the details are given in

the supplementary material document. Standard mean-field descriptions of our discrete

model, given by Equation (6.1), can be re-written as a PDE description. To see this we

expand the Cki±1 terms in Equation (6.1) in a Taylor series about site i, neglecting terms

of O(∆3) and smaller. After identifying Cki with a continuous function Ck(x, t), we can

re-write the resulting expression as a reaction-diffusion PDE for Ck(x, t) [30].

6.2.3 One-dimensional moment dynamics approximation

Instead of treating products of site occupation probabilities as independent quantities, we

now consider the time evolution of the relevant n-point distribution functions, ρ(n) [1].

The one-point distribution function is given by ρ(1)(σi), where σi denotes the state of site

i and can be interpreted as the probability that site i is in state σ ∈ {0, AG, AB}. We

note that the possible states of site i are: (i) AGi , which indicates that site i is occupied

by an agent from subpopulation G, (ii) ABi , which indicates that site i is occupied by an

agent from subpopulation B, and (iii) 0i, which indicates that site i is vacant [1]. The

evolution of the one-point distribution function for subpopulation k can be described by

accounting for all possible motility, proliferation and death events,

dρ(1)(Aki )

dt
=
P km
2

[
ρ(2)(Aki−1, 0i) + ρ(2)(Aki+1, 0i)− ρ(2)(Aki , 0i−1)− ρ(2)(Aki , 0i+1)

]
+ (6.2)

P kp
2

[
ρ(2)(Aki−1, 0i) + ρ(2)(Aki+1, 0i)

]
− P kd ρ(1)(Aki ).

The evolution of the one-point distribution functions depends on the two-point distribu-

tion functions, which, in this case, means that the evolution of the occupancy status of

individual lattice sites depends on the occupancy of nearest-neighbour lattice pairs. For

example, the average occupancy of site i increases due to the probability that site i is

unoccupied and site i − 1 is occupied by subpopulation k. We denote this probability,

without the assumption that the occupancies of sites i and i − 1 are uncorrelated, by
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ρ(2)(Aki−1, 0i). To measure the correlation between lattice sites i and m, separated by

distance r∆ = (m− i)∆, we use the correlation function [1]

F a,bi (r∆) =
ρ(2)(σi, σm)

ρ(1)(σi)ρ(1)(σm)
, (6.3)

where a denotes the state of site i and b denotes the state of site m. We note that F a,bi (r∆)

depends on time. However, for notational convenience, we do not explicitly include this

dependence in our notation. Employing the relationship [1]

ρ(1)(σi) =
∑
σm

ρ(2)(σi, σm), (6.4)

we rewrite Equation (6.2) in terms of the correlation functions. Here, for the specific case

where we consider two subpopulations, G and B, we obtain

dCGi
dt

=
PGm
2

[
CGi−1 + CGi+1 − 2CGi + CBi

{
2CGi − CGi−1F

G,B
i−1 (∆)− CGi+1F

B,G
i (∆)

}
(6.5)

− CGi
{

2CBi − CBi−1F
B,G
i−1 (∆)− CBi+1F

G,B
i (∆)

}]
+
PGp
2

[
CGi−1

{
1− CGi F

G,G
i−1 (∆)− CBi F

G,B
i−1 (∆)

}
+ CGi+1

{
1− CGi F

G,G
i (∆)− CBi F

B,G
i (∆)

}]
− PGd CGi .

Note that if the lattice sites are uncorrelated and hence F a,bi (r∆) ≡ 1, Equation (6.5)

is equivalent to Equation (6.1). This simplification emphasises that the key difference

between the moment dynamics description and the standard mean-field description is in

the way that the two approaches deal with the role of spatial correlation effects. We also

note interchanging G and B in Equation (6.5) allows us to write down a similar expression

for dCBi /dt.

To solve Equation (6.5) and the corresponding expression for dCBi /dt, we must develop

a model for the evolution of FG,Gi (∆), FB,Bi (∆), FG,Bi (∆) and FB,Gi (∆). To achieve this

we consider the evolution of the relevant two-point distribution functions by considering

how potential motility, proliferation and death events alter each two-point distribution

function. Here we present details for the lattice pair (i, i + 1), where both sites are

occupied by subpopulation G. The evolution of the corresponding two-point distribution

function is given by

dρ(2)(AGi , A
G
i+1)

dt
=
PGm
2

[
ρ(3)(AGi−1, 0i, A

G
i+1) + ρ(3)(AGi , 0i+1, A

G
i+2)− ρ(3)(0i−1, A

G
i , A

G
i+1)

−ρ(3)(AGi , A
G
i+1, 0i+2)

]
+
PGp
2

[
ρ(3)(AGi−1, 0i, A

G
i+1)

+ρ(3)(AGi , 0i+1, A
G
i+2)

]
− 2PGd ρ

(2)(AGi , A
G
i+1). (6.6)
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In general, the evolution of the n-point distribution function depends on the (n+1)-

point distribution function. This results in an system of equations, the size of which

is equivalent to the number of lattice sites, that describe the evolution of the n-point

distribution functions. The large number of lattice sites makes this system of equations

algebraically intractable, so to make progress we truncate the system using a moment

closure approximation [1]. While several different types of moment closure approximations

are available in the literature [17], our previous experience with these kinds of models

indicates that the Kirkwood superposition approximation (KSA) [36] is a good option.

Further, it can be shown that the KSA provides a near-maximal entropic value [20, 36].

Therefore, we apply the KSA

ρ(3)(σi, σj , σk) =
ρ(2)(σi, σj)ρ

(2)(σi, σk)ρ
(2)(σj , σk)

ρ(1)(σi)ρ(1)(σj)ρ(1)(σk)
, (6.7)

to re-write the three-point distribution functions in Equation (6.6) in terms of two-point

distribution functions. After using the KSA, we rewrite Equation (6.6) in terms of the

correlation functions to obtain

dFG,Gi (∆)

dt
= −FG,Gi (∆)

[
1

CGi

dCGi
dt

+
1

CGi+1

dCGi+1

dt

]
+
PGm
2

[
CGi−1

CGi
FG,Gi−1 (2∆) (6.8)

+
CGi+2

CGi+1

FG,Gi (2∆)− 2FG,GL (∆) + FG,Gi (∆)
{
CBi−1F

B,G
i−1 (∆)FB,Gi−1 (2∆)

+CBi+2F
G,B
i (2∆)FG,Bi+1 (∆)

}
−
CBi+1C

G
i+2

CGi+1

FG,Bi (∆)FG,Gi (2∆)FB,Gi+1 (∆)

−
CGi−1C

B
i

CGi
FG,Bi−1 (∆)FG,Gi−1 (2∆)FB,Gi (∆)

]
+
PGp
2

[
1

CGi
+

1

CGi+1

− 2FG,Gi (∆)

−C
B
i

CGi
FB,Gi (∆)−

CBi+1

CGi+1

FG,Bi (∆) +
CGi−1F

G,G
i−1 (2∆)

CGi
(
1− CGi − CBi

)×{
1− CGi F

G,G
i−1 (∆)− CBi F

G,B
i−1 (∆)

}{
1− CGi F

G,G
i (∆)− CBi F

B,G
i (∆)

}
+

CGi+2F
G,G
i (2∆)

CGi+1

(
1− CGi+1 − CBi+1

)×{
1− CGi+1F

G,G
i (∆)− CBi+1F

G,B
i (∆)

}{
1− CGi+1F

G,G
i+1 (∆)− CBi+1F

B,G
i+1 (∆)

}]
− 2PGd F

G,G
i (∆). (6.9)

We observe that the right-hand side of Equation (6.9) is undefined where either CGi = 0

or CGi + CBi = 1 and we discuss the subsequent method of solution for the system of

correlation functions in the supplementary material document.

Equation (6.9) shows that the evolution of nearest-neighbour correlation functions, FG,Gi (∆),

depends on the next nearest-neighbour correlation function at r∆ = 2∆. Therefore, to

make progress we must derive expressions for non-nearest-neighbour correlation functions.

To do this we consider the evolution of the correlation function for an arbitrary lattice
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pair, separated by distance r∆, and the equations governing the evolution of the corre-

lation function for r∆ > ∆ that are provided in the supplementary material document.

For ease of computation we assume that we have some maximum correlation distance for

which, when r∆ > rmax∆, we have F a,bi (r∆) ≡ 1 [1]. This means that the occupancy sta-

tus of lattice sites that are sufficiently far apart are uncorrelated. For all one-dimensional

results presented in this document we set rmax = 100 whereas for all two-dimensional

results we set rmax = 5, and we find that the results of our moment dynamics model

are insensitive to further increases in rmax. The complete system of governing equations

for the one- and two-dimensional correlation functions are given in the supplementary

material document.

6.3 Results

To investigate how the moment dynamics model performs relative to the traditional mean-

field model, described by Equation (6.1), we now consider two case studies motivated by

the experiments illustrated in Figure 1. To compare the performance of the mean-field

and moment dynamics models, we calculate

E =
1

X

[
X∑
i=1

(
Ĉki − Cki

)2
] 1

2

, (6.10)

where X is the number of lattice sites, Ĉki is the average density of subpopulation k

calculated using a large number of identically-prepared realisations of the discrete model

and Cki is the associated solution of the relevant continuum model. In particular, the

discrepancy between the averaged discrete results and the traditional mean-field model

is denoted EMF, whereas the discrepancy between the averaged discrete results and the

moment dynamics model is denoted EMD. In all cases we solve the governing system of

coupled ordinary differential equations using Matlab’s ode45 function, which implements

an adaptive fourth order Runge-Kutta method [26].

6.3.1 Case study 1: Co-culture scratch assay

One-dimensional co-culture scratch assay

Co-culture scratch assays involve growing two cell cultures on a culture plate, performing

a scratch to reveal a vacant region and observing how the population of cells then spreads

in to the initially-vacant region [22, 43]. While the scratch assay shown in Figure 1(a)-

(c) focuses on spreading in one direction, we consider an initial condition which leads to
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spreading in two directions,

CGi (0) = CBi (0) =


ε 1 ≤ i < i1,

C0 i1 ≤ i < i2,

ε i2 ≤ i ≤ X,

(6.11)

where ε � 1 to allow for the possibility of some material remaining after the scratch

has been made. This initial condition corresponds to both subpopulations being placed,

evenly distributed, at the same density, in the region i1 < i < i2. Since the cells are

located at random we have F a,bi (r) ≡ 1 at t = 0.

Representative snapshots from the discrete model at t = 0, t = 100 and t = 200 are

presented in Figures 6.2(a)-(c), respectively. While the discrete model is one-dimensional,

we show 20 identically-prepared realisations of the model adjacent to each other in Figures

6.2(a)-(c). Reporting the results of the stochastic model in this way gives us a visual

indication of the degree of stochasticity in the model. Comparing the spatial distributions

of agents at t = 100 and t = 200 indicates that the more motile blue subpopulation spreads

further from the initial condition than the less motile green subpopulation.
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Figure 6.2: One-dimensional model of a co-culture scratch assay. (a)-(c) Snapshots of 20 identically prepared realisations of the discrete model at (a) t = 0, (b) t = 100 and
(c) t = 200. (d),(g) Comparison of the averaged discrete model (purple), traditional mean-field solution (light blue) and moment dynamics solution (blue) for cell subpopulation
B at (d) t = 100 and (g) t = 200. (e),(h) Comparison of the averaged discrete model (dark green), traditional mean-field solution (light green) and moment dynamics solution
(green) for cell subpopulation G at (e) t = 100 and (h) t = 200. (f),(i) Comparison of the averaged data from the discrete model (dark brown), traditional mean-field solution
(light brown) and moment dynamics solution (brown) describing the difference in density, D = CB − CG, at (f) t = 100 and (i) t = 200. Parameters are PGm = 0.1, PBm = 1,
PGp = PBp = 0.05, PGd = PBd = 0.02, rmax = 100, C0 = 0.5, ε = 10−8, i1 = 81, i2 = 121, X = 200, ∆ = 1. Averaged data from the discrete model corresponds to M = 104

identically prepared realisations. In (d)–(i) the dashed lines corresponds to initial condition, and the discrepancy between the averaged discrete density data and the solution
of the traditional mean-field and the moment dynamics models, EMF and EMD, respectively, are given.
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The corresponding averaged density profiles, obtained by considering a large number of

identically-prepared realisations from the discrete model, are superimposed on the rele-

vant solutions of the mean-field and moment dynamics model for both subpopulations

in Figures 6.2(d)-(e), respectively, at t = 100. We immediately observe that the tradi-

tional mean-field model predicts qualitatively different behaviour to the averaged discrete

model. To demonstrate this we plot the difference between the density of the two sub-

populations, Di = CBi − CGi , in Figure 6.2(f). For the averaged discrete density data Di

is predominantly non-negative, whereas the traditional mean-field approach predicts that

Di < 0 for a significant portion of the domain. In contrast, the moment dynamics model

predicts the same qualitative behaviour as the averaged discrete model. The moment dy-

namics model provides a closer match to the averaged discrete data (EMD = 5.62× 10−3

for subpopulation B and 7.67×10−3 for subpopulation G) than the traditional mean-field

approach (EMF = 2.38 × 10−2 for subpopulation B and 5.43 × 10−2 for subpopulation

G). An equivalent comparison between the averaged discrete data and the solutions of

the traditional mean-field and moment dynamics models at t = 200 is given in Figures

6.2(g)-(i). Again, we observe that the traditional mean-field model predicts qualitatively

different behaviour to the averaged discrete data, whereas the moment dynamics model

provides a reasonable description of the averaged discrete data.

Since the key difference between the derivation of the mean-field model and the moment

dynamics model is in the neglect of correlation effects, it is instructive to examine the

magnitude of these differences. We can explore these differences since our numerical

solution of the moment dynamics model produces estimates of FG,Gi (r∆), FB,Bi (r∆),

FG,Bi (r∆) and FB,Gi (r∆) for ∆ ≤ r∆ ≤ rmax∆. Solution profiles showing FG,Gi (r∆),

FB,Bi (r∆), FG,Bi (r∆) and FB,Gi (r∆) are given in the supplementary material document.

Given that the mean-field model implicitly assumes that F a,bi (r∆) ≡ 1 and that our

solution profiles for FG,Gi (r∆), FB,Bi (r∆), FG,Bi (r∆) and FB,Gi (r∆) indicate that the

correlation function is, at times, up to five orders of magnitude greater than unity, it

is not surprising that the traditional mean-field model performs relatively poorly in this

case.

The results in Figure 6.2 correspond to one particular choice of the initial cell density in

the scratch assay, and we now examine the sensitivity of the performance of the traditional

mean-field model relative to the moment dynamics model by decreasing C0, the initial

density of the cell monolayer. We are interested to examine this sensitivity to initial

density since previous studies have identified the initial density as playing a key role

in the performance of these kinds of models [1, 19]. Results in Figure 6.3 are similar

to those in Figure 6.2 except that we consider a much lower initial density of cells by

setting C0 = 0.1 in Equation (6.11). In general, we observe that the blue subpopulation

in the discrete model moves further away from the initial condition with time than the

green subpopulation, as shown in in Figures 6.3(a)-(c). Similar to the results in Figure

6.2, the results in Figures 6.3(d)-(i) show that the traditional mean-field model predicts

qualitatively different behaviour than the averaged discrete density data in certain regions
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of the domain, while the moment dynamics model accurately captures the qualitative

trends observed in the averaged discrete data. The details of the correlation functions for

this problem are given in the supplementary material document.
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Figure 6.3: One-dimensional model of a co-culture scratch assay. (a)-(c) Snapshots of twenty identically prepared realisations of the discrete model at (a) t = 0, (b) t = 100
and (c) t = 200. (d),(g) Comparison of the averaged discrete model (purple), traditional mean-field solution (light blue) and moment dynamics solution (blue) for subpopulation
B at (d) t = 100 and (g) t = 200. (e),(h) Comparison of the averaged discrete model (dark green), traditional mean-field solution (light green) and moment dynamics solution
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PGp = PBp = 0.05, PGd = PBd = 0.02, rmax = 100, C0 = 0.1, ε = 10−8, i1 = 81, i2 = 121, X = 200, ∆ = 1. Averaged data from the discrete model corresponds to M = 104

identically prepared realisations. In (d)–(i) the dashed lines corresponds to initial condition, and the discrepancy between the averaged discrete density data and the solution
of the traditional mean-field and the moment dynamics models, EMF and EMD, respectively, are given.
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PBm/P
G
m PBp /P

G
p PBd /P

G
d PBp /P

B
m PGp /P

G
m PBd /P

B
p PGd /P

G
p Mean-field Corrected mean-field

Large Intermediate Intermediate Intermediate Intermediate Intermediate Intermediate X X
Intermediate Intermediate Intermediate Intermediate Intermediate Intermediate Large X* X

Large Large Intermediate Small Small Intermediate Large X X
Intermediate Intermediate Large Intermediate Intermediate Intermediate Small X* X
Intermediate Intermediate Intermediate Small Small Large Large X X
Intermediate Intermediate Intermediate Large Large Intermediate Intermedate X X

Large Intermediate Intermediate Small Large Intermediate Intermediate X* X

Table 6.1: Parameter ratios and the validity of both the mean-field and moment dynamics models for
describing the averaged discrete model for those parameter ratios and the cell co-culture scratch assay
initial condition. Large indicates 101 or higher, intermediate indicates 5× 10−2 − 5× 100, small indicates
less than 10−2. X denotes a model that is inappropriate for the corresponding parameter ratio while
X* denotes a model that provides an accurate prediction for one subpopulation, but not both. The tick
symbol denotes a model that provides a prediction that matches the averaged discrete model well.

To further investigate the performance of the moment dynamics model we now summarise

results for a wider range of parameter combinations. Since the moment dynamics model

requires additional effort to derive and solve compared to the traditional mean-field de-

scription, it is of interest to use our model to identify which particular parameter regimes

require the application of a moment dynamics model, and which particular parameter

regimes can be studied using the simpler traditional mean-field approach. Results in

Table 6.1 describe the performance of the moment dynamics and traditional mean-field

models for the same problem we considered in Figure 6.2. Using criteria based on Equa-

tion (6.10), we conclude that the moment dynamics model outperforms the traditional

mean-field description across a large range of parameter combinations. In particular, we

observe that the traditional mean-field model fails to describe the average behaviour of the

discrete model whenever proliferation is significant, that is, where the proliferation rate

is not significantly smaller than the motility rate. We observe that if, for both subpop-

ulations, P kp is small compared to P km, then the mean-field model describes the averaged

discrete model well for both subpopulations. While the mean-field model is appropriate

in certain parameter regimes, the moment dynamics model always provides an improved

match to the averaged discrete density data.

Two-dimensional co-culture stencil assay

We now present results for a two-dimensional extension of the model considered in Section

6.3.1. While we motivated the geometry of our simulations in Section 6.3.1 by considering

a scratch assay, we note that there are several other types of in vitro assays, such as

barrier assays [34] or stencil assays [16, 25], that involve an initially-confined population

of cells which spread in two dimensions. The details of the equations governing the two-

dimensional moment dynamics model are given in the supplementary material document.

We apply our model to a square stencil assay, where cells are grown initially inside a

square stencil. The assay is initiated by removing the stencil and allowing the cells to

spread into the area surrounding the initially-confined population of cells. We model this
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process using an initial condition given by

CG(i,j)(0) = CB(i,j)(0) =

C0 i1 ≤ i < i2, j1 ≤ j < j2,

ε elsewhere.
(6.12)

Again, we make the assumption that both cell subpopulations are initially present at the

same density, such as the traditional mean-field initial condition shown in Figure 6.4(a)

with both subpopulations present with C0 = 0.1 inside the square stencil. The discrete

analogue of this initial condition for a single realisation of the discrete model is presented

in Figure 6.4(b). We allow the discrete model to evolve until t = 100, and present a

snapshot of the results in Figure 6.4(c). In the two-dimensional setting we observe the

formation of clustering, particularly in the less motile G subpopulation. This kind of

clustering is frequently observed in many different experimental situations, such as in

Figure 6.1(c).

We perform many identically-prepared realisations of the discrete model and present the

average density distributions, for both subpopulation B and subpopulation G, in Figures

6.4(d) and 6.4(e), respectively. As we might expect, the more motile subpopulation B

spreads further away from the location of the initial condition than subpopulation G.

Interestingly, although both cell subpopulations have the same rates of proliferation and

death, subpopulation B has a higher maximum density. The difference between the

density of the two subpopulations is reported in Figure 6.4(f) and we observe that, aside

from minor fluctuations, we have CB(i,j) > CG(i,j) across the domain. It is instructive to

examine whether this qualitative behaviour is captured by the traditional mean-field and

moment dynamics models. The traditional mean-field solutions for subpopulations B and

G, presented in Figures 6.4(g) and 6.4(h), respectively, exhibit higher cell density than

the averaged discrete data. In particular, according to the traditional mean-field model,

subpopulation G has a maximum density of approximately 0.25 whereas the maximum

density according to the averaged data from the discrete model is approximately 0.15.

The difference between the density of the two subpopulations according to the traditional

mean-field model, given in Figure 6.4(i), predicts that CG(i,j) > CB(i,j) in large parts of the

domain, which is precisely the opposite of what we observe in the averaged discrete data.

To investigate whether including spatial correlation addresses the limitations of the tra-

ditional mean-field model, we compare the predictions of our moment dynamics model

with the averaged discrete model. We note that, in the two-dimensional case, lattice

sites separated in both the x and y directions can be correlated and that the maximum

separation in both the x and y direction is denoted by rmax. The relevant solution of the

moment dynamics model is presented in Figures 6.4(j) and 6.4(k) for subpopulations B

and G, respectively. Visually, we observe that the moment dynamics model matches the

averaged discrete data far better than the solution of the traditional mean-field model.

Indeed, measuring the difference between the solution of the moment dynamics model and
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the averaged discrete data leads to estimates of EMD that are approximately one order of

magnitude lower than estimates of EMF.

6.3.2 Case study 2: Invasion of one subpopulation into another

subpopulation

Cell invasion occurs when one cell subpopulation moves through a distinct background

cell subpopulation, such as tumour cells spreading through the stroma [3]. To model this

kind of process we assume that the background cell subpopulation is initially spatially

uniform and can be modelled as a one-dimensional process. Therefore, we assume that

one cell subpopulation, CGi , is uniformly distributed at some initial density, CG0 , while the

other cell subpopulation is initially confined, so that we can mimic the kind of geometry

we see in Figure 1(d). To achieve this we set

CGi (0) = CG0 , 1 ≤ i ≤ X,

CBi (0) =


ε 1 ≤ i < i1,

CB0 i1 ≤ i < i2,

ε i2 ≤ i ≤ X,

(6.13)

as the initial condition, where ε� 1.

Twenty identically-prepared realisations of the one-dimensional discrete model, at t = 0,

t = 100 and t = 200, are presented in Figure 6.5(a)-(c) and Figure 6.6(a)-(c), respec-

tively. The difference between Figure 6.5 and Figure 6.6 is in the choice of parameters. In

summary, subpopulation B is more motile than subpopulation G in Figure 6.5, whereas

subpopulation G is more motile than subpopulation B in Figure 6.6. We compare the

relative performance of the traditional mean-field and moment dynamics models for the

relevant parameter choices in Figures 6.5(d)-(f) and Figures 6.6(d)-(f) at t = 100, and

in Figures 6.5(g)-(i) and Figures 6.6(g)-(i) at t = 200. In general, we observe that the

solution of the moment dynamics model provides an improved match to the averaged dis-

crete data relative to the solution of the traditional mean-field model for both parameter

choices. In particular, the solution of the moment dynamics model provides an improved

approximation of the averaged density from the discrete model at the low density leading

edge of the invading subpopulation in Figure 6.5 where PBm > PGm . This improvement

offered by the moment dynamics model at the leading edge of the spreading population

is of particular interest when considering surgical removal of tumours where it is essen-

tial to have a good understanding of the location of the leading edge of the spreading

subpopulation [2, 40].
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Figure 6.4: Two-dimensional model of a co-culture stencil assay. (a) Initial condition for the traditional
mean-field and moment dynamics model. (b)-(c) Single realisation of the discrete model at (b) t = 0
and (c) t = 100. (d)-(e) Averaged density data from the discrete model for (d) subpopulation B and (e)
subpopulation G at t = 100. (f) Averaged data from the discrete model describing the difference between
the two subpopulations, D = CB − CG. (g)-(h) Traditional mean-field solution for (g) subpopulation B
and (h) subpopulation G at t = 100. (i) Difference between the two subpopulations, D = CB − CG, for
the traditional mean-field model. (j)-(k) Corrected mean-field solution for (j) subpopulation B and (k)
subpopulation G at t = 100. (i) Difference between the two subpopulations, CB − CG, for the moment
dynamics model. Parameters are PGm = 0.01, PBm = 0.1, PGp = PBp = 0.05, PGd = PBd = 0.02, rmax = 5,
C0 = 0.1, ε = 10−8, i1 = j1 = 81, i2 = j2 = 121, X = Y = 50. Difference, given by Equation
(6.10), between the mean-field solution and the averaged discrete model: 1.57× 10−2 (subpopulation B)
and 2.49 × 10−2 (subpopulation G). Averaged data from the discrete model corresponds to M = 106

identically prepared realisations. The discrepancy between the averaged discrete density data and the
solution of the traditional mean-field and the moment dynamics models, given by Equation (6.10) are:
(d) 3.90× 10−3 (subpopulation B) and 9.48× 10−4 (subpopulation G).
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Figure 6.5: One-dimensional model of cell invasion. (a)-(c) Snapshots of 20 identically prepared realisations of the discrete model at (a) t = 0, (b) t = 100 and (c) t = 200.
(d),(g) Comparison of the averaged discrete model (purple), corresponding mean-field solution (light blue) and moment dynamics solution (blue) for cell subpopulation B at
(d) t = 100 and (g) t = 200. (e),(h) Comparison of the averaged discrete model (dark green), corresponding mean-field solution (light green) and moment dynamics solution
(green) for cell subpopulation G at (e) t = 100 and (h) t = 200. (f),(i) Comparison of the averaged discrete model (dark brown), corresponding mean-field solution (light
brown) and moment dynamics solution (brown) for the difference in cell subpopulations D = CB − CG at (f) t = 100 and (i) t = 200. Parameters are PGm = 0.1, PBm = 1,
PGp = PBp = 0.05, PGd = PBd = 0.02, rmax = 100, CG0 = CB0 = 0.5, ε = 10−8, i1 = 81, i2 = 121, X = 200, ∆ = 1. Averaged data from the discrete model corresponds to
M = 104 identically prepared realisations. In (d)–(i) the dashed lines corresponds to initial condition, and the discrepancy between the averaged discrete density data and the
solution of the traditional mean-field and the moment dynamics models, EMF and EMD, respectively, are given.
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Figure 6.6: One-dimensional model of cell invasion. (a)-(c) Snapshots of 20 identically prepared realisations of the discrete model at (a) t = 0, (b) t = 100 and (c) t = 200.
(d),(g) Comparison of the averaged discrete model (purple), corresponding mean-field solution (light blue) and moment dynamics solution (blue) for cell subpopulation B at
(d) t = 100 and (g) t = 200. (e),(h) Comparison of the averaged discrete model (dark green), corresponding mean-field solution (light green) and moment dynamics solution
(green) for cell subpopulation G at (e) t = 100 and (h) t = 200. (f),(i) Comparison of the averaged discrete model (dark brown), corresponding mean-field solution (light
brown) and moment dynamics solution (brown) for the difference in cell subpopulations D = CB − CG, at (f) t = 100 and (i) t = 200. Parameters are PGm = 1, PBm = 0.1,
PGp = PBp = 0.05, PGd = PBd = 0.02, rmax = 100, CG0 = CB0 = 0.5, ε = 10−8, i1 = 81, i2 = 121, X = 200, ∆ = 1. Averaged data from the discrete model corresponds to
M = 104 identically prepared realisations. In (d)–(i) the dashed lines corresponds to initial condition, and the discrepancy between the averaged discrete density data and the
solution of the traditional mean-field and the moment dynamics models, EMF and EMD, respectively, are given.
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PBm/P
G
m PBp /P

G
p PBd /P

G
d PBp /P

B
m PGp /P

G
m PBd /P

B
p PGd /P

G
p Mean-field Corrected mean-field

Large Intermediate Intermediate Intermediate Intermediate Intermediate Intermediate X X
Intermediate Large Intermediate Intermediate Intermediate Intermediate Large X X
Intermediate Intermediate Intermediate Intermediate Intermediate Intermediate Large X* X

Large Large Intermediate Small Small Intermediate Large X* X
Intermediate Intermediate Intermediate Small Small Intermediate Intermediate X X
Intermediate Intermediate Intermediate Intermediate Intermediate Small Intermediate X X
Intermediate Intermediate Intermediate Small Small Large Large X* X
Intermediate Intermediate Intermediate Large Large Intermediate Intermedate X* X

Large Intermediate Intermediate Small Large Intermediate Intermediate X X
Small Large Intermediate Large Small Intermediate Intermediate X* X

Table 6.2: Parameter ratios and the validity of the mean-field and moment dynamics models for de-
scribing the averaged discrete model for the cell invasion initial condition. Large indicates 101 or higher,
intermediate indicates 5 × 10−2 − 5 × 100, small indicates less than 10−2. X denotes a model that is
inappropriate for the corresponding parameter ratio while X* denotes a model that provides an accu-
rate prediction for one subpopulation, but not both. The tick symbol denotes a model that matches the
averaged discrete model well.

To examine the role of initial cell density we present an additional set of results in Figure

6.7 where we have reduced the initial cell density. The additional results in Figure 6.7

involve the same initial conditions, given by Equation (6.13), except that we set CG0 =

CB0 = 0.1. Since the background density has been decreased, we observe that the invading

subpopulation spreads further in Figure 6.7 than in the corresponding situations presented

in Figure 6.5 and Figure 6.6. It is interesting that both the solutions of the mean-field and

moment dynamics models are less accurate in describing the density of the background

subpopulation for the lower density initial condition.

To provide more comprehensive insight into the relative performance of the moment dy-

namics model we also examine the match between the average density data and the

solution of the traditional mean-field and the moment dynamics models over a range of

parameter combinations. The results of this comparison are summarised in Table 6.2,

where we see that the solution of the moment dynamics model matches the averaged

density data from the discrete model better than the corresponding solution of the tradi-

tional mean-field model in each parameter regime considered. We also observe that the

traditional mean-field model is appropriate for situations where the proliferation rate is

small relative to the motility rate.

6.4 Discussion and conclusions

In this work we have considered developing mathematical models which describe the

motion of populations containing distinct subpopulations. These kinds of processes are

relevant to a range of biological and ecological applications including malignant spread-

ing [27], wound healing [28] and the spread of invasive species [13]. Previous models

of these processes typically focus on population-level PDE descriptions that neglect to

explicitly account for individual-level behaviour [9, 23, 27, 39]. To partly address this

limitation, other researchers use discrete mathematical models in conjunction with the

associated population-level PDE description which is derived from the underlying stochas-

tic process by invoking a mean-field approximation [15, 33]. While averaged density data
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Figure 6.7: One-dimensional model of cell invasion. (a)-(d) Comparison of the averaged discrete model
(purple), corresponding mean-field solution (light blue) and moment dynamics solution (blue) for cell
subpopulation B at (a),(c) t = 100 and (b),(d) t = 200 for (a)-(b) parameter regime one and (c)-
(d) parameter regime two. (e)-(h) Comparison of the averaged discrete model (purple), corresponding
mean-field solution (light blue) and moment dynamics solution (blue) for cell subpopulation G at (e),(g)
t = 100 and (f),(h) t = 200 for (e)-(f) parameter regime one and (g)-(h) parameter regime two. (i)-
(l) Comparison of the averaged discrete model (purple), corresponding mean-field solution (light blue)
and moment dynamics solution (blue) for cell subpopulation D = CB − CG, at (i),(k) t = 100 and
(j),(l) t = 200 for (i)-(j) parameter regime one and (k)-(l) parameter regime two. Parameters used were
rmax = 100, CG0 = CB0 = 0.1, ε = 10−8, i1 = 81, i2 = 121, X = 200, ∆ = 1. Paramter regime one
used PGm = 0.1, PBm = 1, PGp = PBp = 0.05, PGd = PBd = 0.02. Parameter regime two used PGm = 1,
PBm = 0.1, PGp = PBp = 0.05, PGd = PBd = 0.02. Averaged data from the discrete model corresponds to
M = 104 identically prepared realisations. In (a)–(l) the dashed lines corresponds to initial condition, and
the discrepancy between the averaged discrete density data and the solution of the traditional mean-field
and the moment dynamics models, EMF and EMD, respectively, are given.
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from these kinds of stochastic models is known to match the solution of the associated

mean-field PDE approximation in certain parameter regimes, it is well-known that mean-

field PDE descriptions fail to match average density information from the stochastic pro-

cess for parameter combinations where the discrete model leads to significant correlation

and clustering effects [1].

Our study, in which we derive new moment dynamics models governing the motion of cell

populations composed of interacting subpopulations, offers two improvements on previous

approaches. First, our moment dynamics model approximately incorporates clustering

and correlation, which are implicitly neglected in previous PDE-based descriptions. This

is important since clustering and correlation effects are often observed in cell biology

experiments [42]. We note that the clustering incorporated is not due to explicit cell-to-

cell adhesion but from the nature of the proliferation mechanism. Second, our moment

dynamics model is more computationally efficient to implement than using a large num-

ber of repeated stochastic realisations of the discrete model. By presenting a thorough

comparison of the performance of a traditional mean-field model and the new moment

dynamics model for two case studies we are able to summarise some of the general fea-

tures of our model. While we always find that the moment dynamics model produces a

more accurate description of the entire cell density profile than the traditional mean-field

model, we also find that certain features of the processes are reliably predicted by the

traditional mean-field framework.

There are several ways that our work could be extended. In all cases we always as-

sume that the influence of cell-to-cell adhesion and cell-to-substrate adhesion is negligible.

While these assumptions are relevant for certain types of cells, it is well known that other

types of cells, such as glioma and melanoma, exhibit significant adhesion [15, 41, 42].

Therefore, it is of interest to examine how to incorporate the effects of cell-to-cell adhe-

sion and cell-to-substrate adhesion in our moment dynamics framework. In this work we

have only considered cell biology as an application of this framework. Future applications

of this framework could include chemical kinetics [37] and predator-prey interactions [21].

A further extension would be to consider an off-lattice discrete process, such as the model

presented by Middleton et al. [20]. Given that off-lattice discrete models are far more

computationally expensive than lattice-based discrete models, the need for efficient and

accurate mean-field descriptions of these processes is even more significant for off-lattice

models than for lattice–based models. We leave these extensions for future analysis.

Acknowledgements: This work was financially supported by the Cooperative Research

Centre for Wound Management Innovation and the Australian Research Council (FT130100148).

We also appreciate the assistance of Emeritus Professor Sean McElwain.



Chapter 6. Modelling the movement of interacting cell populations: A moment
dynamics approach

155

Bibliography

[1] Baker, R. E. and Simpson, M. J. [2010], ‘Correcting mean-field approximations for

birth-death-movement processes’, Physical Review E 82(4), 041905.

[2] Beets-Tan, R., Beets, G., Vliegen, R., Kessels, A., Van Boven, H., De Bruine, A.,

Von Meyenfeldt, M., Baeten, C. and Van Engelshoven, J. [2001], ‘Accuracy of mag-

netic resonance imaging in prediction of tumour-free resection margin in rectal cancer

surgery’, The Lancet 357(9255), 497–504.

[3] Bhowmick, N. A. and Moses, H. L. [2005], ‘Tumor–stroma interactions’, Current

Opinion in Genetics & Development 15(1), 97–101.

[4] Binder, B. J. and Landman, K. A. [2009], ‘Exclusion processes on a growing domain’,

Journal of Theoretical Biology 259(3), 541–551.

[5] Chowdhury, D., Schadschneider, A. and Nishinari, K. [2005], ‘Physics of transport

and traffic phenomena in biology: from molecular motors and cells to organisms’,

Physics of Life Reviews 2(4), 318–352.

[6] Codling, E. A., Plank, M. J. and Benhamou, S. [2008], ‘Random walk models in

biology’, Journal of the Royal Society Interface 5(25), 813–834.

[7] De Wever, O. and Mareel, M. [2003], ‘Role of tissue stroma in cancer cell invasion’,

The Journal of Pathology 200(4), 429–447.

[8] Fernando, A. E., Landman, K. A. and Simpson, M. J. [2010], ‘Nonlinear diffusion

and exclusion processes with contact interactions’, Physical Review E 81(1), 011903.

[9] Gatenby, R. A. and Gawlinski, E. T. [1996], ‘A reaction-diffusion model of cancer

invasion’, Cancer Research 56(24), 5745–5753.

[10] Gatenby, R. A., Gawlinski, E. T., Gmitro, A. F., Kaylor, B. and Gillies, R. J.

[2006], ‘Acid-mediated tumor invasion: a multidisciplinary study’, Cancer Research

66(10), 5216–5223.

[11] Gillespie, D. T. [1977], ‘Exact stochastic simulation of coupled chemical reactions’,

The Journal of Physical Chemistry 81(25), 2340–2361.

[12] Grima, R. [2008], ‘Multiscale modeling of biological pattern formation’, Current

Topics in Developmental Biology 81, 435–460.

[13] Hastings, A., Cuddington, K., Davies, K. F., Dugaw, C. J., Elmendorf, S., Freestone,

A., Harrison, S., Holland, M., Lambrinos, J., Malvadkar, U. et al. [2005], ‘The spa-

tial spread of invasions: new developments in theory and evidence’, Ecology Letters

8(1), 91–101.

[14] Johnston, S. T., Simpson, M. J. and Baker, R. E. [2012], ‘Mean-field descriptions of

collective migration with strong adhesion’, Physical Review E 85(5), 051922.

[15] Khain, E., Katakowski, M., Charteris, N., Jiang, F. and Chopp, M. [2012], ‘Migra-

tion of adhesive glioma cells: front propagation and fingering’, Physical Review E

86(1), 011904.

[16] Kroening, S. and Goppelt-Struebe, M. [2010], ‘Analysis of matrix-dependent cell

migration with a barrier migration assay’, Science Signaling 3(126), pl1.



Chapter 6. Modelling the movement of interacting cell populations: A moment
dynamics approach

156

[17] Law, R. and Dieckmann, U. [2000], ‘A dynamical system for neighborhoods in plant

communities’, Ecology 81(8), 2137–2148.

[18] Li, G., Satyamoorthy, K., Meier, F., Berking, C., Bogenrieder, T. and Herlyn, M.

[2003], ‘Function and regulation of melanoma–stromal fibroblast interactions: when

seeds meet soil’, Oncogene 22(20), 3162–3171.

[19] Markham, D. C., Simpson, M. J., Maini, P. K., Gaffney, E. A. and Baker, R. E. [2013],

‘Incorporating spatial correlations into multispecies mean-field models’, Physical Re-

view E 88(5), 052713.

[20] Middleton, A. M., Fleck, C. and Grima, R. [2014], ‘A continuum approximation to

an off-lattice individual-cell based model of cell migration and adhesion’, Journal of

Theoretical Biology 359, 220–232.

[21] Murrell, D. J. [2005], ‘Local spatial structure and predator-prey dynamics: counter-

intuitive effects of prey enrichment’, The American Naturalist 166(3), 354–367.

[22] Oberringer, M., Meins, C., Bubel, M. and Pohlemann, T. [2007], ‘A new in vitro

wound model based on the co-culture of human dermal microvascular endothelial

cells and human dermal fibroblasts’, Biology of the Cell 99(4), 197–207.

[23] Painter, K. J. and Sherratt, J. A. [2003], ‘Modelling the movement of interacting cell

populations’, Journal of Theoretical Biology 225(3), 327–339.

[24] Phillips, B. L., Brown, G. P., Greenlees, M., Webb, J. K. and Shine, R. [2007], ‘Rapid

expansion of the cane toad (bufo marinus) invasion front in tropical australia’, Austral

Ecology 32(2), 169–176.

[25] Riahi, R., Yang, Y., Zhang, D. D. and Wong, P. K. [2012], ‘Advances in wound-

healing assays for probing collective cell migration’, Journal of Laboratory Automa-

tion 17(1), 59–65.

[26] Shampine, L. F. and Reichelt, M. W. [1997], ‘The Matlab ODE suite’, SIAM Journal

on Scientific Computing 18(1), 1–22.

[27] Sherratt, J. A. [2000], ‘Wavefront propagation in a competition equation with a new

motility term modelling contact inhibition between cell populations’, Proceedings

of the Royal Society of London. Series A: Mathematical, Physical and Engineering

Sciences 456(2002), 2365–2386.

[28] Sherratt, J. A. and Murray, J. [1990], ‘Models of epidermal wound healing’, Proceed-

ings of the Royal Society of London. Series B: Biological Sciences 241(1300), 29–36.

[29] Simpson, M. J. and Baker, R. E. [2011], ‘Corrected mean-field models for spatially de-

pendent advection-diffusion-reaction phenomena’, Physical Review E 83(5), 051922.

[30] Simpson, M. J., Haridas, P. and McElwain, D. L. S. [2014], ‘Do pioneer cells exist?’,

PLOS ONE 9(1), e85488.

[31] Simpson, M. J., Landman, K. A. and Bhaganagarapu, K. [2007], ‘Coalescence of

interacting cell populations’, Journal of Theoretical Biology 247(3), 525–543.

[32] Simpson, M. J., Landman, K. A. and Hughes, B. D. [2009], ‘Multi-species simple ex-

clusion processes’, Physica A: Statistical Mechanics and its Applications 388(4), 399–

406.



Chapter 6. Modelling the movement of interacting cell populations: A moment
dynamics approach

157

[33] Simpson, M. J., Landman, K. A. and Hughes, B. D. [2010], ‘Cell invasion with prolif-

eration mechanisms motivated by time-lapse data’, Physica A: Statistical Mechanics

and its Applications 389(18), 3779–3790.

[34] Simpson, M. J., Treloar, K. K., Binder, B. J., Haridas, P., Manton, K. J., Leavesley,

D. I., McElwain, D. L. S. and Baker, R. E. [2013], ‘Quantifying the roles of cell

motility and cell proliferation in a circular barrier assay’, Journal of The Royal

Society Interface 10(82), 20130007.

[35] Simpson, M. J., Zhang, D. C., Mariani, M., Landman, K. A. and Newgreen, D. F.

[2007], ‘Cell proliferation drives neural crest cell invasion of the intestine’, Develop-

mental Biology 302(2), 553–568.

[36] Singer, A. [2004], ‘Maximum entropy formulation of the Kirkwood superposition

approximation’, The Journal of Chemical Physics 121(8), 3657–3666.

[37] Singh, A. and Hespanha, J. P. [2011], ‘Approximate moment dynamics for chemically

reacting systems’, Automatic Control, IEEE Transactions on 56(2), 414–418.

[38] Skellam, J. [1951], ‘Random dispersal in theoretical populations’, Biometrika

pp. 196–218.

[39] Smallbone, K., Gavaghan, D. J., Gatenby, R. A. and Maini, P. K. [2005], ‘The

role of acidity in solid tumour growth and invasion’, Journal of Theoretical Biology

235(4), 476–484.

[40] Swan, G. W. [1975], ‘A mathematical model for the density of malignant cells in the

spread of cancer in the uterus’, Mathematical Biosciences 25(3), 319–329.

[41] Treloar, K. K. and Simpson, M. J. [2013], ‘Sensitivity of edge detection methods for

quantifying cell migration assays’, PLOS ONE 8(6), e67389.

[42] Treloar, K. K., Simpson, M. J., Binder, B. J., McElwain, D. L. S. and Baker, R. E.

[2014], ‘Assessing the role of spatial correlations during collective cell spreading’,

Scientific Reports 4(5713).

[43] Walter, M., Wright, K. T., Fuller, H., MacNeil, S. and Johnson, W. E. B. [2010],

‘Mesenchymal stem cell-conditioned medium accelerates skin wound healing: an in

vitro study of fibroblast and keratinocyte scratch assays’, Experimental Cell Research

316(7), 1271–1281.



Chapter 6. Modelling the movement of interacting cell populations: A moment
dynamics approach

158

6.5 Supplementary material

6.5.1 Two-dimensional mean-field model

We consider the change in occupancy of the lattice site (i, j) by accounting for all possible

motility, proliferation and death events, and obtain

dCk(i,j)

dt
=
P km
4

[
Ck(i−1,j)Φ(i,j) + Ck(i+1,j)Φ(i,j) + Ck(i,j−1)Φ(i,j) + Ck(i,j+1)Φ(i,j)

− Ck(i,j)Φ(i−1,j) − Ck(i,j)Φ(i+1,j) − Ck(i,j)Φ(i,j−1) − Ck(i,j)Φ(i,j+1)

]
+
P kp
4

[
Ck(i−1,j)Φ(i,j) + Ck(i+1,j)Φ(i,j) + Ck(i,j−1)Φ(i,j) + Ck(i,j+1)Φ(i,j)

]
− P kdCk(i,j),

where Ck(i,j) is the average lattice occupancy of site (i, j) for species k ∈ K and Φ(i,j) =

1−
∑

K C
k
(i,j) represents the probability that site (i, j) is unoccupied.
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6.5.2 One-dimensional moment dynamics model

We consider the change in occupancy of the lattice site i by accounting for all possible

motility, proliferation and death events, in terms of the one- and two-point distribution

functions. We then rewrite the distribution functions in terms of the correlation function

[1] and obtain

dCGi
dt

=
PGm
2

[
CGi−1 + CGi+1 − 2CGi + CBi

{
2CGi − CGi−1F

G,B
i−1 (∆)− CGi+1F

B,G
i (∆)

}
− CGi

{
2CBi − CBi−1F

B,G
i−1 (∆)− CBi+1F

G,B
i (∆)

}]
+
PGp
2

[
CGi−1

{
1− CGi F

G,G
i−1 (∆)− CBi F

G,B
i−1 (∆)

}
+ CGi+1

{
1− CGi F

G,G
i (∆)− CBi F

B,G
i (∆)

}]
− PGd CGi ,

where F a,bi (r∆) is the correlation between sites i and m, such that r∆ = (m− i)∆, with

lattice site i occupied by subpopulation a and lattice site m occupied by subpopulation

b.

Similarly, we consider the change in occupancy for the lattice pair i, i+1 and rewrite the

distribution functions in terms of the correlation function, using the Kirkwood superpo-

sition approximation to truncate the system of equations. For the case where the lattice



Chapter 6. Modelling the movement of interacting cell populations: A moment
dynamics approach

160

sites are nearest-neighbours occupied by the same subpopulation we obtain

dFG,Gi (∆)

dt
=− FG,Gi (∆)

[
1

CGi

dCGi
dt

+
1

CGi+1

dCGi+1

dt

]

+
PGm
2

[
CGi−1

CGi
FG,Gi−1 (2∆) +

CGi+2

CGi+1

FG,Gi (2∆)− 2FG,GL (∆)

+ FG,Gi (∆)
{
CBi−1F

B,G
i−1 (∆)FB,Gi−1 (2∆) + CBi+2F

G,B
i (2∆)FG,Bi+1 (∆)

}
−
CBi+1C

G
i+2

CGi+1

FG,Bi (∆)FG,Gi (2∆)FB,Gi+1 (∆)

−
CGi−1C

B
i

CGi
FG,Bi−1 (∆)FG,Gi−1 (2∆)FB,Gi (∆)

]

+
PGp
2

[
1

CGi
+

1

CGi+1

− 2FG,Gi (∆)− CBi
CGi

FB,Gi (∆)−
CBi+1

CGi+1

FG,Bi (∆)

+
CGi−1F

G,G
i−1 (2∆)

CGi
(
1− CGi − CBi

) ×{
1− CGi F

G,G
i−1 (∆)− CBi F

G,B
i−1 (∆)

}{
1− CGi F

G,G
i (∆)− CBi F

B,G
i (∆)

}
+

CGi+2F
G,G
i (2∆)

CGi+1

(
1− CGi+1 − CBi+1

) ×
{

1− CGi+1F
G,G
i (∆)− CBi+1F

G,B
i (∆)

}{
1− CGi+1F

G,G
i+1 (∆)− CBi+1F

B,G
i+1 (∆)

}]
− 2PGd F

G,G
i (∆).
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We consider the same approach for the case where nearest-neighbour lattices sites are

occupied by distinct subpopulations and obtain

dFG,Bi (∆)

dt
=− FG,Bi (∆)

[
1

CGi

dCGi
dt

+
1

CBi+1

dCBi+1

dt

]
+
PGm
2

[
CGi−1

CGi
FG,Bi−1 (2∆)− FG,Bi (∆)

−
CGi−1C

B
i

CGi
FG,Bi−1 (∆)FG,Bi−1 (2∆)FB,Bi (∆) + CBi−1F

B,G
i−1 (∆)FB,Bi−1 (2∆)FG,Bi (∆)

]

+
PBm
2

[
CBi+2

CBi+1

FG,Bi (2∆)− FG,Bi (∆)−
CGi+1C

B
i+2

CBi+1

FG,Gi (∆)FG,Bi (2∆)FG,Bi+1 (∆)

+ CGi+2F
G,B
i (∆)FG,Gi (2∆)FB,Gi+1 (∆)

]
+
PGp
2

[
CGi−1F

G,B
i−1 (2∆)

CGi
(
1− CGi − CBi

) ×
{

1− CGi F
G,G
i−1 (∆)− CBi F

G,B
i−1 (∆)

}{
1− CGi F

G,B
i (∆)− CBi F

B,B
i (∆)

}]
PBp
2

[
CBi+2F

G,B
i (2∆)

CBi+1

(
1− CGi+1 − CBi+1

) ×
{

1− CGi+1F
G,G
i (∆)− CBi+1F

G,B
i (∆)

}{
1− CGi+1F

G,B
i+1 (∆)− CBi+1F

B,B
i+1 (∆)

}]
− PGd F

G,B
i (∆)− PBd F

G,B
i (∆).
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We then consider the case where lattice sites are separated by an arbitrary distance

r∆ = (m− i)∆ and are occupied by the same subpopulation. We obtain

dFG,Gi (r∆)

dt
= −FG,Gi (r∆)

[
1

CGi

dCGi
dt

+
1

CGm

dCGm
dt

]
+
PGm
2

[
CGi−1

CGi
FG,Gi−1 (r∆ + ∆)

+
CGi+1

CGi
FG,Gi+1 (r∆−∆) +

CGm−1

CGm
FG,Gi (r∆−∆) +

CGm+1

CGm
FG,Gi (r∆ + ∆)

− 4FG,Gi (r∆) + FG,Gi (r∆)
{
CBi−1F

B,G
i−1 (∆)FB,Gi−1 (r∆ + ∆)

+ CBi+1F
G,B
i (∆)FB,Gi+1 (r∆−∆) + CBm−1F

G,B
i (r∆−∆)FB,Gm−1(∆)

+ CBm+1F
G,B
i (r∆ + ∆)FG,Bm (∆)

}
− CBi
CGi

FB,Gi (r∆)
{
CGi−1F

G,B
i−1 (∆)FG,Gi−1 (r∆ + ∆)

+ CGi+1F
B,G
i (∆)FG,Gi+1 (r∆−∆)

}
− CBm
CGm

FG,Bi (r∆)×

{
CGm−1F

G,G
i (r∆−∆)FG,Bm−1(∆) + CGm+1F

G,G
i (r∆ + ∆)FB,Gm (∆)

}]

+
PGp
2

[
1− CGi F

G,G
i (r∆)− CBi F

B,G
i (r∆)

CGi
(
1− CGi − CBi

) 〈
CGi−1F

G,G
i−1 (r∆ + ∆) ×{

1− CGi F
G,G
i−1 (∆)− CBi F

G,B
i−1 (∆)

}
+ CGi+1F

G,G
i+1 (r∆−∆)

{
1− CGi F

G,G
i (∆)− CBi F

B,G
i (∆)

}〉
+

1− CGmF
G,G
i (r∆)− CBmF

G,B
i (r∆)

CGm (1− CGm − CBm)
×〈

CGm−1F
G,G
i (r∆−∆)

{
1− CGmF

G,G
m−1(∆)− CBmF

G,B
m−1(∆)

}
+ CGm+1F

G,G
i (r∆ + ∆)

{
1− CGmFG,Gm (∆)− CBmFB,Gm (∆)

}〉]
− 2PGd F

G,G
i (r∆).
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Finally, we consider the case for lattice sites separated by an arbitrary distance r∆ that

are occupied by distinct subpopulations, and obtain

dFG,Bi (r∆)

dt
=− FG,Bi (r∆)

[
1

CGi

dCGi
dt

+
1

CBm

dCBm
dt

]
+
PGm
2

[
CGi−1

CGi
FG,Bi−1 (r∆ + ∆)

+
CGi+1

CGi
FG,Bi+1 (r∆−∆)− 2FG,Bi (r∆)− CBi

CGi
FB,Bi (r∆) ×{

CGi−1F
G,B
i−1 (∆)FG,Bi−1 (r∆ + ∆) + CGi+1F

B,G
i (∆)FG,Bi+1 (r∆−∆)

}
+

FG,Bi (r∆)
{
CBi−1F

B,G
i−1 (∆)FB,Bi−1 (r∆ + ∆) + CBi+1F

G,B
i (∆)FB,Bi+1 (r∆−∆)

}]

+
PBm
2

[
CBm−1

CBm
FG,Bi (r∆−∆) +

CBm+1

CBm
FG,Bi (r∆ + ∆)− 2FG,Bi (r∆)

− CGm
CBm

FG,Gi (r∆)
{
CBm−1F

G,B
i (r∆−∆)FB,Gm−1(∆)

+CBm+1F
G,B
i (r∆ + ∆)FG,Bm (∆)

}
+ FG,Bi (r∆)×{

CG,m−1F
G,G
i (r∆−∆)FG,Bm−1(∆) + CGm+1F

G,G
i (r∆ + ∆)FB,Gm (∆)

}]

+
PGp
2

[
1− CGi F

G,B
i (r∆)− CBi F

B,B
i (r∆)

CGi
(
1− CGi − CBi

) ×〈
CGi−1F

G,B
i−1 (r∆ + ∆)

{
1− CGi F

G,G
i−1 (∆)− CBi F

G,B
i−1 (∆)

}
+ CGi+1F

G,B
i+1 (r∆−∆)

{
1− CGi F

G,G
i (∆)− CBi F

B,G
i (∆)

}〉]

+
PBp
2

[
1− CGmF

G,G
i (r∆)− CBmF

G,B
i (r∆)

CBm (1− CGm − CBm)
×〈

CBm−1F
i
G,B(r∆−∆)

{
1− CGmF

B,G
m−1(∆)− CBmF

B,B
m−1(∆)

}
+ CBm+1F

G,B
i (r∆ + ∆)

{
1− CGmFG,Bm (∆)− CBmFB,Bm (∆)

}〉]
− PGd F

G,B
i (r∆)− PBd F

G,B
i (r∆).
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6.5.3 Two-dimensional moment dynamics model

We now consider the two-dimensional case, where lattice sites are indexed by (i, j), and

consider all possible motility, proliferation and death events, in terms of the one- and two-

point distribution functions. Rewriting in terms of the correlation function, we obtain

dCG(i,j)

dt
=
PGm
4

[
CG(i−1,j) + CG(i+1,j) + CG(i,j−1) + CG(i,j+1) − 4CG(i,j)

− CB(i,j)
{
CG(i−1,j)F

G,B
(i−1,j)(∆, 0) + CG(i+1,j)F

B,G
(i,j) (∆, 0)

+ CG(i,j−1)F
G,B
(i,j−1)(0,∆) + CG(i,j+1)F

B,G
(i,j) (0,∆)

}
+ CG(i,j)

{
CB(i−1,j)F

B,G
(i−1,j)(∆, 0) + CB(i+1,j)F

G,B
(i,j) (∆, 0)

+ CB(i,j−1)F
B,G
(i,j−1)(0,∆) + CB(i,j+1)F

G,B
(i,j) (0,∆)

}]
+

PGp
4

[
CG(i−1,j)

{
1− CG(i,j)F

G,G
(i−1,j)(∆, 0)− CB(i,j)F

G,B
(i−1,j)(∆, 0)

}
+ CG(i+1,j)

{
1− CG(i,j)F

G,G
(i,j) (∆, 0)− CB(i,j)F

B,G
(i,j) (∆, 0)

}
+ CG(i,j−1)

{
1− CG(i,j)F

G,G
(i,j−1)(0,∆)− CB(i,j)F

G,B
(i,j−1)(0,∆)

}
+ CG(i,j+1)

{
1− CG(i,j)F

G,G
(i,j) (0,∆)− CB(i,j)F

B,G
(i,j) (0,∆)

}]
− PGd CG(i,j),

where F a,b(i,j)(r∆, s∆) corresponds to the correlation between site (i, j) and site (m,n),

such that r∆ = (m − i)∆ in the x direction and s∆ = (n − j)∆ in the y direction, and

where site (i, j) is occupied by subpopulaton a and site (m,n) is occupied by subpopula-

tion b. We now consider the change in the occupancy in nearest-neighbour lattice pairs,

occupied by the same subpopulation and rewrite the three-point distribution functions

using the Kirkwood superposition approximation and the correlation function, and obtain
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dFG,G(i,j) (0,∆)

dt
= −FG,G(i,j) (0,∆)

[
1

CG(i,j)

dCG(i,j)

dt
+

1

CG(i,j+1)

dCG(i,j+1)

dt

]
+
PGm
4

[
CG(i−1,j)

CG(i,j)
FG,G(i−1,j)(∆,∆)

+
CG(i+1,j)

CG(i,j)
FG,G(i+1,j)(−∆,∆) +

CG(i,j−1)

CG(i,j)
FG,G(i,j−1)(0, 2∆) +

CGi−1,j+1

CG(i,j+1)

FG,Gi−1,j+1(∆,−∆) +
CGi+1,j+1

CG(i,j+1)

FG,G(i,j) (∆,∆)

+
CGi,j+2

CG(i,j+1)

FG,G(i,j) (0, 2∆)− 6FG,G(i,j) (0,∆) +
CB(i,j)

CG(i,j)
FB,G(i,j) (0,∆)

{
CG(i−1,j)F

G,B
(i−1,j)(∆, 0)FG,G(i−1,j)(∆,∆)

+ CG(i+1,j)F
B,G
(i,j) (∆, 0)FG,G(i+1,j)(−∆,∆) + CG(i,j−1)F

G,B
(i,j−1)(0,∆)FG,G(i,j−1)(0, 2∆)

}
+
CB(i,j+1)

CG(i,j+1)

FG,B(i,j) (0,∆)
{
CGi−1,j+1F

G,G
i−1,j+1(∆,−∆)FG,Bi−1,j+1(∆, 0) + CGi+1,j+1F

G,G
(i,j) (∆,∆)FB,G(i,j+1)(∆, 0)

+ CGi,j+2F
G,G
(i,j) (0, 2)FB,G(i,j+1)(0, 1)

}
− FG,G(i,j) (0,∆)

{
CB(i−1,j)F

B,G
(i−1,j)(∆, 0)FB,G(i−1,j)(∆,∆)

+ CB(i+1,j)F
G,B
(i,j) (∆, 0)FB,G(i+1,j)(−∆,∆) + CB(i,j−1)F

B,G
(i,j−1)(0,∆)FB,G(i,j−1)(0, 2∆) + CBi−1,j+1F

B,G
i−1,j+1(∆,−∆)FB,Gi−1,j+1(∆, 0)

+ CBi+1,j+1F
G,B
(i,j) (∆,∆)FG,B(i,j+1)(∆, 0) + CBi,j+2F

B,G
(i,j) (0, 2∆)FG,B(i,j+1)(0,∆)

}]
+
PGp
4

[
1

CG(i,j)
+

1

CG(i,j+1)

− 2FG,G(i,j) (∆, 0)

−
CB(i,j)

CG(i,j)
FB,G(i,j) (0,∆)−

CB(i,j+1)

CG(i,j+1)

FG,B(i,j) (0,∆) +
1− CG(i,j)F

G,G
(i,j) (0,∆)− CB(i,j)F

B,G
(i,j) (0,∆)

CG(i,j)

(
1− CG(i,j) − C

B
(i,j)

) 〈
CG(i−1,j)F

G,G
(i−1,j)(∆,∆)×

{
1− CG(i,j)F

G,G
(i−1,j)(∆, 0)CB(i,j)F

G,B
(i−1,j)(∆, 0)

}
+ CG(i+1,j)F

G,G
(i+1,j)(−∆,∆)

{
1− CG(i,j)F

G,G
(i,j) (∆, 0)− CB(i,j)F

B,G
(i,j) (∆, 0)

]
+ CG(i,j−1)F

G,G
(i,j−1)(0, 2∆)

{
1− CG(i,j)F

G,G
(i,j−1)(0,∆)− CB(i,j)F

G,B
(i,j−1)(0,∆)

}〉
+

1− CG(i,j+1)F
G,G
(i,j) (0,∆)− CB(i,j+1)F

G,B
(i,j) (0,∆)

CG(i,j+1)

(
1− CG(i,j+1) − C

B
(i,j+1)

) ×

〈
CGi−1,j+1F

G,G
i−1,j+1(∆,−∆)

{
1− CG(i,j+1)F

G,G
i−1,j+1(∆, 0)− CB(i,j+1)F

G,B
i−1,j+1(∆, 0)

}
+ CGi+1,j+1F

G,G
(i,j) (∆,∆)×{

1− CG(i,j+1)F
G,G
(i,j+1)(∆, 0)− CB(i,j+1)F

B,G
(i,j+1)(∆, 0)

}
+ CGi,j+2F

G,G
(i,j) (0, 2∆)

{
1− CG(i,j+1)F

G,G
(i,j+1)(0,∆)− CB(i,j+1)F

B,G
(i,j+1)(0,∆)

}〉]
− 2PGd F

G,G
(i,j) (0,∆),
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and

dFG,G(i,j) (∆, 0)

dt
= −FG,G(i,j) (∆, 0)

[
1

CG(i,j)

dCG(i,j)

dt
+

1

CG(i+1,j)

dCG(i+1,j)

dt

]
+
PGm
4

[
CG(i,j−1)

CG(i,j)
FG,G(i,j−1)(∆,∆)

+
CG(i,j+1)

CG(i,j)
FG,G(i,j+1)(∆,−∆) +

CG(i−1,j)

CG(i,j)
FG,G(i−1,j)(2∆, 0) +

CGi+1,j−1

CG(i+1,j)

FG,Gi+1,j−1(−∆,∆) +
CGi+1,j+1

CG(i+1,j)

FG,G(i,j) (∆,∆)

+
CGi+2,j

CG(i+1,j)

FG,G(i,j) (2∆, 0)− 6FG,G(i,j) (∆, 0) +
CB(i,j)

CG(i,j)
FB,G(i,j) (∆, 0)

[
CG(i,j−1)F

G,B
(i,j−1)(0,∆)FG,G(i,j−1)(∆,∆)

+ CG(i,j+1)F
B,G
(i,j) (0,∆)FG,G(i,j+1)(∆,−∆) + CG(i−1,j)F

G,B
(i−1,j)(∆, 0)FG,G(i−1,j)(2∆, 0)

]
+
CB(i+1,j)

CG(i+1,j)

FG,B(i,j) (∆, 0)
[
CGi+1,j−1F

G,G
i+1,j−1(−∆,∆)FG,Bi+1,j−1(0,∆) + CGi+1,j+1F

G,G
(i,j) (∆,∆)FB,G(i+1,j)(0,∆)

+ CGi+2,jF
G,G
(i,j) (2, 0)FB,G(i+1,j)(1, 0)

]
− FG,G(i,j) (∆, 0)

[
CB(i,j−1)F

B,G
(i,j−1)(0,∆)FB,G(i,j−1)(∆,∆)

+CB(i,j+1)F
G,B
(i,j) (0,∆)FB,G(i,j+1)(∆,−∆) + CB(i−1,j)F

B,G
(i−1,j)(∆, 0)FB,G(i−1,j)(2∆, 0) + CBi+1,j−1F

B,G
i+1,j−1(−∆,∆)FB,Gi+1,j−1(0,∆)+

CBi+1,j+1F
G,B
(i,j) (∆,∆)FG,B(i+1,j)(0,∆) + CBi+2,jF

B,G
(i,j) (2∆, 0)FG,B(i+1,j)(∆, 0)

] ]
+
PGp
4

[
1

CG(i,j)
+

1

CG(i+1,j)

− 2FG,G(i,j) (0,∆)

−
CB(i,j)

CG(i,j)
FB,G(i,j) (∆, 0)−

CB(i+1,j)

CG(i+1,j)

FG,B(i,j) (∆, 0) +
1− CG(i,j)F

G,G
(i,j) (∆, 0)− CB(i,j)F

B,G
(i,j) (∆, 0)

CG(i,j)

(
1− CG(i,j) − C

B
(i,j)

) 〉
CG(i,j−1)F

G,G
(i,j−1)(∆,∆)×

{
1− CG(i,j)F

G,G
(i,j−1)(0,∆)CB(i,j)F

G,B
(i,j−1)(0,∆)

}
+ CG(i,j+1)F

G,G
(i,j+1)(∆,−∆)

{
1− CG(i,j)F

G,G
(i,j) (0,∆)− CB(i,j)F

B,G
(i,j) (0,∆)

}
+ CG(i−1,j)F

G,G
(i−1,j)(2∆, 0)

{
1− CG(i,j)F

G,G
(i−1,j)(∆, 0)− CB(i,j)F

G,B
(i−1,j)(∆, 0)

}〉
+

1− CG(i+1,j)F
G,G
(i,j) (∆, 0)− CB(i+1,j)F

G,B
(i,j) (∆, 0)

CG(i+1,j)

(
1− CG(i+1,j) − C

B
(i+1,j)

) ×

〈
CGi+1,j−1F

G,G
i+1,j−1(−∆,∆)

{
1− CG(i+1,j)F

G,G
i+1,j−1(0,∆)− CB(i+1,j)F

G,B
i+1,j−1(0,∆)

}
+ CGi+1,j+1F

G,G
(i,j) (∆,∆)×{

1− CG(i+1,j)F
G,G
(i+1,j)(0,∆)− CB(i+1,j)F

B,G
(i+1,j)(0,∆)

}
+ CGi+2,jF

G,G
(i,j) (2∆, 0)

{
1− CG(i+1,j)F

G,G
(i+1,j)(∆, 0)− CB(i+1,j)F

B,G
(i+1,j)(∆, 0)

}〉]
− 2PGd F

G,G
(i,j) (∆, 0).
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Using the same approach for nearest-neighbour lattice sites that are occupied by distinct

subpopulations, we obtain

dFG,B(i,j) (0,∆)

dt
= −FG,B(i,j) (0,∆)

[
1

CG(i,j)

dCG(i,j)

dt
+

1

CB(i,j+1)

dCB(i,j+1)

dt

]
+
PGm
4

[
CG(i−1,j)

CG(i,j)
FG,B(i−1,j)(∆,∆)

+
CG(i+1,j)

CG(i,j)
FG,B(i+1,j)(−∆,∆)− 3FG,B(i,j) (0,∆) +

CB(i,j−1)

CG(i,j)
FG,G(i,j−1)(0, 2∆)

−
CB(i,j)

CG(i,j)
FB,B(i,j) (0,∆)

{
CG(i−1,j)F

G,B
(i−1,j)(∆, 0)FG,B(i−1,j)(∆,∆) + CG(i+1,j)F

B,G
(i,j) (∆, 0)FG,B(i+1,j)(−∆,∆)

+ CG(i,j−1)F
G,B
(i,j−1)(0,∆)FG,B(i,j−1)(0, 2∆)

}
+ FG,B(i,j) (0,∆)

{
CB(i−1,j)F

B,G
(i−1,j)(∆, 0)FB,B(i−1,j)(∆,∆)

+ CB(i+1,j)F
G,B
(i,j) (∆, 0)FB,B(i+1,j)(−∆,∆) + CB(i,j−1)F

B,G
(i,j−1)(0,∆)FB,B(i,j−1)(0, 2∆)

}]
+

PBm
4

[
CBi−1,j+1

CB(i,j+1)

FB,Gi−1,j+1(∆,−∆) +
CBi+1,j+1

CB(i,j+1)

FG,B(i,j) (∆,∆) +
CBi,j+2

CB(i,j+1)

FG,B(i,j) (0, 2∆)− 3FG,B(i,j) (0,∆)

+
CG(i,j+1)

CB(i,j+1)

FG,G(i,j) (0,∆)
{
CBi−1,j+1F

B,G
i−1,j+1(∆,−∆)FB,Gi−1,j+1(∆, 0) + CBi+1,j+1F

G,B
(i,j) (∆,∆)FG,B(i,j+1)(∆, 0)

+ CBi,j+2F
G,B
(i,j) (0, 2∆)FG,B(i,j+1)(0,∆)

}
+ FG,B(i,j) (0,∆)

{
CGi−1,j+1F

G,G
i−1,j+1(∆,−∆)FG,Bi−1,j+1(∆, 0)

+ CGi+1,j+1F
G,G
(i,j) (∆,∆)FB,G(i,j+1)(∆, 0) + CGi,j+2F

G,G
(i,j) (0, 2∆)FB,G(i,j+1)(0,∆)

}]
+

PGp
4

[
1− CG(i,j)F

G,B
(i,j) (0,∆)− CB(i,j)F

B,B
(i,j) (0,∆)

CG(i,j)

(
1− CG(i,j) − C

B
(i,j)

) 〈
CG(i−1,j)F

G,B
(i−1,j)(∆,∆)

{
1− CG(i,j)F

G,G
(i−1,j)(∆, 0)− CB(i,j)F

G,B
(i−1,j)(∆, 0)

}
+ CG(i+1,j)F

G,B
(i+1,j)(−∆,∆)

{
1− CG(i,j)F

G,B
(i,j) (0,∆)− CB(i,j)F

B,B
(i,j) (0,∆)

}
+ CG(i,j−1)F

G,B
(i,j−1)(0, 2∆)

{
1− CG(i,j)F

G,G
(i,j−1)(0,∆)− CB(i,j)F

G,B
(i,j−1)(0,∆)

}〉]
+

PBp
4

[
1− CG(i,j+1)F

G,G
(i,j) (0,∆)− CB(i,j+1)F

G,B
(i,j) (0,∆)

CB(i,j+1)

(
1− CG(i,j+1) − C

B
(i,j+1)

) 〈
CBi−1,j+1F

B,G
i−1,j+1(∆,−∆)×

{
1− CG(i,j+1)F

B,G
i−1,j+1(∆, 0)− CB(i,j+1)F

B,B
i−1,j+1(∆, 0)

}
+ CBi+1,j+1F

G,B
(i,j) (∆,∆)×{

1− CG(i,j+1)F
G,B
(i,j+1)(∆, 0)− CB(i,j+1)F

B,B
(i,j+1)(∆, 0)

}
+ CBi,j+2F

G,B
(i,j) (0, 2∆)

{
1− CG(i,j+1)F

G,B
(i,j+1)(0,∆)−

CB(i,j+1)F
B,B
(i,j+1)(0,∆)

}〉]
− PGd F

G,B
(i,j) (0,∆)− PBd F

G,B
(i,j) (0,∆),
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and

dFG,B(i,j) (∆, 0)

dt
= −FG,B(i,j) (∆, 0)

[
1

CG(i,j)

dCG(i,j)

dt
+

1

CB(i+1,j)

dCB(i+1,j)

dt

]
+
PGm
4

[
CG(i,j−1)

CG(i,j)
FG,B(i,j−1)(∆,∆)

+
CG(i,j+1)

CG(i,j)
FG,B(i,j+1)(∆,−∆)− 3FG,B(i,j) (∆, 0) +

CB(i−1,j)

CG(i,j)
FG,G(i−1,j)(2∆, 0)

−
CB(i,j)

CG(i,j)
FB,B(i,j) (∆, 0)

{
CG(i,j−1)F

G,B
(i,j−1)(0,∆)FG,B(i,j−1)(∆,∆) + CG(i,j+1)F

B,G
(i,j) (0,∆)FG,B(i,j+1)(∆,−∆)

+ CG(i−1,j)F
G,B
(i−1,j)(∆, 0)FG,B(i−1,j)(2∆, 0)

}
+ FG,B(i,j) (∆, 0)

{
CB(i,j−1)F

B,G
(i,j−1)(0,∆)FB,B(i,j−1)(∆,∆)

+ CB(i,j+1)F
G,B
(i,j) (0,∆)FB,B(i,j+1)(∆,−∆) + CB(i−1,j)F

B,G
(i−1,j)(∆, 0)FB,B(i−1,j)(2∆, 0)

}]
+

PBm
4

[
CBi+1,j−1

CB(i+1,j)

FB,Gi+1,j−1(−∆,∆) +
CBi+1,j+1

CB(i+1,j)

FG,B(i,j) (∆,∆) +
CBi+2,j

CB(i+1,j)

FG,B(i,j) (2∆, 0)− 3FG,B(i,j) (∆, 0)

+
CG(i+1,j)

CB(i+1,j)

FG,G(i,j) (∆, 0)
{
CBi+1,j−1F

B,G
i+1,j−1(−∆,∆)FB,Gi+1,j−1(0,∆) + CBi+1,j+1F

G,B
(i,j) (∆,∆)FG,B(i+1,j)(0,∆)

+CBi+2,jF
G,B
(i,j) (2∆, 0)FG,B(i+1,j)(∆, 0)

}
+ FG,B(i,j) (∆, 0)

{
CGi+1,j−1F

G,G
i+1,j−1(−∆,∆)FG,Bi+1,j−1(0,∆)

+ CGi+1,j+1F
G,G
(i,j) (∆,∆)FB,G(i+1,j)(0,∆) + CGi+2,jF

G,G
(i,j) (2∆, 0)FB,G(i+1,j)(∆, 0)

}]
+

PGp
4

[
1− CG(i,j)F

G,B
(i,j) (∆, 0)− CB(i,j)F

B,B
(i,j) (∆, 0)

CG(i,j)

(
1− CG(i,j) − C

B
(i,j)

) 〈
CG(i,j−1)F

G,B
(i,j−1)(∆,∆)

{
1− CG(i,j)F

G,G
(i,j−1)(0,∆)− CB(i,j)F

G,B
(i,j−1)(0,∆)

}
+ CG(i,j+1)F

G,B
(i,j+1)(∆,−∆)

{
1− CG(i,j)F

G,B
(i,j) (∆, 0)− CB(i,j)F

B,B
(i,j) (∆, 0)

}
+ CG(i−1,j)F

G,B
(i−1,j)(2∆, 0)

{
1− CG(i,j)F

G,G
(i−1,j)(∆, 0)− CB(i,j)F

G,B
(i−1,j)(∆, 0)

}〉]
+

PBp
4

[
1− CG(i+1,j)F

G,G
(i,j) (∆, 0)− CB(i+1,j)F

G,B
(i,j) (∆, 0)

CB(i+1,j)

(
1− CG(i+1,j) − C

B
(i+1,j)

) 〈
CBi+1,j−1F

B,G
i+1,j−1(−∆,∆)×

{
1− CG(i+1,j)F

B,G
i+1,j−1(0,∆)− CB(i+1,j)F

B,B
i+1,j−1(0,∆)

}
+ CBi+1,j+1F

G,B
(i,j) (∆,∆)×{

1− CG(i+1,j)F
G,B
(i+1,j)(0,∆)− CB(i+1,j)F

B,B
(i+1,j)(0,∆)

}
+ CBi+2,jF

G,B
(i,j) (2∆, 0)

{
1− CG(i+1,j)F

G,B
(i+1,j)(∆, 0)−

CB(i+1,j)F
B,B
(i+1,j)(∆, 0)

}〉]
− PGd F

G,B
(i,j) (∆, 0)− PBd F

G,B
(i,j) (∆, 0).
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We consider lattice pairs separated by a distance r∆ = (m − i)∆ in the x-direction and

a distance s∆ = (n− j)∆ in the y-direction, occupied by the same subpopulation. Using

the same approach, we obtain

dFG,G(i,j) (r∆, s∆)

dt
= −FG,G(i,j) (r∆, s∆)

[
1

CG(i,j)

dCG(i,j)

dt
+

1

CG(m,n)

dCG(m,n)

dt

]
+
PGm
4

[
CG(i−1,j)

CG(i,j)
FG,G(i−1,j)(r∆ + ∆, s∆)

+
CG(i+1,j)

CG(i,j)
FG,G(i+1,j)(r∆−∆, s∆) +

CG(i,j−1)

CG(i,j)
FG,G(i,j−1)(r∆, s∆ + ∆) +

CG(i,j+1)

CG(i,j)
FG,G(i,j+1)(r∆, s∆−∆)

+
CG(m−1,n)

CG(m,n)

FG,G(i,j) (r∆−∆, s∆) +
CG(m+1,n)

CG(m,n)

FG,G(i,j) (r∆ + ∆, s∆) +
CG(m,n−1)

CG(m,n)

FG,G(i,j) (r∆, s∆−∆)

+
CG(m,n+1)

CG(m,n)

FG,G(i,j) (r∆, s∆ + ∆)− 8FG,G(i,j) (r∆, s∆)−
CB(i,j)

CG(i,j)
FB,G(i,j) (r∆, s∆)×{

CG(i−1,j)F
G,B
(i−1,j)(∆, 0)FG,G(i−1,j)(r∆ + ∆, s∆) + CG(i+1,j)F

B,G
(i,j) (∆, 0)FG,G(i+1,j)(r∆−∆, s∆)

+ CG(i,j−1)F
G,B
(i,j−1)(0,∆)FG,G(i,j−1)(r∆, s∆ + ∆) + CG(i,j+1)F

B,G
(i,j) (0,∆)FG,G(i,j+1)(r∆, s∆−∆)

}
−
CB(m,n)

CG(m,n)

FG,B(i,j) (r∆, s∆)
{
CG(m−1,n)F

G,G
(i,j) (r∆−∆, s∆)FG,B(m−1,n)(∆, 0) + CG(m+1,n)F

G,G
(i,j) (r∆ + ∆, s∆)FB,G(m,n)(∆, 0)

+ CG(m,n−1)F
G,G
(i,j) (r∆, s∆−∆)FG,B(m,n−1)(0,∆) + CG(m,n+1)F

G,G
(i,j) (r∆, s∆ + ∆)FB,G(m,n)(0,∆)

}
+ FG,G(i,j) (r∆, s∆)

{
CB(i−1,j)F

B,G
(i−1,j)(∆, 0)FB,G(i−1,j)(r∆ + ∆, s∆) + CB(i+1,j)F

G,B
(i,j) (∆, 0)FB,G(i+1,j)(r∆−∆, s∆)

+ CB(i,j−1)F
B,G
(i,j−1)(0,∆)FB,G(i,j−1)(r∆, s∆ + ∆) + CB(i,j+1)F

G,B
(i,j) (0,∆)FB,G(i,j+1)(r∆, s∆−∆)

+ CB(m−1,n)F
G,B
(i,j) (r∆−∆, s∆)FB,G(m−1,n)(∆, 0) + CB(m+1,n)F

G,B
(i,j) (r∆ + ∆, s∆)FG,B(m,n)(∆, 0)

+ CB(m,n−1)F
G,B
(i,j) (r∆, s∆−∆)FB,G(m,n−1)(0,∆) + CB(m,n+1)F

G,B
(i,j) (r∆, s∆ + ∆)FG,B(m,n)(0,∆)

}]
+

PGp
4

[
1− CG(i,j)F

G,G
(i,j) (r∆, s∆)− CB(i,j)F

B,G
(i,j) (r∆, s∆)

CG(i,j)

(
1− CG(i,j) − C

B
(i,j)

) 〈
CG(i−1,j)F

G,G
(i−1,j)(r∆ + ∆, s∆)×

{
1− CG(i,j)F

G,G
(i−1,j)(∆, 0)− CB(i,j)F

G,B
(i−1,j)(∆, 0)

}
+ CG(i+1,j)F

G,G
(i+1,j)(r∆−∆, s∆)×{

1− CG(i,j)F
G,G
(i,j) (∆, 0)− CB(i,j)F

B,G
(i,j) (∆, 0)

}
+ CG(i,j−1)F

G,G
(i,j−1)(r∆, s∆ + ∆)×{

1− CG(i,j)F
G,G
(i,j−1)(0,∆)− CB(i,j)F

G,B
(i,j−1)(0,∆)

}
+ CG(i,j+1)F

G,G
(i,j+1)(r∆, s∆−∆)×{

1− CG(i,j)F
G,G
(i,j) (0,∆)− CB(i,j)F

B,G
(i,j) (0,∆)

}〉
+

1− CG(m,n)F
G,G
(i,j) (r∆, s∆)− CB(m,n)F

B,G
(i,j) (r∆, s∆)

CG(m,n)

(
1− CG(m,n) − C

B
(m,n)

) 〈
CG(m−1,n)F

G,G
(i,j) (r∆−∆, s∆)×

{
1− CG(m,n)F

G,G
(m−1,n)(∆, 0)− CB(m,n)F

G,B
(m−1,n)(∆, 0)

}
+ CG(m+1,n)F

G,G
(i,j) (r∆ + ∆, s∆)×{

1− CG(m,n)F
G,G
(m,n)(∆, 0)− CB(m,n)F

B,G
(m,n)(∆, 0)

}
+ CG(m,n−1)F

G,G
(i,j) (r∆, s∆−∆)×{

1− CG(m,n)F
G,G
(m,n−1)(0,∆)− CB(m,n)F

G,B
(m,n−1)(0,∆)

}
+ CG(m,n+1)F

G,G
(i,j) (r∆, s∆ + ∆)×{

1− CG(m,n)F
G,G
(m,n)(0,∆)− CB(m,n)F

B,G
(m,n)(0,∆)

}〉]
− 2PGd F

G,G
(i,j) .
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Finally, for lattice pairs separated by a distance r∆ in the x-direction and a distance s∆

in the y-direction, occupied by distinct subpopulations, we obtain

dFG,B(i,j) (r∆, s∆)

dt
= −FG,B(i,j) (r∆, s∆)

[
1

CG(i,j)

dCG(i,j)

dt
+

1

CB(m,n)

dCB(m,n)

dt

]
+
PGm
4

[
CG(i−1,j)

CG(i,j)
FG,B(i−1,j)(r∆ + ∆, s∆)

+
CG(i+1,j)

CG(i,j)
FG,B(i+1,j)(r∆−∆, s∆) +

CG(i,j−1)

CG(i,j)
FG,B(i,j−1)(r∆, s∆ + ∆) +

CG(i,j+1)

CG(i,j)
FG,B(i,j+1)(r∆, s∆−∆)

− 4FG,B(i,j) (r∆, s∆)−
CB(i,j)

CG(i,j)
FB,B

(i,j) (r∆, s∆)
{
CG(i−1,j)F

G,B
(i−1,j)(∆, 0)FG,B(i−1,j)(r∆ + ∆, s∆)

+ CG(i+1,j)F
B,G
(i,j) (∆, 0)FG,B(i+1,j)(r∆−∆, s∆) + CG(i,j−1)F

G,B
(i,j−1)(0,∆)FG,B(i,j−1)(r∆, s∆ + ∆)

+ CG(i,j+1)F
B,G
(i,j) (0,∆)FG,B(i,j+1)(r∆, s∆−∆)

}
+ FG,B(i,j) (r∆, s∆)

{
CB(i−1,j)F

B,G
(i−1,j)(∆, 0)FB,B(i−1,j)(r∆ + ∆, s∆)

+ CB(i+1,j)F
G,B
(i,j) (∆, 0)FB,B(i+1,j)(r∆−∆, s∆) + CB(i,j−1)F

B,G
(i,j−1)(0,∆)FB,B(i,j−1)(r∆, s∆ + ∆)

+ CB(i,j+1)F
G,B
(i,j) (0,∆)FB,B(i,j+1)(r∆, s∆−∆)

}]
+

PBm
4

[
CB(m−1,n)

CB(m,n)

FG,B(i,j) (r∆−∆, s∆) +
CB(m+1,n)

CB(m,n)

FG,B(i,j) (r∆ + ∆, s∆) +
CB(m,n−1)

CB(m,n)

FG,B(i,j) (r∆, s∆−∆)

+
CB(m,n+1)

CB(m,n)

FG,B(i,j) (r∆, s∆ + ∆)− 4FG,B(i,j) (r∆, s∆)−
CG(m,n)

CB(m,n)

FG,G(i,j) (r∆, s∆)×{
CB(m−1,n)F

G,B
(i,j) (r∆−∆, s∆)FB,G(m−1,n)(∆, 0) + CB(m+1,n)F

G,B
(i,j) (r∆ + ∆, s∆)FG,B(m,n)(∆, 0)

+ CB(m,n−1)F
G,B
(i,j) (r∆, s∆−∆)FB,G(m,n−1)(0,∆) + CB(m,n+1)F

G,B
(i,j) (r∆, s∆ + ∆)FG,B(m,n)(0,∆)

}
+ FG,B(i,j) (r∆, s∆)

{
CG(m−1,n)F

G,G
(i,j) (r∆−∆, s∆)FG,B(m−1,n)(∆, 0) + CG(m+1,n)F

G,G
(i,j) (r∆ + ∆, s∆)FB,G(m,n)(∆, 0)

+ CG(m,n−1)F
G,G
(i,j) (r∆, s∆−∆)FG,B(m,n−1)(0,∆)CG(m,n+1)F

G,G
(i,j) (r∆, s∆ + ∆)FB,G(m,n+1)(0,∆)

}]
+

PGp
4

[
1− CG(i,j)F

G,B
(i,j) (r∆, s∆)− CB(i,j)F

B,B
(i,j) (r∆, s∆)

CG(i,j)

(
1− CG(i,j) − C

B
(i,j)

) ×

〈
CG(i−1,j)F

G,B
(i−1,j)(r∆ + ∆, s∆)

{
1− CG(i,j)F

G,G
(i−1,j)(∆, 0)− CB(i,j)F

G,B
(i−1,j)(∆, 0)

}
+ CG(i+1,j)F

G,B
(i+1,j)(r∆−∆, s∆)

{
1− CG(i,j)F

G,G
(i,j) (∆, 0)− CB(i,j)F

B,G
(i,j) (∆, 0)

}
+ CG(i,j−1)F

G,B
(i,j−1)(r∆, s∆ + ∆)

{
1− CG(i,j)F

G,G
(i,j−1)(0,∆)− CB(i,j)F

G,B
(i,j−1)(0,∆)

}
+ CG(i,j+1)F

G,B
(i,j+1)(r∆, s∆−∆)

{
1− CG(i,j)F

G,G
(i,j) (0,∆)− CB(i,j)F

B,G
(i,j) (0,∆)

}〉]
+

PBp
4

[
1− CG(m,n)F

G,G
(i,j) (r∆, s∆)− CB(m,n)F

G,B
(i,j) (r∆, s∆)

CB(m,n)

(
1− CG(m,n) − C

B
(m,n)

) ×

〈
CB(m−1,n)F

G,B
(i,j) (r∆−∆, s∆)

{
1− CG(m,n)F

B,G
(m−1,n)(∆, 0)− CB(m,n)F

B,B
(m−1,n)(∆, 0)

}
+ CB(m+1,n)F

G,B
(i,j) (r∆ + ∆, s∆)

{
1− CG(m,n)F

G,B
(m,n)(∆, 0)− CB(m,n)F

B,B
(m,n)(∆, 0)

}
+ CB(m,n−1)F

G,B
(i,j) (r∆, s∆−∆)

{
1− CG(m,n)F

B,G
(m,n−1)(0,∆)− CB(m,n)F

B,B
(m,n−1)(0,∆)

}
+ CB(m,n+1)F

G,B
(i,j) (r∆, s∆ + ∆)

{
1− CG(m,n)F

G,B
(m,n)(0,∆)− CB(m,n)F

B,B
(m,n)(0,∆)

}〉]
− PGd F

G,B
(i,j) − P

B
d F

G,B
(i,j) .
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Numerical method

In all cases the equations describing the time rate of change of F a,bi is undefined if either

Cai = 0 or Cai + Cbi = 1. Physically, this corresponds to the case where either some part

of the domain is completely vacant or is completely occupied to confluence. There are

two ways of dealing with this complication:

1. Following the approach of Simpson and Baker [28] we can use a hybrid technique

where we implement the mean-field model for all lattice sites where the density is

below some user-defined small threshold value, ε, and greater than 1 − ε. For all

others lattice sites we implement the moment dynamics model. This ensures that

the equations governing the correlation functions are well-defined and we apply the

traditional mean-field approximation for all remaining lattice sites on the domain.

2. It is useful to note that for many practical problems the density of agents is never

precisely zero or precisely equal to the carrying capacity density (e.g. see Figure

1(d) in the main document). In these situations the correlation functions are always

defined.

While Simpson and Baker’s [27] hybrid method ensures that we never encounter any

issue with the correlation functions being undefined, this method can be computationally

expensive to implement since it requires that we determine the precise regions where the

moment dynamics and traditional mean-field models are to be evaluated. For several of

the problems we consider in this work, namely the results presented in Figures 6.3, 6.4 and

6.7 in the main document, we choose initial conditions and parameter combinations which

ensure that we did not encounter this complication. However, we are also interested in an

idealised problem where the initial density is occupied to confluence, which means that we

need to implement the hybrid method. The density is only equal to the carrying capacity

for the first timestep for problems with Pd > 0, as crowding effects imply that proliferation

events cannot take place when the density is equal to the carrying capacity. Therefore,

the mean-field approximation is only required initially and we do not need to track the

region where the moment dynamics model is valid, which reduces to computational cost

of the method. The results for this idealised problem are presented in Figures 6.2, 6.5

and 6.6 in the main document.

Correlation function solutions

We present the correlation functions for the one-dimensional model of a co-culture scratch

assay in Figures 6.8 and 6.9 for C0 = 0.5 and C0 = 0.1, respectively. We observe that

in both cases FG,G(r) and FB,B(r) are significantly higher than the standard assump-

tion that F a,b(r) ≡ 1, particularly for short distance. The magnitude of the discrepancy

between the standard assumption and the calculated correlation values provides an expla-

nation for the significant difference between the mean-field and moment dynamics models

presented in the main document. The self-correlation functions (FG,G(r) and FB,B(r)) are

greater than one, indicating that lattice pairs are more likely to be occupied by the same
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subpopulation. This result is intuitive given that crowding effects do not allow agents

to “jump” over other agents and that proliferation creates nearest-neighbour pairs of the

same subpopulation. Subsequently, the correlation functions (FG,B(r) and FG,B(r)) are

negatively correlated, that is, less than one. We observe that the magnitude of F is a

decreasing function of r, which suggests that our assumption that there exists r = rmax

such that F a,b(rmax) ≡ 1.
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Figure 6.8: Correlation functions for the one-dimensional model of a co-culture scratch assay. Correlation
between lattice sites separated by distance r, r ∈ [1, 100] for: (a),(e) both lattice sites occupied by
subpopulation G, (b),(f) both lattice sites occupied by subpopulation B, (c),(g) lattice site i occupied
by subpopulation G and lattice site m occupied by subpopulation B, (d)-(h) lattice site i occupied by
subpopulation B and lattice site m occupied by subpopulation G at t = 100 and t = 200, respectively.
Parameters used were PGm = 0.1, PBm = 1, PGp = PBp = 0.05, PGd = PBd = 0.02, rmax = 100, C0 = 0.5,
ε = 10−8, i1 = 81, i2 = 121, X = 200, ∆ = 1. For ease of interpretation we present every fourth
correlation solution curve. Arrow indicates direction of increasing r.
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Figure 6.9: Correlation functions for the one-dimensional model of a co-culture scratch assay. Correlation
between lattice sites separated by distance r, r ∈ [1, 100] for: (a),(e) both lattice sites occupied by
subpopulation G, (b),(f) both lattice sites occupied by subpopulation B, (c),(g) lattice site i occupied
by subpopulation G and lattice site m occupied by subpopulation B, (d)-(h) lattice site i occupied by
subpopulation B and lattice site m occupied by subpopulation G at t = 100 and t = 200, respectively.
Parameters used were PGm = 0.1, PBm = 1, PGp = PBp = 0.05, PGd = PBd = 0.02, rmax = 100, C0 = 0.1,
ε = 10−8, i1 = 81, i2 = 121, X = 200, ∆ = 1. For ease of interpretation we present every fourth
correlation solution curve. Arrow indicates direction of increasing r.
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042413.

abstract

Existing continuum descriptions of discrete adhesive birth-death-movement processes pro-

vide accurate predictions of the average discrete behavior for limited parameter regimes.

Here we present an alternative continuum description in terms of the dynamics of groups

of contiguous occupied and vacant lattice sites. Our method provides more accurate pre-

dictions, is valid in parameter regimes that could not be described by previous continuum

descriptions, and provides information about the spatial clustering of occupied sites. Fur-

thermore, we present a simple analytic approximation of the spatial clustering of occupied

sites at late time, when the system reaches its steady-state configuration.

7.1 Introduction

Birth, death and movement of individuals are key components of collective behavior, rel-

evant to tissue repair [11, 15, 21, 30, 31] and polymer aggregation [18]. Lattice-based

random walks are often used to describe these processes [5–7, 12, 15]. For example,

Deroulers et al. [6] use a random walk to model the migration of glioma cells, while

Hackett-Jones et al. [12] use a random walk to describe cellular aggregation patterns

arising from nonlocal interactions. Mackie et al. [18] are interested in molecular aggre-

gation and use random walks to examine the formation of micelles. In the context of

active transport, Illien et al. [13] use lattice-based random walks to model diffusion in a
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crowded single-file environment. While these stochastic random walk models provide in-

sight into collective behavior, performing a sufficient number of stochastic realizations to

obtain representative average behavior can be computationally expensive. Furthermore,

relying solely upon stochastic simulations provides little opportunity for analyzing how

parameters in the simulation are related to the collective behavior.

There is significant interest in continuum descriptions that produce robust approximations

of the average behavior. Additionally, there is considerable interest in analytic approaches

that describe the average steady-state behavior of the random walk model, particularly

for the one-dimensional asymmetric exclusion process [7]. To address both the analytic

intractability and the computational expense associated with obtaining representative

average behavior of random walk models, mean-field (MF) descriptions of lattice-based

adhesive birth-death-movement (ABDM) processes have been developed [1, 8, 21]. Un-

fortunately, MF descriptions only apply in limited parameter regimes due to the neglect

of spatial correlations [2, 11, 14, 17, 20]. Specifically, MF descriptions only apply when

adhesion (or repulsion) is sufficiently weak, and the ratio of both the birth and death

rates to the movement rate is sufficiently small [2, 14]. To address this, corrected mean-

field (CMF) descriptions that approximately incorporate spatial correlations have been

proposed [2, 14, 23, 25, 29]. While CMF descriptions provide an accurate approximation

of the average behavior for a wider range of parameter regimes, CMF descriptions are

invalid when the rates of birth and death are not sufficiently small compared to the rate

of movement [2]. Here we interpret ABDM processes in terms of groups of contiguous

occupied and vacant lattice sites, and present the corresponding continuum description.

We note that our description is limited to spatially-independent initial conditions. This

implies that our description is translationally invariant and cannot describe processes

that are initially spatially dependent. Our method provides accurate predictions of the

average behavior in parameter regimes where MF and CMF descriptions are invalid. Fur-

thermore, our description provides information about spatial clustering and we give a

simple analytic approximation of the spatial clustering of occupied sites when the system

has reached steady-state.

7.2 Discrete model

We consider a periodic one-dimensional lattice-based random walk, where each site may

be occupied by, at most, one agent [4]. Isolated agents undergo birth, death and movement

events at constant rates Pp, Pd and Pm, respectively [2]. During a birth event, an agent

attempts to place a daughter at a randomly-selected nearest-neighbor site. This event

is successful provided that the selected site is vacant. A death event removes an agent

and the associated site becomes vacant. During a movement event, an agent attempts

to move to a randomly-selected nearest-neighbor site. This selection is unbiased if both

nearest-neighbor sites are vacant. If one nearest-neighbor site is occupied, the vacant

nearest-neighbor site is selected with probability (1− α)/2, where α ∈ [−1, 1] represents

the strength of agent-agent adhesion (α > 0) or repulsion (α < 0) [1, 14]. We use
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the Gillespie algorithm [10] to simulate the random walk. To generate representative

behavior, we perform M identically-prepared realizations of the random walk to calculate

the average of the summary statistic of interest.

7.3 Chain-and-Gap description

Here we interpret the system as a combination of groups of contiguous occupied and va-

cant sites of length i ∈ [1, N ], where N is the number of sites. We refer to groups of

contiguous occupied sites as chains and groups of contiguous vacant sites as gaps. For

example, Fig. 7.1(a) shows a lattice configuration that contains four chains; one each of

length one, two, three and four, and four gaps; two each of length one and two. Instead

of considering how a birth, death or movement event affects the occupancy of an indi-

vidual site, we consider how these events change the lengths of the chains and gaps. The

success of birth and movement events depends on the “type” of agent, that is, whether

an agent has zero, one or two nearest-neighbor agents. We refer to these as single, edge

or middle agents, respectively. Single agents can move to, or place a daughter agent at,

both nearest-neighbor sites, whereas edge agents can move to, or place a daughter agent

at, only one nearest-neighbor site. Due to crowding, it is impossible for middle agents to

undergo successful movement or birth events. Potential death events are not affected by

crowding. The net birth rate is Pp(2NS(t)+NE(t))/2−Pd(NS(t)+NE(t)+NM (t)), where

NS(t), NE(t) and NM (t) are the number of single, edge and middle agents, respectively.

We can calculate NS(t), NE(t) and NM (t) provided that we know the number of chains

of length n ∈ [1, N ], which we denote Cn(t). For all n ≥ 2, there are two edge agents

and n− 2 middle agents per chain. The number of single agents is C1(t). We denote the

number of gaps of length m ∈ [1, N ] by Gm(t). For notational convenience, we henceforth

refer to NS , NE , NM , Cn and Gm without explicitly noting temporal dependence.

There are eleven distinct birth, death or movement events, denoted by Bj , j = 1, 2, 3, 4,

Dj , j = 1, 2, 3 and Mj , j = 1, 2, 3, 4. In Figs. 7.1(b)-(k), we demonstrate how each

of these events affects the configuration of agents in Fig. 7.1(a). For an arbitrary con-

figuration, the influence of each event can be described as follows. We note that an

increase/decrease in Cn or Gm refers to an increase/decrease of one.

Event B1: A single agent undergoes birth and places a daughter agent into a gap of length

one, which is next to a chain of length n (Fig. 7.1(b)). C1, G1 and Cn decrease, Cn+2

increases.

Event B2: A single agent undergoes birth and places a daughter agent into a gap of length

m ≥ 2 (Fig. 7.1(c)). C1 and Gm decrease, C2 and Gm−1 increase.

Event B3: An edge agent, part of a chain of length n1, undergoes birth and places a

daughter agent into a gap of length one, which is next to a chain of length n2 (Fig.

7.1(b)). Cn1 , Cn2 and G1 decrease, Cn1+n2+1 increases.

Event B4: An edge agent, part of a chain of length n, undergoes birth and places a

daughter agent into a gap of length m ≥ 2 (Fig. 7.1(d)). Cn and Gm decrease, Cn+1 and

Gm−1 increase.
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Figure 7.1: (a) Initial lattice configuration containing single (purple), edge (blue) and middle (green)
agents. Lattice configuration after potential (b)-(d) birth, (e)-(g) death and (h)-(k) movement events.
Inset circles represent the initial lattice configuration. Dashed lines represent agents influenced by agent-
agent adhesion or repulsion.
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Event D1: A single agent, with neighbor gaps of length m1 and m2, undergoes death

(Fig. 7.1(e)). C1, Gm1 and Gm2 decrease, Gm1+m2+1 increases.

Event D2: A middle agent, part of a chain of length n, undergoes death (Fig. 7.1(f)). Cn

decreases, G1, Cn1 and Cn2 increase, where n1 + n2 + 1 = n. We note that the expected

increase of Cn1 and Cn2 is uniform for all n1, n2 ∈ [1, n− 2], n1 + n2 + 1 = n.

Event D3: An edge agent, part of a chain of length n, which is next to a gap of length

m, undergoes death (Fig. 7.1(g)). Cn and Gm decrease, Cn−1 and Gm+1 increase.

Event M1: A single agent undergoes movement into a gap of length one, which is next to

a chain of length n (Fig. 7.1(h)). The single agent is also next to a gap of length m. C1,

Cn, G1 and Gm decrease, Cn+1 and Gm+1 increase.

Event M2: A single agent undergoes movement into a gap of length m1 ≥ 2, away from

a gap of length m2 (Fig. 7.1(i)). Gm1 and Gm2 decrease, Gm1−1 and Gm2+1 increase.

Event M3: An edge agent, part of a chain of length n, undergoes movement into a gap

of length m ≥ 2 (Fig. 7.1(j)). Cn and Gm decrease, C1, Cn−1, G1 and Gm−1 increase.

Event M4: An edge agent, part of a chain of length n1, undergoes movement into a gap

of length one, which is next to a chain of length n2 (Fig. 7.1(k)). Cn1 and Cn2 decrease,

Cn1−1 and Cn2+1 increase.

We obtain transition rates between possible states of the system by considering the result

of each potential event and the rate at which it occurs and, subsequently, obtain a system

of ordinary differential equations (ODEs) describing dCn/dt and dGm/dt, n,m ∈ [1, N ].

For single agents, birth and movement events are never aborted due to crowding, and,

therefore, the rate at which each of these events occurs is PpC1 and PmC1, respectively.

We note that α does not influence single agents. For edge agents, birth events are aborted,

on average, half the time. However, there are two edge agents for each Cn, n ≥ 2, which

implies that the rate at which these events occur for a chain of length n is PpCn. We

follow a similar process for the rate of movement events. However, the probability of

a successful movement event for edge agents is influenced by α and hence the rate of

movement for a chain of length n is (1 − α)PmCn for n ≥ 2. Death events are never

aborted due to crowding, which implies that the rate at which death events occur for a

chain of length n is nPdCn. These rates describe ABDM events in terms of the agent type

but do not describe the rate and result of possible sub-events. For example, Events B1

and B2 are both birth events for single agents, but occur depending on whether the gap

that the daughter agent is placed into is length one (Event B1) or greater (Event B2). The

proportion of single agent birth events that are Event B1 is equivalent to the probability

that, given that we have selected a single agent, there is a neighboring gap of length one.

We denote this probability by P (G1|C1). Due to the periodic geometry, a single agent

can be next to gaps of length j ∈ A(C1), where A(C1) = {i ∈ Z|1 ≤ i ≤ N −3}∪{N −1}.
We make the assumption that P (G1|C1) = G1/

∑
j∈A(C1)Gj , that is, the ratio of gaps of

length one to all gaps that can exist next to a chain of length one. The expected change

of both C1 and G1, due to Event B1, is PpC1P (G1|C1)/2. Event B1 also affects Cn and

Cn+2 and, as such, we require the expected change of Cn and Cn+2, due to Event B1.

To obtain an expression for the expected change for Cn and Cn+2, due to Event B1, we
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consider the probability that, given that we have a single agent with a neighboring gap of

length one, the other neighboring chain, with respect to the gap, is of length n (Appendix

A). We can calculate the average outcome of Event B1 by considering potential n values

and the associated transition rate for each n. Combining all possible events with their

respective rates gives the governing system of ODEs (Appendix A).

Our current framework can be extended to describe additional details. However, in this

first presentation of the Chain-and-Gap (C&G) framework we focus on the most straight-

forward periodic one-dimensional case, with translationally-invariant initial conditions.

Other boundary conditions could be considered; however, this would require that the

number of chains and gaps of each length is known at each lattice site, and hence the

number of equations in the governing system would be O(N2) rather than O(N). For

example, we could consider non-periodic geometry, with specific conditions imposed on

the two boundary lattice sites. We acknowledge that our approach is currently limited

to one-dimensional processes. While this restricts the type of physical applications that

our approach can describe, there is considerable interest in one-dimensional exclusion

processes throughout the physical and life sciences [1, 3, 13]. Furthermore, the influence

of the spatial correlations is most pronounced in one dimension [2] and, therefore, it is

logical to focus on the development of new approximations for one-dimensional processes.

7.4 Traditional continuum descriptions

Typically, continuum descriptions of ABDM processes are obtained by considering the

time rate of change of the average occupancy of sites [2, 8, 14, 25]. These descriptions,

which describe the number of occupied sites, S(t), take the form

dS(t)

dt
= PpS(t)

(
1− F (t)S(t)

N

)
− PdS(t), (7.1)

where F (t) represents the nearest-neighbor correlation [2, 26]. Traditional MF descrip-

tions implicitly assume that F (t) ≡ 1 [26]. For CMF descriptions, which approximate

spatial correlation between sites by considering the evolution of pairs [24, 32], F (t) is

described by a system of ODEs [2]. This system is truncated through an appropriate

moment closure method, such as the Kirkwood Superposition Approximation [28, 33].

7.5 Results

To examine whether our C&G description provides an accurate approximation of the

lattice-based ABDM process, we first calculate the evolution of the number of occupied

sites. The C&G system of ODEs is solved using an adaptive Runge-Kutta method with a

strict truncation error control of 10−8 [22]. The number of occupied sites in the C&G de-

scription is SC&G =
∑N

i=1 iCi. In Figs. 7.2(a)-(h) we present occupancy evolution curves

obtained from the averaged discrete model, and the MF, CMF and C&G descriptions for
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Figure 7.2: Comparison between averaged discrete (black, dashed), MF (purple, dotted), CMF (orange,
long dashed) and C&G (cyan, solid) results for a suite of parameter regimes and (a)-(d)10 and (e)-(f)
50 uniformly distributed initially occupied sites. For all results M = 1000, N = 100 and α = 0. (i)-(r)
Ten discrete snapshots for (i),(n) the two initial conditions and (j)-(m),(o)-(r) the parameter regimes in
(a)-(d),(e)-(h), respectively, at t = 50.

Fig. 2(a) Fig. 2(b) Fig. 2(c) Fig. 2(d)

Discrete model (single realization) 0.08 s 0.19 s 1.40 s 1.91 s

Discrete model (1000 realizations) 76.7 s 192.9 s 1401.7 s 1907.3 s

C&G description 21.1 s 28.2 s 36.8 s 39.1 s

Fig. 2(e) Fig. 2(f) Fig. 2(g) Fig. 2(h)

Discrete model (single realization) 0.10 s 0.24 s 0.23 s 0.48 s

Discrete model (1000 realizations) 99.4 s 241.9 s 233.5 s 483.1 s

C&G description 26.8 s 27.9 s 30.3 s 27.5 s

Table 7.1: Comparison of the time taken to perform: (i) a single realization of the discrete model; (ii)
1000 realizations of the discrete model, and (iii) a numerical solution of the C&G system of equations for
the parameter values in Figs. 2(a)-(h). All solutions are obtained using a single 3.0 GHz Intel i7-3540M
desktop processor.

a suite of parameter regimes and two different initial conditions. All results in Fig. 7.2

are without adhesion or repulsion (α = 0) and the discrete initial conditions are presented

in Figs. 7.2(i),(n). For all parameter regimes and initial conditions the C&G description

provides extremely accurate predictions, even when both the MF and CMF descriptions

are invalid due to the emergence of significant spatial correlations [2]. We illustrate cor-

relations between sites by presenting snapshots of the clustering in the discrete model in

Figs. 7.2(j)-(m),(o)-(r) at t = 50. The C&G description implicitly accounts for spatial

correlations by considering contiguous occupied sites as a single object, which necessarily

has neighboring vacant sites. Both the transient and steady-state behavior of the system

is correctly predicted by the C&G description. For example, in Fig. 7.2(b), the MF

description inaccurately predicts both the transient and steady-state behavior. The CMF

model predicts the transient behavior accurately for t < 20, but provides inaccurate pre-

dictions for t > 20 and, consequently, the steady-state behavior. The C&G description

correctly predicts that at steady-state there are, on average, approximately 18 occupied

sites, as well as accurately describing the transient behavior of the system.
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We compare the time required to perform a single realization of the discrete model, 1000

realizations of the discrete model and to solve the C&G system of equations in Table 7.1.

We note that in all cases it is significantly faster to perform a single realization of the

discrete model. However, it is significantly slower to perform sufficiently many realizations

to obtain meaningful average behavior, compared to obtaining the numerical solution to

the C&G system of equations.

7.5.1 Clustering

Additionally, the C&G description provides information about the clustering of both oc-

cupied and vacant sites. In Fig. 7.3 we compare predictions from the C&G description

with the averaged discrete model for Cn and Gm for a range of parameter regimes and

three different initial conditions. As neither the MF or CMF description contains this

information, we are unable to provide comparisons with the predictions from these de-

scriptions. We observe that the C&G description provides accurate predictions for all

cases, describing the monotonically decreasing relationship between both Cn and n, and

Gm and m. An increase in Pp reduces C1 and increases the number of longer chains. As

expected, we observe the opposite behavior for the gaps. We note that the C&G descrip-

tion provides slightly less accurate predictions for the lowest number of initially occupied

sites (Figs. 7.3(c),(f)), a result that is consistent with other continuum descriptions [2].

In Figs. 7.4(a)-(c), we present occupancy evolution profiles, Cn, and Gm, for different α.

The number of occupied sites decreases with α, due to the clustering that arises in the
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presence of adhesion, which we observe in Figs. 7.4(b)-(c), where there are significantly

fewer chains and gaps of short length compared to when α ≤ 0. Snapshots of the discrete

model in Figs. 7.4(d)-(g) confirm this, as longer chains are present when α > 0. For all

adhesion and repulsion values the C&G predictions match the averaged discrete model

extremely well.

7.5.2 Spatial correlations

Traditional continuum descriptions of ABDM processes describe the evolution of the num-

ber of occupied sites, S(t). If there is no adhesion/repulsion present in the discrete model,

traditional continuum descriptions are described by Equation (7.1) [2, 26]. Traditional

MF descriptions implicitly assume that the spatial correlation between the occupancy of

nearest-neighbor lattice sites, F (t) ≡ 1, while CMF descriptions approximate F (t) by

explicitly considering the dynamics of pairs of lattice sites [2]. In the CMF description

F (t) =
ρ(2)(σi, σi+1)

ρ(1)(σi)ρ(1)(σi+1)
,

where ρ(2)(σi, σi+1) is the probability that both sites i and i+ 1 are occupied and ρ(1)(σi)

is the probability that site i is occupied [2]. It is possible to reconstruct F (t) from the

C&G description as we can express the probabilities that certain sites are occupied. Since

we consider problems with translationally-invariant initial conditions, the probability that

a site is occupied is independent of position, and hence

ρ(1)(σ) =
1

N

N∑
i=1

iCi.

The probability that two nearest-neighbor sites are occupied follows a similar argument.

Every chain of length 2 ≤ n ≤ N − 1 consists of n− 1 pairs of occupied nearest-neighbor

sites, while a chain of length N consists of N pairs of occupied nearest-neighbor sites.



Chapter 7. Filling the gaps: A robust description of adhesive birth-death-
movement processes

184

0 10 20 30 40 50
0

2

4

6

F(t)

t

P
m

 = 0.1

P
p
 = 0.2

P
d
 = 0.1

Figure 7.5: Comparison of F (t) for the averaged discrete model (black, dashed), and the MF (purple,
dotted), CMF (orange, long dashed) and C&G (cyan, solid) descriptions. Here Pm = 0.1, Pp = 0.2,
Pd = 0.1, α = 0, N = 100, M = 104. Initially we have 10 uniformly distributed occupied lattice sites.

As our domain is periodic, there are N possible pairs of nearest-neighbor sites. The

probability that two nearest-neighbor sites are occupied is therefore

ρ(2)(σi, σi+1) =
1

N

[
N−1∑
j=2

(j − 1)Cj +NCN

]
.

In Figure 7.5 we demonstrate that the CMF description fails to describe the nearest-

neighbor correlation present in the discrete model, whereas the C&G description correctly

predicts the dynamics of the nearest-neighbor correlation. Furthermore, we demonstrate

that both the CMF and C&G estimates of the nearest-neighbor correlation are signifi-

cantly different to the traditional implicit assumption that F (t) ≡ 1. The CMF descrip-

tion relies on an approximation to obtain a closed system of equations describing the

correlations, which may result in inaccurate predictions, whereas the C&G description

accounts for all possible chain sizes and reconstructs the correlations from this informa-

tion.

7.5.3 Steady-state approximation

In Fig. 7.6(a) we present Cn obtained from the C&G description at late-time (Appendix

C) on a log10 scale. These plots are approximately linear, implying Cn ≈ βn−1C1, β > 0.

At steady-state, the net birth rate is zero and Pp(2NS + NE)/2 = Pd(NS + NE + NM ).

If we express NS , NE and NM in terms of Cn and make a power series approximation

in terms of β, we obtain β = 1 − Pd/Pp. For the power series to converge, we require

|β| < 1. As expected, this implies that non-trivial steady states exist only for Pp > Pd.

Full details of this argument are presented in Appendix C. In Fig. 7.6(b) we compare

the averaged discrete model at late-time and the steady-state approximation and observe

that the approximation is extremely accurate.



Chapter 7. Filling the gaps: A robust description of adhesive birth-death-
movement processes

185

−2

−4

−6

10 20 30 40 50
10

10

10

10
0

C
n

n n

P
p
 = 0.4

P
p
 = 0.6

P
p
 = 0.8

P
p
 = 1.0

(a)

10 20 30
0

1

2

3

4

P
p
 = 0.4

P
p  

= 0.6

P
p
 = 0.8

P
p
 = 1.0

(b)

Figure 7.6: (a) Cn, calculated from the C&G description, on a log10 scale at steady-state for different
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7.6 Conclusions

We present a powerful approach to describe lattice-based ABDM processes in terms of

groups of contiguous occupied and vacant sites. Our C&G description provides more ac-

curate predictions than either traditional or corrected mean-field descriptions and, unlike

these descriptions, does not require that Pp/Pm � 1 and Pd/Pm � 1 to give accurate

predictions [2]. Additionally, our description provides predictions about the clustering

present in the system, unlike previous continuum descriptions, and these predictions

match the averaged results from the discrete model extremely well, even with signifi-

cant adhesion or repulsion. Furthermore, we derive a simple analytic approximation of

the spatial clustering of occupied sites when the system has reached steady-state, and

demonstrate that this approximation is accurate.

We could extend the description presented here in several ways. One extension could be

to introduce spatial dependence [13], which would allow us to simulate processes such

as scratch assays. Scratch assays are a common experimental procedure used to study

collective cell behavior, where the initial distribution of cells depends on spatial location

[15]. This extension would require O(N2) ODEs, rather than the O(N) ODEs in the de-

scription presented here, to describe the location and length of the chains and gaps, and

we leave the description of these processes for future work. Alternatively, we could intro-

duce a chemical species and couple the ABDM parameters to the chemical concentration

to model cellular nutrient uptake [9]. As the C&G description describes the dynamics

of every possible chain and gap it would be relatively straightforward to consider non-

constant parameters (Pm, Pp, Pd, α) that change with, for example, time, chain or gap

length. Another extension would be to derive and analyze the partial differential equation

approximation of the C&G description, similar to the work carried out by Markham et
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al. [19]. This extension would require a Taylor series expansion of Cn and Gm in an ap-

propriate limit, such that n and m can be treated as continuous. We leave this extension

for future analysis.

The calibration of traditional continuum descriptions to experimental ABDM data to ob-

tain parameter estimates results in incorrect estimates when spatial correlations become

significant [27]. Calibrating stochastic models to experimental data is significantly more

computationally expensive [16], compared to dealing with continuum approximations.

Non-Bayesian data calibration techniques have also been proposed [15]. However, these

approaches can also be computationally expensive as they require the calculation of av-

erage discrete behavior across a potentially large parameter space. It would therefore be

of interest to investigate the accuracy of parameter estimates obtained from calibrating

the C&G description to experimental data in the future.
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7.7 Supplementary material

7.7.1 Chain-and-gap description

If we consider all possible events that change the number of chains and gaps of length

n ∈ [1, N ], where N is the number of lattice sites, and the rate at which each event occurs

we obtain the following system of ordinary differential equations.

Chains

dC1

dt
=Pm

[
(1− α)C2 +

N−2∑
i=2

{
(1− α)Ci

}
− 1

2

{
Y (C1, G1, C1) +

N−3∑
j=1

(
Y (C1, G1, Cj)

)}

− 1− α
2

N−3∑
i=2

{
Y (Ci, G1, C1) +

N−i−2∑
j=1

(
Y (Ci, G1, Cj)

)}]
+

Pp

[
− C1 −

1

2

N−3∑
i=1

{
Y (Ci, G1, C1)

}]
+ Pd

[
− C1 + 2

N−1∑
i=2

{
Ci

}]
,

dCk
dt

=Pm

[
(1− α)(Ck+1 − Ck) +

1

2

{
Y (C1, G1, Ck−1)− Y (C1, G1, Ck)

}
+

1− α
2

N−k−2∑
i=2

{
Y (Ci, G1, Ck−1)− Y (Ci, G1, Ck)

}
+

1− α
2

Y (CN−k−1, G1, Ck−1)

]

+ Pp

[
Ck−1 − Ck −

1

2

N−k−1∑
i=1

{
Y (Ck−1, G1, Ci)

}
− 1

2

N−k−2∑
i=1

{
Y (Ci, G1, Ck)

}
+

1

2

k−2∑
i=1

{
Y (Ci, G1, Ck−i−1)

}]
+ Pd

[
− kCk + 2

N−1∑
i=k+1

{
Ci

}]
,

for k = 2, . . . , N − 3,

dCN−2

dt
=Pm

[
1

2
Y (C1, G1, CN−3)− (1− α)CN−2

]

+ Pp

[
CN−3 − CN−2 −

1

2
Y (CN−3, G1, C1) +

1

2

N−4∑
i=1

{
Y (Ci, G1, CN−i−3)

}]

+ Pd

[
− (N − 2)CN−2 + 2CN−1

]
,

dCN−1

dt
=Pp

[
CN−2 − CN−1 +

1

2

N−3∑
i=1

Y (Ci, G1, CN−i−2)

]
+ Pd

[
− (N − 1)CN−1 +NCN

]
,
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dCN
dt

=Pp

[
CN−1

]
+ Pd

[
−NCN

]
,

where

Y (Ci, G1) = Ci

[
P (G1|Ci) +

N−i−2∑
j=1

P (Gj |Ci)P (Gi|Ci, Gj)

]
,

represents the number of chains of length i that are next to a gap of length one and

Y (Ci, G1, Cj) =Ci

[
P (G1|Ci)P (Cj |Ci, G1)

+

N−i−j−1∑
k=1

P (Gk|Ci)P (G1|Ci, Gk)P (Cj |Ci, Gk, G1)

]
,

represents the number of chains of length i that are separated from a chain of length j

by a chain of length one.

P (Gj |Ci) =
Gj∑
mGm

, m ∈ AG(Ci),

represents the probability that, provided we have selected a chain of length i, there is a

neighboring gap of length j, where

AG(Ci) = {m ∈ Z|1 ≤ m ≤ N − j − 2} ∪ {N − j}.

are the possible gap lengths, given that we have selected a chain of length i.

P (Gk|Ci, Gj) =
Gk∑
mGm

, m ∈ AG(Ci, Gj),

represents the probability that, provided we have selected a chain of length i with a

neighboring gap of length j, there is a neighboring gap of length k, where

AG(Ci, Gj) = {m ∈ Z|1 ≤ m ≤ N − i− j − 1},

are the possible gaps, given that we have selected a chain of length i with a neighboring

gap of length j.

P (Ck|Ci, Gj) =
Ck∑
mCm

, m ∈ AC(Ci, Gj),

represents the probability that, provided we have selected a chain of length i with a

neighboring gap of length j, there is a neighboring chain of length k, where

AC(Ci, Gj) = {m ∈ Z|1 ≤ m ≤ N − i− j − 1},
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are the possible chains, given that we have selected a chain of length i with a neighboring

gap of length j.

P (Cl|Ci, Gj , Gk) =
Cl∑
mCm

, m ∈ AC(Ci, Gj , Gk),

represents the probability that, provided we have selected a chain of length i with neigh-

boring gaps of length j and k, there is a neighboring chain of length l, where

AC(Ci, Gj , Gk) = {m ∈ Z|1 ≤ m ≤ N − i− j − k − 2} ∪ {N − i− j − k},

are the possible chains, given that we have selected a chain of length i with neighboring

gaps of length j and k. We note that the denominator in the probability expressions

can be zero. However, this occurs if and only if the numerator is zero and, in terms of

probability, is intuitive to interpret as zero.

Gaps

dG1

dt
=Pm

[
− 1

2

N−3∑
i=1

Y (C1, G1, Ci) + (1− α)
N−2∑
i=2

{
Ci

}
− 1

2

N−3∑
i=1

{
Y (C1, G1, Ci)

}
− 1− α

2

N−3∑
i=2

N−i−2∑
j=1

{
Y (Ci, G1, Cj)

}
+

1

2

N−4∑
i=1

{
Y (C1, G2, Ci)

}

+
1− α

2

N−4∑
i=2

N−i−3∑
j=1

{
Y (Ci, G2, Cj)

}
+ (1− α)Y (CN−2, G2)

]
+ Pp

[
G2 −G1

]

+ Pd

[
NCN +

N−1∑
i=3

{
(i− 2)Ci

}
−
N−3∑
i=2

N−i−2∑
j=1

{
Y (Ci, G1, Cj)

}

− 2Y (CN−1, G1)−
N−3∑
i=1

{
Y (C1, G1, Ci)

}]
,
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dGk
dt

=Pm

[
1

2

N−k−1∑
i=1

{
Y (C1, Gk−1, Ci)

}
− 1

2

N−k−2∑
i=1

{
Y (C1, Gk, Ci)

}
− 1

2

N−k−2∑
i=1

{
Y (C1, Gk, Ci)

}
− 1− α

2

N−k−2∑
i=2

N−k−i−1∑
j=1

{
Y (Ci, Gk, Cj)

}

+

N−k−3∑
i=1

{
Y (C1, Gk+1, Ci)

}
+

1− α
2

N−k−3∑
i=2

N−k−i−2∑
j=1

{
Y (Ci, Gk+1, Cj)

}

+ (1− α)
(
Y (CN−k−1, Gk+1)− Y (CN−k, Gk)

)]
+

Pp

[
Gk+1 −Gk

]
+ Pd

[
N−k−1∑
i=2

Nk−1∑
j=1

{
Y (Ci, Gk−1, Cj)

}
+ 2Y (CN−k+1, Gk−1)

−
N−k−2∑
i=2

N−k−i−1∑
j=1

{
Y (Ci, Gk, Cj)

}
− 2Y (CN−k, Gk)

−
N−k−1∑
i=1

Y (C1, Gk, Ci) +
1

2

k−2∑
i=1

{
Y (C1, Gi, Gk−i−1)

}]
, for k = 2, . . . , N − 3,

dGN−2

dt
=Pm

[
1

2
Y (C1, GN−3, C1)− (1− α)Y (C2, GN−2)

]
+ Pp

[
GN−1 −GN−2

]
+

Pd

[
2Y (C3, GN−3)− 2Y (C2, GN−2) +

1

2

N−4∑
i=1

Y (C1, Gi, GN−i−3)

]
,

dGN−1

dt
=Pp

[
−GN−1

]
+ Pd

[
2Y (C2, GN−2)−GN−1 +

1

2

N−3∑
i=1

Y (C1, Gi, GN−i−2)

]
,

dGN
dt

= Pd

[
GN−1

]
,

where

Y (C1, Gi, Gj) = C1

[
P (Gi|C1)P (Gj |C1, Gi) + P (Gj |C1)P (Gi|C1, Gj)

]
represents the number of chains of length one next to both a gap of length i and a gap of

length j.

7.7.2 Small birth and death rates

Baker and Simpson [14] demonstrate that both mean-field and corrected mean-field de-

scriptions provides predictions that match the average discrete behavior well, provided

that Pp/Pm � 1 and Pd/Pm � 1. In Figure 7.7 we show that the C&G description

provides similarly accurate predictions in these parameter regimes.
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Figure 7.7: Comparison between averaged discrete (black, dashed), mean-field (purple), corrected mean-
field (orange) and C&G (cyan) results for parameter regimes where Pp/Pm � 1 and Pd/Pm � 1. For all
results M = 1000, N = 100 and α = 0. Initially we have 50 occupied lattice sites.

7.7.3 Steady-state approximation

We solve the C&G model until late-time, that is, where dCn/dt ≈ 0 and dGn/dt ≈ 0. We

note that the time required for dCn/dt ≈ 0 and dGn/dt ≈ 0 is dependent on the param-

eters and the initial condition. In practice, we solve the C&G model until the solution

is approximately constant with respect to time, rather than algebraically solving for the

steady-state. For the results presented in Fig. 7.5 in the main document, the C&G model

was approximately at steady-state.

At steady-state, the net birth rate must be zero and hence

Pp
2

(2NS +NE) = Pd(NS +NE +NM ).

We know that NS = C1 and that there are two edge agents and n− 2 middle agents for

chains of n ≥ 2, except the special case where n = N and all agents are middle agents.

Therefore,

NE = 2

N−1∑
i=2

Ci, NM = NCN +

N−1∑
i=2

(i− 2)Ci.

If we rewrite the net birth rate in terms of Cn we obtain

Pp
2

[
2C1 + 2

N−1∑
i=2

Ci

]
= Pd

[
C1 + 2

N−1∑
i=2

Ci +NCN +
N−1∑
i=2

(i− 2)Ci

]
,

and, simplifying,

Pp

[N−1∑
i=1

Ci

]
= Pd

[ N∑
i=1

iCi

]
.
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Given that Cn is linear on a log10 scale at late-time, we make the assumption that Cn =

βn−1C1, β > 0, and, subsequently,

PpC1

[N−1∑
i=1

βi−1

]
= PdC1

[ N∑
i=1

iβi−1

]
.

In the limit N →∞, both the left- and right-hand side of the net birth rate have a power

series representation. As N is finite in our model, we therefore have an approximation,

namely,
N−1∑
i=1

βi−1 ≈ 1

1− β
,

and
N∑
i=1

iβi−1 ≈ 1

(1− β)2
,

which require |β| < 1 for convergence. The net birth rate can therefore be expressed as

PpC1

1− β
=

PdC1

(1− β)2
,

which can be rearranged to show that

β = 1− Pd
Pp
.

We note that we compared this approximation with β calculated from the C&G model

when dCn/dt ≈ 0 and dGm/dt ≈ 0, and that the approximation matches the solution of

the C&G model very well.

7.7.4 Numerical methods

The system of governing equations is implemented and solved in C with an adaptive

Runge-Kutta method [29]. To increase computational efficiency, the probability terms

are evaluated and stored at the beginning of each time step so that the probability terms

are not calculated repeatedly. Subsequently, the code produces solutions to the system of

governing equations within seconds on a desktop computer.
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Co-operation, competition and crowding: a discrete frame-

work linking Allee kinetics, nonlinear diffusion, shocks and

sharp-fronted travelling waves

A paper published in Scientific Reports.

Johnston, S. T., Baker, R. E., McElwain, D. L. S. and Simpson, M. J. [2017], ‘Co-

operation, competition and crowding: A discrete framework linking Allee kinetics, non-

linear diffusion, shocks and sharp-fronted travelling waves’, Scientific Reports 7, 421134.

8.1 Abstract

Invasion processes are ubiquitous throughout cell biology and ecology. During invasion,

individuals can become isolated from the bulk population and behave differently. We

present a discrete, exclusion-based process that models the birth, death and movement of

individuals. The model distinguishes between individuals that are part of, or are isolated

from, the bulk population by imposing different rates of birth, death and movement. This

enables the simulation of various co-operative or competitive mechanisms, where there is a

positive or negative benefit associated with being part of the bulk population, respectively.

The mean-field approximation of the discrete process gives rise to 22 different classes of

partial differential equation, which include Allee kinetics and nonlinear diffusion. Here

we examine the ability of each class of partial differential equation to support travelling

wave solutions and interpret the long time behaviour in terms of the individual-level

parameters. For the first time we show that the strong Allee effect and nonlinear diffusion

can result in shock-fronted travelling waves. We also demonstrate how differences in group

and individual motility rates can influence the persistence of a population and provide

conditions for the successful invasion of a population.
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8.2 Introduction

Processes where individuals invade, and subsequently colonise, a region of space are preva-

lent in cell biology and ecology [2, 11, 19–21, 33, 48, 52, 61, 66, 68]. In cell biology, wound

healing involves the invasion of fibroblasts into the wound space for tissue regeneration

[48]. The invasion of glioma cells throughout the brain can lead to the formation of malig-

nant brain tumours (glioblastoma) [2, 19, 66]. In ecology, the introduction and subsequent

invasion of an alien species is a significant factor contributing to the extinction of native

species [11, 68].

During invasion, individuals that become separated from the bulk population have been

observed to have different behaviours to individuals within the bulk population [5, 13,

22, 52, 67]. This is intuitive in ecological processes, as a decrease in the number of

individuals within the bulk population can reduce the number of potential mates [13, 57,

67, 70] or lessen the efficacy of predator avoidance [22, 57, 67]. In cell biology, individual

micrometastases have been observed to have reduced growth rates below a threshold size,

which suggests that the presence of additional cells enhances the birth rate [5].

Continuum mathematical models of invasion processes have been studied extensively since

the Fisher-Kolmogorov model was first proposed in 1937 [1, 4, 7, 9, 15–17, 26, 34, 36, 41,

49, 54, 67]. The Fisher-Kolmogorov model is a partial differential equation (PDE) de-

scription of the evolution of population density, where the temporal change in population

density is attributed to a combination of linear diffusion and logistic growth [17, 36].

The Fisher-Kolmogorov model has been applied to various problems in cell biology and

ecology [30, 44, 45, 63]. The logistic growth term implies that the population density

will always tend toward the carrying capacity [49]. This prediction does not reflect the

observation that isolated individuals can experience a reduction in their birth rate [22].

This effect, known as the Allee effect, has two known forms. First, the strong Allee

effect, where the growth rate is negative for sufficiently low densities [28, 67]. Second,

the weak Allee effect, where the growth rate is reduced, but remains positive, at low

densities [67]. Reaction-diffusion PDEs incorporating linear diffusion and Allee growth

kinetics have been proposed and analysed [4, 15, 16, 26, 34, 41, 54, 67]. A key feature of

interest for models of invasion is whether the PDE supports a travelling wave solution,

where a wave front of constant shape moves through space with a constant speed. The

sign of the wave speed indicates whether successful invasion occurs, and the magnitude

of the wave speed provides an estimate of how quickly a population invades or recedes.

More complicated descriptions of invasion processes with either Fisher or Allee kinetics

and density-dependent nonlinear diffusion have been proposed, with the motivation of

describing spatial aggregation or segregation [14, 38, 42, 43, 55, 56].

A key feature of the Fisher-Kolmogorov model, and many extensions thereof, is that

these PDE models are typically derived using phenomenologically-based arguments with-

out incorporating information from an underlying stochastic description of individual-level
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behaviours. In this work we consider a relatively straightforward lattice-based discrete

birth-death-movement model. An important characteristic of the model is that it explic-

itly accounts for crowding effects by only allowing for one agent per lattice site. Addi-

tionally, the rates at which birth, death and movement events occur depend on whether

an agent is part of a group of agents or is isolated. We demonstrate that the standard

continuum approximation of this discrete model can lead to either logistic or Allee kinet-

ics, in an appropriate parameter regime. Furthermore, we demonstrate that imposing a

different motility rate for agents that are isolated, compared to other agents, leads to a

variety of density-dependent nonlinear diffusion functions. Previous studies have exam-

ined many different types of phenomenologically-based PDEs that are motivated in an

ad hoc fashion. In contrast, our PDE description arises from a single, relatively simple,

physically-motivated model. In Table 8.1 we highlight this generality, as the single dis-

crete model gives rise to 22 different classes of PDE that describe the population-level

behaviour.

While several of these PDEs have been studied previously, for completeness we examine

the ability of each class of PDE to support travelling wave solutions. For certain classes of

PDE, we present details of the travelling wave solutions for the first time. Interestingly,

we obtain travelling wave solutions for PDEs that have nonlinear diffusivity functions

with regions of negative diffusivity. Furthermore, we show that the strong Allee effect

combined with these diffusivity functions can lead to novel shock-fronted travelling wave

solutions. As these diffusivity functions are obtained directly from a discrete model,

we can determine which competitive/co-operative individual-level mechanisms result in

shock-fronted travelling wave solutions. Similarly, we are able to interpret the influence

of motility on the persistence of a population, and highlight how this influence varies

nonlinearly with the carrying capacity density. More generally, we provide new insight

into the long time behaviour of an invasive population in terms of its individual-level

properties.
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Nonlinear Degenerate Number of Negative Source Grouped Relevant
diffusivity diffusivity non-degenerate zeroes diffusivity Term agent death previous analysis

Case 1 x x 0 x Fisher x [1, 4, 7, 9, 17, 26, 36, 49]

Case 2: Sub-case 1 X x 0 x Fisher x [23–25]

Case 2: Sub-case 2 X X 0 x Fisher x [46, 55, 60, 62]

Case 2: Sub-case 3 X x 2 X Fisher x [14]

Case 2: Sub-case 4 X X 1 X Fisher x [42]

Case 3 x x 0 x Fisher X [1, 4, 7, 9, 17, 26, 36]

Case 4: Sub-case 1 X x 0 x Fisher X [23–25]

Case 4: Sub-case 2 X X 0 x Fisher X [46, 55, 60, 62]

Case 4: Sub-case 3 X x 2 X Fisher X [14]

Case 4: Sub-case 4 X X 1 X Fisher X [42]

Case 4: Sub-case 5 X x 1 X Fisher X [42]

Case 5 x x 0 x Allee x [4, 15, 16, 26, 34, 41, 54, 67]

Case 6: Sub-case 1 X x 0 x Allee x [46, 50]

Case 6: Sub-case 2 X X 0 x Allee x [47, 56]

Case 6: Sub-case 3 X x 2 X Allee x [38]

Case 6: Sub-case 4 X X 1 X Allee x [43]

Case 7 x x 0 x Allee X [4, 15, 16, 26, 34, 41, 54, 67]

Case 8: Sub-case 1 X x 0 x Allee X [46, 50]

Case 8: Sub-case 2 X X 0 x Allee X [47, 56]

Case 8: Sub-case 3 X x 2 X Allee X [38]

Case 8: Sub-case 4 X X 1 X Allee X [43]

Case 8: Sub-case 5 X x 1 X Allee X [43]

Table 8.1: Different classes of PDE associated with the discrete model in appropriate parameter regimes. An Allee source term can correspond to either the
weak, strong or reverse Allee effect. Degenerate diffusivity refers to the case where F (C∗) = R(C∗) = 0 for some value C∗. A detailed analysis of all cases is presented in the
Supplementary Material.
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8.3 Results

We consider a discrete lattice-based exclusion process where agents undergo birth, death

and movement events. We distinguish between isolated agents and grouped agents by

imposing different rates of birth, death and movement depending on whether an agent

has zero or at least one nearest-neighbour agent, respectively. A more detailed description

of the discrete model is presented in the Methods. To derive a continuum limit PDE

description of the discrete model [31, 65] we consider the change in occupancy of a lattice

site j during a single time step of duration τ , and obtain

δCj =
P im
2

[
Cj−1(1− Cj)(1− Cj−2) + Cj+1(1− Cj)(1− Cj+2)− 2Cj(1− Cj−1)(1− Cj+1)

]
+
P gm
2

[
Cj−1(1− Cj) + Cj+1(1− Cj)− Cj(1− Cj−1)− Cj(1− Cj+1)

]
− P gm

2

[
Cj−1(1− Cj)(1− Cj−2) + Cj+1(1− Cj)(1− Cj+2)

− 2Cj(1− Cj−1)(1− Cj+1)

]
+
P ip
2

[
Cj−1(1− Cj)(1− Cj−2) + Cj+1(1− Cj)(1− Cj+2)

]
+
P gp
2

[
Cj−1(1− Cj) + Cj+1(1− Cj)

]
− P gp

2

[
Cj−1(1− Cj)(1− Cj−2) + Cj+1(1− Cj)(1− Cj+2)

]
− P id

[
Cj(1− Cj−1)(1− Cj+1)

]
− P gd

[
Cj

]
+ P gd

[
Cj(1− Cj−1)(1− Cj+1)

]
. (8.1)

Here, Cj represents the probability that the site j is occupied and, therefore, 1−Cj repre-

sents the probability that the site is vacant [65]. Furthermore, as products of probabilities

are interpreted as net transition probabilities, the usual assumption that the occupancy

of lattice sites are independent is made [6, 29, 31, 32, 64].

Note that Cj is the total occupancy of site j, that is, the sum of the occupancy of isolated

agents and the occupancy of grouped agents at that site. We now interpret the terms on

the right-hand side of Equation (8.1) in terms of the physical change in lattice occupancy.

The positive terms proportional to P im correspond to isolated agents moving into site j,

while the negative terms correspond to isolated agents moving out of site j. Each term

consists of three factors. For the negative terms, these factors are the probability that

site j is occupied, and the probabilities that sites j − 1 and j + 1 are vacant. For the

positive terms, the three factors are the probability that site j ± 1 is occupied, and the

probabilities that sites j and j± 2 are vacant. The third factor is required to ensure that

the term describes isolated agents. The positive/negative terms proportional to the first

P gm term on the right-hand side of Equation (8.1) correspond to grouped agents moving

in/out of site j. These terms consist of two factors; the probability that the selected site

is occupied and the probability that the target site is vacant. The second P gm term ensures
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that the isolated agents are not counted twice. The remaining terms can be interpreted

similarly; products of probabilities that specific sites are occupied or vacant that describe

the change of occupancy of a site in response to a birth or death event.

To obtain a PDE description we divide Equation (8.1) by τ and consider Cj as a continuous

function, C(x, t). We expand C(x, t) in a Taylor series around x = j∆, truncating terms

of O(∆3), where ∆ is the lattice spacing [31, 65]. Taking the limit ∆→ 0 and τ → 0 such

that ∆2/τ is held constant [12, 27, 65] gives

∂C

∂t
= Dg

∂2C

∂x2
+
(
Di −Dg

) ∂
∂x

((
1− 4C + 3C2

)∂C
∂x

)
+ λgC

(
1− C

)
+
(
λi − λg

)
C
(

1− C
)2
−KgC −

(
Ki −Kg

)
C
(

1− C
)2
, (8.2)

where

Dg = lim
∆,τ→0

P gm∆2

2τ
, Di = lim

∆,τ→0

P im∆2

2τ
, λg = lim

τ→0

P gp
τ
, λi = lim

τ→0

P ip
τ
,

Kg = lim
τ→0

P gd
τ
, Ki = lim

τ→0

P id
τ
, (8.3)

with the further assumption that P ip, P
g
p , P id, P

g
d are O(τ) [65]. The individual-level

parameters are treated as being interchangeable with the continuum-level parameters as

defined in (8.3). All implementations of the discrete model in this work have ∆ = τ = 1.

It is convenient to write Equation (8.2) in conservation form

∂C

∂t
=

∂

∂x

(
F (C)

∂C

∂x

)
+R(C), (8.4)

where

F (C) = Di(1− 4C + 3C2) +Dg(4C − 3C2), (8.5)

is the nonlinear diffusivity function, and

R(C) = λgC(1− C) + (λi − λg −Ki +Kg)C(1− C)2 −KgC, (8.6)

is the source/sink term.

The aims of this work are to first illustrate that the very different types of behaviour

encoded in the discrete model are also reflected in the solution of Equation (8.2). Once

we have demonstrated this connection, we focus on examining travelling wave solutions

for the 22 different classes embedded within Equation (8.2), as summarised in Table 8.1.

In the main document we highlight novel and key results for specific classes of PDEs

resulting from the discrete model, and provide relevant discussion about the implications

of the long time population behaviour. A more thorough investigation of the travelling

wave solutions arising from all 22 classes of PDEs is presented in the Supplementary

Material.
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Figure 8.1: Comparison of the discrete model and the continuum approximation. (a)-(f) 20
identically-prepared realisations of the discrete model at (a), (d) t = 0; (b), (e) t = 500; (c), (f) t = 1000.
The discrete model simulations correspond to (a)-(c) P im = P gm = 1, P ip = P gp = 0.005, P id = 0.002, P gd = 0;
(d)-(f) P im = P gm = 1, P ip = P gp = 0.005, P id = 0.008, P gd = 0.002. For all simulations τ = 1, ∆ = 1. (g)-(h)
Comparisons between the averaged discrete model (black, solid) and the numerical solution of Equation
(8.2) (cyan, dashed) at t = 0, t = 500 and t = 1000 for the parameters in (a)-(c) and (d)-(f), respectively.
The grey lines indicate the initial condition and the arrow indicates the direction of increasing time. For
all discrete solutions, M = 1000, X = 600, ∆ = τ = 1. For all continuum solutions, δx = 1, δt = 0.1,
ε = 10−6.

Twenty identically-prepared realisations of the discrete model are presented in Figures

8.1(a)-(f) for two different parameter regimes. In the first parameter regime, where P gd =

0, the initially-occupied region of the lattice remains fully occupied, as shown in Figures

8.1(a)-(c). When we introduce P gd > 0, as shown in Figures 8.1(d)-(f), the initially-

occupied region of the lattice becomes partially vacant as time increases. We also compare

the average discrete behaviour and the corresponding numerical solution of Equation (8.2)

in Figures 8.1(g)-(h). This comparison shows that the solution of the continuum PDE

matches the average discrete behaviour well, and predicts both the spread of the agent

population in Figure 8.1(g) and the decrease in agent density in Figure 8.1(h).

The governing PDE, Equation (8.2), can be simplified in specific parameter regimes.

While several of these simplified PDEs have been studied extensively, we summarise all

non-trivial cases for completeness. It is instructive to consider each case and discuss the

implications of the long term behaviour in terms of the discrete model parameters, as

previous derivations of these PDEs have arisen from a variety of ad hoc arguments rather

than working with a single unifying model. In Table 8.1 we summarise the salient features
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of 22 different special cases of Equation (8.2). The nonlinear diffusivity function, F (C),

has four key properties:

• F (C) can either be a constant, or a function of the density of individuals;

• F (C) can be degenerate, which implies that at one or more densities, C∗, we have

F (C∗) = R(C∗) = 0;

• F (C) can be zero at values of C∗ that are non-degenerate, that is, F (C∗) =

0, R(C∗) 6= 0. In our model, this can occur at either zero, one or two different

values of C; and

• F (C) can be negative for an interval of C values.

The source term, R(C), has two key properties:

• R(C) can represent either Fisher kinetics (logistic growth) or Allee kinetics (bistable);

and

• the grouped agent death rate, P gd , can be zero or non-zero. If the rate is non-zero,

the carrying capacity density is reduced.

There are three different types of Allee kinetics considered in this work; weak, strong

and reverse. We consider these three kinetics together for brevity, as it is relatively

simple to change the parameter regime to alter the type of Allee effect without changing

the competitive/co-operative mechanism described. The reverse Allee effect, which we

describe here for the first time, refers to a growth rate that is reduced at high density,

compared to logistic kinetics, but remains positive.

8.3.1 Fisher kinetics

The choice of whether the birth and death mechanisms imposed in the discrete model are

neutral or are competitive/co-operative determines the form of the source term. If both

P ip = P gp and P id = P gd , and hence both the birth and death mechanisms are neutral, the

source term represents Fisher kinetics and Equation (8.2) simplifies to

∂C

∂t
=

∂

∂x

(
F (C)

∂C

∂x

)
+ λC(1− C)−KC, (8.7)

where λ = λi = λg and K = Ki = Kg. Transforming Equation (8.7) into travelling wave

co-ordinates z = x− vt, where v is a constant wave speed and −∞ < z <∞, results in

v
dC

dz
+F (C)

d2C

dz2
+(Di−Dg)(6C−4)

(
dC

dz

)2

+λC(1−C)−KC = 0, −∞ < z <∞. (8.8)



Chapter 8. Co-operation, competition and crowding: A discrete framework
linking Allee kinetics, nonlinear diffusion, shocks and sharp-fronted travelling
waves

203

0 1
0

1

P
m

P
m

(a)

i

g

0 1
0

1

0 1
0

1

P
m

P
m

i

g

P
m

P
m

i

g

(b)

(c)

0 1

0

0.5

F
S
(C)

C

S = 1.0 S = 0.9

S = 0.5 S = 0.9

(d)

Figure 8.2: Classification of Fs(C) for different carrying capacity densities. (a)-(c) Type of Fs(C)
function for 0 ≤ C ≤ 1 for the parameter space P im ∈ [0, 1] and P gm ∈ [0, 1] with (a) S = 1.0; (b) S = 0.9; (c)
S = 0.5. Grey regions correspond to parameter pairs that result in strictly positive Fs(C), purple regions
correspond to parameter pairs that result in positive-negative-positive Fs(C) and red regions correspond
to parameter pairs that result in positive-negative Fs(C). Cyan, orange and black lines correspond
to constant, extinction-degenerate non-negative and capacity-degenerate positive-negative Fs(C) curves,
respectively. (d) Example Fs(C) for each region in (b). The white circles in (b) denote the parameter
pairs used to generate the curves in (d).

Substituting U = dC/dz allows Equation (8.8) to be expressed as a system of ordinary

differential equations (ODEs)

dC

dz
= U, (8.9)

dU

dz
=
−vU − (Di −Dg)(6C − 4)U2 − λC(1− C) +KC

F (C)
. (8.10)

The equilibrium points of Equations (8.9)-(8.10) occur at (C,U) = (0, 0) and (C,U) =

(S, 0), where S = (λ − K)/λ. The range of physically relevant C values correspond to

0 ≤ C ≤ S. Hence the carrying capacity density, S, determines the numbers of times

that F (C) = 0 for physically relevant C values. As such, we introduce a new variable

C = C/S such that the agent density is scaled by the carrying capacity and the zeroes of

R(C) occur at C = 0 and C = 1.
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Transforming Equation (8.7) in terms of C, we obtain

∂C

∂t
=

∂

∂x

(
Fs(C)

∂C

∂x

)
+ (λ−K)C(1− C), (8.11)

where Fs(C) = F (SC) = Di(1 − 4SC + 3(SC)2) + Dg(4SC − 3(SC)2). Equation (8.11)

is the Fisher-Kolmogorov equation in terms of C with a nonlinear diffusivity function,

Fs(C). This new nonlinear diffusivity function has different properties depending on S,

Di and Dg. To highlight this, Figure 8.2 shows the (P im, P
g
m) parameter space for three

different choices of S and the qualitative behaviour of the corresponding Fs(C) function.

For all S values, parameter pairs that result in a constant Fs(C) are highlighted in cyan.

All parameter pairs that result in Fs(C) > 0 for 0 ≤ C ≤ 1 are denoted by the grey

regions. This type of diffusivity function is referred to as strictly positive. Similarly,

for all S values, there are parameter pairs that result in Fs(0) = 0, and Fs(C) > 0

otherwise, which are highlighted in orange. We refer to this type of diffusivity function

as extinction-degenerate non-negative.

For S = 1, presented in Figure 8.2(a), P im > 4P gm, denoted in purple, results in an

interval α < C < β, α < β < 1, where Fs(C) < 0. We refer to this type of nonlinear

diffusivity function as positive-negative-positive. Decreasing S to 0.9, presented in Figure

8.2(b), we observe that the purple region again occurs for P im > 4P gm. However, if

P gm < 0.145P im, highlighted in red, Fs(C) < 0 for ω < C ≤ 1, and hence Fs(C) has only

one zero in 0 ≤ C ≤ 1. This type of nonlinear diffusivity function is not observed with

S = 1 and we refer to it as positive-negative. Specifically, this behaviour occurs when

(16− (6S − 4)2)P gm < (4− (6S − 4)2)P im and P im > 4P gm. Furthermore, this implies that

for S < 2/3 there are no (P im, P
g
m) values that correspond to positive-negative-positive

Fs(C). A choice of (P im, P
g
m) that demonstrates this is shown in Figure 8.2(c). Unlike in

Figures 8.2(a)-(b), we see that there is no purple region. Finally, if (16− (6S − 4)2)P gm =

(4− (6S − 4)2)P im, highlighted in black, Fs(1) = 0 and Fs(C) < 0 for ω < C < 1, which

we refer to as capacity-degenerate positive-negative. Note that for S < 1/3, Fs(C) ≥ 0 for

0 ≤ C ≤ 1. An example Fs(C) curve for each type of diffusivity function is presented in

Figure 8.2(d). PDE models that contain diffusivity functions with a region of negative

diffusivity have been considered previously. However, these models either do not contain

a source term or consider source terms that do not support travelling wave solutions

[8, 40, 69]. Hence the model and analysis considered in this work is significantly different

to the previous studies.

For all combinations of neutral, competitive and co-operative mechanisms that give rise to

a reaction-diffusion equation with Fisher kinetics we examine the ability of the equation

to give rise to long time travelling wave solutions. While details of the travelling wave

solutions for certain types of diffusivity functions have been presented previously, we

summarise the key features of the travelling wave solutions in tabular form for all cases for

completeness in Table 8.2. For the cases where solution profiles have not been presented
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Diffusivity function classification Travelling wave Front type Direction

Constant Yes Smooth Positive

Strictly positive Yes Smooth Positive

Extinction-degenerate non-negative Yes Sharp Positive

Positive-negative-positive Yes Smooth Positive

Capacity-degenerate positive-negative Yes Smooth Positive

Positive-negative Yes Smooth Positive

Table 8.2: Classification of travelling wave solutions arising from different classes of PDEs with Fisher
kinetics. Highlighted entries refer to cases analysed in detail in the manuscript; the other cases are
analysed in the Supplementary Material.

previously, we provide more detailed discussion. A detailed analysis for each case is

presented in the Supplementary Material.

Positive-negative-positive nonlinear diffusivity function

The first diffusivity function we examine in detail is the positive-negative-positive non-

linear diffusivity function, where Fs(C) < 0 for an interval α < C < β. The simplest

positive-negative-positive Fs(C) occurs where P id = P gd = 0 and hence S = 1. For these

parameters, Fs(C) = F (C). Note that introducing non-zero P id and P gd merely scales the

governing equation and hence extending this analysis to cases with non-zero agent death

is straightforward, provided that Fs(C) has two zeroes on the interval 0 < C < 1. Param-

eters that result in a positive-negative-positive Fs(C) are highlighted in purple in Figure

8.2 and, for this case, with P id = P gd = 0, occur when P im > 4P gm. For positive-negative-

positive F (C), Equation (8.10) is singular at C = α and C = β, where the interval of

F (C) < 0 is given by

α =
2

3
−
√

(P im)2 − 5P imP
g
m + 4(P gm)2

3(P im − P
g
m)

< C < β =
2

3
+

√
(P im)2 − 5P imP

g
m + 4(P gm)2

3(P im − P
g
m)

.

(8.12)

The singularities at C = α and C = β cannot be removed using a stretching transforma-

tion (Supplementary Material) since R(α) 6= 0 and R(β) 6= 0. However, it is possible for

dU/dz to be finite at C = α and C = β if Uα and Uβ exist such that

lim
C→α

[
−vUα − (Di −Dg)(6C − 4)U2

α − λC(1− C)

Di(1− 4C + 3C2) +Dg(4C − 3C2)

]
, (8.13)

lim
C→β

[−vUβ − (Di −Dg)(6C − 4)U2
β − λC(1− C)

Di(1− 4C + 3C2) +Dg(4C − 3C2)

]
, (8.14)

are both finite. This requires the numerator in the expressions (8.13)-(8.14) vanish at

C = α and C = β, respectively. As such, Uα and Uβ are obtained by solving the system

0 = −vUα − (Di −Dg)(6α− 4)U2
α − λα(1− α), (8.15)

0 = −vUβ − (Di −Dg)(6β − 4)U2
β − λβ(1− β), (8.16)
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resulting in Uα = −(v±
√
v2 − 4F ′(α)R(α))/2F ′(α) and Uβ = −(v±

√
v2 − 4F ′(β)R(β))/2F ′(β).

We note that as R(C) ≥ 0 for 0 ≤ C ≤ 1, and that F ′(α) ≤ 0 for all possible α values, Uα

will be real-valued. Subsequently, we have a wave speed condition that v ≥ 2
√
F ′(β)R(β),

as F ′(β) ≥ 0 for all possible β values. Ferracuti et al. [14] prove that the mini-

mum wave speed, v∗, is greater than a threshold value, which in turn is greater than

max{R′(0)F (0), F ′(β)R(β)}. Therefore, Uβ will also always be real-valued.

Applying L’Hopital’s Rule to Equation (8.10), we obtain

lim
C→α

dU

dz

∣∣∣∣
U=Uα

= lim
C→α

[
6(Di −Dg)U

2
α + λ(1− 2C)

(Dg −Di)(6C − 4)

]
, (8.17)

lim
C→β

dU

dz

∣∣∣∣
U=Uβ

= lim
C→β

[
6(Di −Dg)U

2
β + λ(1− 2C)

(Dg −Di)(6C − 4)

]
, (8.18)

which are finite provided that α 6= 2/3 and β 6= 2/3. For the system of Equations (8.9)-

(8.10), we have two straight lines in the phase plane where dU/dz is infinite, at C = α

and C = β. These kind of lines have previously been called walls of singularities for

hyperbolic models related to chemotactic and haptotactic invasion [51]. For a smooth

solution trajectory joining the two equilibrium points on opposite sides of the wall of

singularities, we require that the trajectory passes through the wall of singularities. This

implies that the solution trajectory must pass through the wall of singularities at the

special points, (α,Uα) and (β, Uβ), known as holes in the wall [51, 71]. Otherwise, a

smooth heteroclinic orbit between (1, 0) and (0, 0) cannot exist, as limC→α |U | → ∞ and

limC→β |U | → ∞. As Uα and Uβ are real valued and the limits in Equations (11)-(12) are

finite, the holes in the wall always exist for Fisher kinetics.

We superimpose the numerical solution of Equation (8.7) in (C,U) co-ordinates on the

phase plane for the system (8.9)-(8.10) in Figures 8.3(a) and 8.3(d). Details of the numer-

ical techniques used to solve Equation (8.7) and to generate the phase planes are given

in the Methods. The numerical solution appears to form a heteroclinic orbit between

(1, 0) and (0, 0) in both cases, and passes through the holes in the wall of singularities,

denoted using purple circles. Continuum models with negative diffusivity and no source

terms have been relatively well studied, and exhibit shock behaviour across the region

of negative diffusion [39, 72]. Interestingly, our solution does not include a shock and is

instead smooth through the region of negative diffusion.

The numerical solution of Equation (8.7) at t = 100 and t = 200 is shown in Figures

8.3(b) and 8.3(e), confirming that the waveform does not change with time. To quantify

the wave speed we calculate the time evolution of the leading edge, L(t) = xf such that

C(xf , t) ≈ 1 × 10−4. If the solution of Equation (8.7) forms a travelling wave, L(t) will

tend to a straight line with slope v, as t → ∞. In Figures 8.3(c) and 8.3(f), we observe

that L(t) is approximately linear with slope v, and hence the solution of Equation (8.7)

moves with approximately constant speed at long times. Overall, these features suggest
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Figure 8.3: Travelling wave behaviour for Equation (8.7) with positive-negative-positive F (C)
(Case 2.3). (a), (d) Phase plane for the system (8.9)-(8.10) with the numerical solution of Equation (8.7),
in (C,U) co-ordinates, superimposed. The grey region corresponds to values of C where F (C) < 0. The
dashed black lines denote a wall of singularities. Red circles correspond to equilibrium points and purple
circles correspond to holes in the wall. (b), (e) Numerical solution of Equation (8.7) at t = 100 and
t = 200. The grey lines indicate the initial condition and the arrows indicate the direction of increasing
time. (c), (f) The time evolution of the position of the leading edge of the travelling wave solution, L(t).
All results are obtained using P id = P gd = 0, δx = 0.01, δt = 0.01, ε = 10−6 and (a)-(c) P im = 0.5,
P gm = 0.1, P ip = P gp = 0.75, v = 0.864; (d)-(f) P im = 0.1, P gm = 0.01, P ip = P gp = 1.0, v = 0.448.

that the solution of Equation (8.7) with positive-negative-positive F (C) approaches a

travelling wave.

Capacity-degenerate positive-negative nonlinear diffusivity function

For the special case where P gm = 0, Fs(1) = 0. Again, we consider the case with zero agent

death for simplicity, and note that it is straightforward to extend the analysis for cases

with non-zero agent death. As F (C) is degenerate at C = 1, it is intuitive to expect there

could be sharp-fronted travelling wave solutions, with the sharp front near C = 1, similar

to the results in [62] and in the Supplementary Material. However, unlike these cases,

we have an interval 1/3 < C < 1 where F (C) < 0. To determine whether this negative

diffusivity influences the presence of sharp fronts, we follow the approach of Maini et

al. [42], who show that the existence of travelling waves for reaction-diffusion equations

with capacity-degenerate positive-negative F (C) can be determined by considering the

existence of travelling waves for

∂C

∂t̂
=
∂2C

∂x2
+ F (C)R(C), t̂ ≥ 0. (8.19)

The restriction on t̂ implies F (C) > 0. As F (C) < 0 for 1/3 < C < 1, Equation (8.19) is

only equivalent to Equation (8.7) for 0 ≤ C ≤ 1/3. For 1/3 ≤ C ≤ 1, Equation (8.7) is
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Figure 8.4: Travelling wave behaviour for Equation (8.7) with capacity-degenerate positive-
negative F (C) (Case 2.4). (a) Phase plane for the system (8.9)-(8.10) with the numerical solution of
Equation (8.7), in (C,U) co-ordinates, superimposed. The grey region corresponds to values of C where
F (C) < 0. The dashed black lines denote two walls of singularities. Red circles correspond to equilibrium
points and purple circles correspond to holes in the wall. (b) Numerical solution of Equation (8.7) at
t = 100 and t = 200. The grey lines indicate the initial condition and the arrow indicates the direction of
increasing time. (c) The time evolution of the position of the leading edge of the travelling wave solution,
L(t). All results are obtained using P im = 0.01, P gm = 0, P ip = P gp = 1.0, P id = P gd = 0, δx = 0.01,
δt = 0.01, ε = 10−6, v = 0.1433.

equivalent to
∂C

∂t̂
=
∂2C

∂x2
+ F̂ (C)R̂(C), t̂ ≥ 0, (8.20)

where F̂ (C) = −F (1 − C) and R̂(C) = R(1 − C) [42]. Equations (8.19)-(8.20) have

minimum travelling wave speeds v∗0 and v∗1, respectively. Maini et al. [42] prove that

sharp fronts in the travelling wave near C = 1 only exist if F (1) = 0 and v∗1 < v∗0. The

first condition is obviously satisfied, while the second can be determined by considering the

behaviour of the equivalent ordinary differential systems in travelling wave coordinates in

the neighbourhood of the equilibrium points. Both equations have minimum wave speed

conditions, v∗0 = v∗1 = 2
√
λDi, to obtain physically-relevant heteroclinic orbits, and hence

travelling wave solutions with a sharp region near C = 1 do not exist.

Travelling wave behaviour for a parameter regime with F (1) = 0 is shown in Figure 8.4.

The equilibrium point at (1, 0) is also a hole in the wall. The solution trajectory forms

a heteroclinic orbit between (1, 0) and (0, 0), and passes through the region of C where

F (C) < 0. Although F (1) = 0, we do not observe a solution trajectory corresponding to

a sharp front, as for capacity-degenerate non-negative F (C) (Supplementary Material).

This result is consistent with the analysis of Maini et al. [42]. The numerical solution of

Equation (8.4), presented in Figure 8.4(b), has a relatively steep front but is not sharp

near C = 1. As L(t), presented in Figure 8.4(c), becomes linear as t increases and the

waveform in Figure 8.4(b) are consistent, the numerical solution of Equation (8.7) with

F (1) = 0 appears to form a classic travelling wave.

Positive-negative nonlinear diffusivity function

The positive-negative case, where Fs(C) > 0 for 0 ≤ C < ω and Fs(C) < 0 for

ω < C ≤ 1, cannot occur with K = 0. It is instructive to examine whether sta-
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Figure 8.5: Travelling wave behaviour for Equation (8.7) with positive-negative Fs(C) (Case
4.5). (a) Phase plane for the system (8.9)-(8.10) with the numerical solution of Equation (8.7), in (C,U)
co-ordinates, superimposed. The grey region corresponds to values of C where Fs(C) < 0. The dashed
black lines denote a wall of singularities. Red circles correspond to equilibrium points and purple circles
correspond to holes in the wall. (b) Numerical solution of Equation (8.7) at t = 50 and t = 100. The grey
lines indicate the initial condition and the arrow indicates the direction of increasing time. (c) The time
evolution of the position of the leading edge of the travelling wave solution. All results are obtained using
P im = 0.05, P gm = 0.01, P ip = P gp = 1.0, P id = P gd = 0.25, δx = 0.1, δt = 0.01, ε = 10−6, v = 0.2760.

ble travelling wave solutions of Equation (8.7) exist in such a case, as the non-zero

equilibrium point now occurs in the region where Fs(C) < 0. If we perform stan-

dard linear analysis on Equations (8.9)-(8.10), the Jacobian at (S, 0) has eigenvalues

ξ = (−v ±
√
v2 + 4F (S)(λ(2S − 1) +K))/2F (S), which implies that the equilibrium

point is an unstable node provided v > 2
√
−F (S)(λ(2S − 1) +K). The negative sign

is present as F (S) < 0 for positive-negative Fs(C). The Jacobian at (0, 0) has eigen-

values ξ = (−v ±
√
v2 − 4Di(λ−K))/2Di, which is a stable node provided that v >

2
√

(λ−K)Di. While there are infinitely many solution trajectories out of the unstable

node, we require that the solution trajectory passes through the hole in the wall, and

hence there is a single solution trajectory that forms a heteroclinic orbit.

Travelling wave behaviour for Equation (8.7) with positive-negative Fs(C) is shown in

Figure 8.5. The numerical solution of Equation (8.7), in (C,U) co-ordinates, passes

through the wall of singularities where Equation (8.10) is finite and forms a heteroclinic

orbit between (S, 0) and (0, 0). The travelling wave front is of classic type, a result

predicted by the analysis performed by Maini et al. [42] as Fs(0) 6= 0 and Fs(1) 6= 0.

8.3.2 Allee kinetics

If the birth and death mechanisms are either competitive or co-operative, that is, P ip 6= P gp

and P id 6= P gd , then the source term represents an Allee effect [67] and hence Equation

(8.2) can be expressed as

∂C

∂t
=

∂

∂x

(
F (C)

∂C

∂x

)
+ (Ki −Kg − λi + λg)A1C

(
1− C

A1

)(
C −A2

)
, (8.21)
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where

A1 =
2λi − λ− 2Ki + 2Kg −

√
λ2
g + 4Kg(λi − λg −Ki +Kg)

2(λi − λg −Ki +Kg)
,

A2 =
2λi − λ− 2Ki + 2Kg +

√
λ2
g + 4Kg(λi − λg −Ki +Kg)

2(λi − λg −Ki +Kg)
. (8.22)

Note that either λg ≥ 2(Kg +
√
Kg(Ki − λi)) or λi > Ki must be satisfied or R(C) ≤ 0

for 0 ≤ C ≤ 1 and the population will tend to extinction. In travelling wave co-ordinates,

Equation (8.21) is

v
dC

dz
+ F (C)

d2C

dz2
+ F ′(C)

(
dC

dz

)2

+ (Ki −Kg − λi + λg)A1C

(
1− C

A1

)(
C −A2

)
= 0,

−∞ < z <∞, (8.23)

and, making the substitution U = dC/dz, it corresponds to

dC

dz
= U, (8.24)

dU

dz
= − vU

F (C)
− (Di −Dg)(6C − 4)U2

F (C)
− (Ki −Kg − λi + λg)A1C

F (C)

(
1− C

A1

)(
C −A2

)
.

(8.25)

If P gd = 0, then A1 = 1, and the source term in (8.21) simplifies to R(C) = rC(1−C)(C−
A), where r = Ki − λi + λg is the intrinsic growth rate and A = (Ki − λi)/(Ki − λi + λg)

is the Allee parameter [67].

A new variable C = C/A1 is introduced such that the range of physically relevant C

values corresponds to 0 ≤ C ≤ 1. Substituting C into Equation (8.21) results in

∂C

∂t
=

∂

∂x

(
FA(C)

∂C

∂x

)
+ (Ki −Kg − λi + λg)A

2
1C(1− C)(C −A), (8.26)

where FA(C) = F (A1C) = Di(1− 4A1C
2

+ 3A2
1C

2
) +Dg(4A1C − 3A2

1C
2
) and

A =
A2

A1
=

2λi − λ− 2Ki + 2Kg +
√
λ2
g + 4Kg(λi − λg −Ki +Kg)

2λi − λ− 2Ki + 2Kg −
√
λ2
g + 4Kg(λi − λg −Ki +Kg)

. (8.27)

The transformed nonlinear diffusivity, FA(C), has the same characteristics as Fs(C),

presented in Figure 8.2, albeit in terms of the scaled Allee carrying capacity, A1. For P im =

P gm, FA(C) represents linear diffusion. Reaction-diffusion equations with linear diffusion

and either weak or strong Allee kinetics have been well-studied [4, 15, 16, 26, 34, 41, 54, 67].

For additional details we refer the reader to [67]. Weak Allee kinetics correspond to

(Ki − Kg − λi + λg) > 0 and A < 0, and represent a growth rate that is inhibited at
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Figure 8.6: Comparison of source terms. R(C) corresponding to the weak Allee effect with r = 1,
A = −0.5 (cyan), strong Allee effect with r = 1, A = 0.5 (orange), reverse Allee effect with r = −1,
A = 1.5 (purple) and logistic growth with r = 1 (black).

low densities, compared to logistic growth, but remains positive. Strong Allee kinetics

correspond to (Ki −Kg − λi + λg) > 0 and 0 < A < 1 [67], and represent a growth rate

that is negative beneath a threshold value, and positive otherwise. Interestingly, a third

type of Allee kinetics can arise from the parameter values chosen in the discrete model,

that has not been considered previously. If (Ki−Kg−λi+λg) < 0 and A > 1, the growth

rate is non-negative for all relevant C values but is inhibited at high densities, compared

to logistic growth, rather than low densities like the weak Allee effect. We term this type

of growth term the reverse Allee effect. Representative source terms showing the three

types of Allee effect are compared with a logistic source term in Figure 8.6.

For all combinations of neutral, competitive and co-operative mechanisms that give rise to

a reaction-diffusion equation with Allee kinetics we examine the ability of the equation to

give rise to long time travelling wave solutions. Furthermore, the three types of Allee effect

arising from the discrete model are considered. Several of these cases have been presented

and examined previously, but we present details about the travelling wave solutions for

all combinations of diffusivity functions and Allee effects in Table 8.3. A detailed analysis

for each case is presented in the Supplementary Material.

Persistence and extinction

A key question of interest for a particular class of PDE is whether the population described

persists or becomes extinct in the long time limit. In all cases with Fisher kinetics with

λ > K, the source term is positive for 0 ≤ C ≤ 1, and subsequently the population

persists and spreads. As the kinetics representing an Allee effect can contain a source

term that is negative for an interval of C, it is less obvious whether the minimum wave

speed is positive or negative, corresponding to persistence or extinction, respectively.
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Diffusivity function classification Allee effect Travelling wave Front type Direction

Constant Weak/Reverse Yes Smooth Positive

Constant Strong Yes Smooth Positive

Constant Strong Yes Smooth Negative

Strictly positive Weak/Reverse Yes Smooth Positive

Strictly positive Strong Yes Smooth Positive

Strictly positive Strong Yes Smooth Negative

Extinction-degenerate non-negative Weak/Reverse Yes Sharp Positive

Extinction-degenerate non-negative Strong Yes Sharp Positive

Extinction-degenerate non-negative Strong Yes Smooth Negative

Positive-negative-positive Weak/Reverse Yes Smooth Positive

Positive-negative-positive Strong Yes Shock Positive

Positive-negative-positive Strong Yes Shock Negative

Capacity-degenerate positive-negative Weak/Reverse Yes Smooth Positive

Capacity-degenerate positive-negative Strong No N/A N/A

Positive-negative Weak/Reverse Yes Smooth Positive

Positive-negative Strong No N/A N/A

Table 8.3: Classification of travelling wave solutions arising from different classes of PDEs with Allee
kinetics. Highlighted entries refer to cases analysed in detail in the manuscript; the other cases are
analysed in the Supplementary Material.

For the case with constant F (C) and P gd = 0, the minimum wave speed for Equation

(8.21) with A < −1/2 is v∗ = 2
√

(λi −Ki)D and hence the population persists, provided

λi > Ki. Introducing P gd 6= 0 results in the same minimum wave speed, provided that

A < −1/2. This implies that introducing grouped agent death at a rate that does not

result in a population tending to extinction has no influence on the invasion speed of

the population. Specifically, the condition for A < −1/2 with Kg = 0 corresponds to

3(λi −Ki) > λg. It can be shown that, with 3(λi −Ki) > λg, we require 3Kg < λg for

A < −1/2. This implies that there is a range of Kg values that result in a travelling

wave with a minimum wave speed that is independent of both Kg and λg. Interestingly,

this suggests that if a control is implemented that increases the death rate of grouped

agents, there is a threshold value of P gd for the control to influence the invasion speed

and the subsequent persistence of the population. Introducing a non-zero Kg value for a

parameter regime that results in the strong Allee effect with Kg = 0 never changes the

type of Allee effect. It is possible to go from a weak Allee effect to a reverse Allee effect by

introducing a non-zero Kg value. Non-zero Kg values correspond to a decreased benefit

for grouped agents, which explains why the source term, previously a weak Allee effect,

becomes the reverse Allee effect, corresponding to inhibited growth at high density.

The reaction-diffusion equation with constant FA(C) and the strong Allee effect, corre-

sponding to 0 < A2 < A1 ≤ 1, has a unique wave speed v = 2
√

(Ki −Kg − λi + λg)D (A1/2−
A2) [41]. This implies that for A2 > A1/2, v < 0 and v > 0 otherwise. Furthermore, the

same wave speed applies for −A1/2 < A2 < 0 [41]. For both intervals, the minimum wave

speed depends on the Kg value, and hence implementing any kind of partial eradication

of the grouped agents will either reduce the speed of invasion or cause the extinction of

the population.
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Figure 8.7: Persistence threshold. Persistence threshold as a function of the carrying capacity A1,
expressed as (a) an explicit value; (b) a proportion of the carrying capacity for three different diffusivities,
corresponding to P im = P gm (black), P im = 4P gm (orange) and P im = 0 (cyan).

For cases where FA(C) ≥ 0 for 0 ≤ C ≤ 1 and FA(C) is not constant, we follow the

approach of Hadeler to establish whether the minimum wave speed is positive, and hence

the population persists [23–25]. The integral condition for the wave speed to be positive,∫ 1

0
(Ki−Kg−λi+λg)A2

1(Di(1−4A1C
2
+3A2

1C
2
)+Dg(4A1C−3A2

1C
2
))C(1−C)(C−A) dC > 0,

(8.28)

corresponds to

Di(5−10A+6A2
1−9A1A2−12A1 +20A2)−Dg(6A

2
1−9A1A2−12A1 +20A2) > 0. (8.29)

If Di = Dg, then A > 1/2 leads to v < 0. For the strong Allee effect, A1 > A2 = AA1,

we can determine the threshold value for the persistence of the population, namely,

A <
5Di + (Di −Dg)(6A

2
1 − 12A1)

10Di + (Di −Dg)(9A2
1 − 20A1)

. (8.30)

Considering the two limiting cases for strictly positive FA(C), where Di = 0 and Di =

4Dg, A takes on a value of (6A2
1 − 12A1)/(9A2

1 − 20A1) and (18A2
1 − 36A1 + 20)/(27A2

1 −
60A1 + 30), respectively. These values reduce to 6/11 and 2/7 in the case that A1 = 1,

corresponding to Kg = 0. Therefore, populations with isolated agents that are more

motile than grouped agents are less susceptible to extinction. To illustrate how the

threshold value changes with A1, P im and P gm, Figure 8.7 shows the maximum A2 and

A values for three different P im and P gm combinations. The A2 value corresponds to the

persistence threshold for a given A1 value. The A value can be interpreted as the highest

proportion of a given A1 value that will result in the persistence of the population. For

example, in Figure 8.7(a), we see that with P im = 0 and A1 = 0.5 we require A2 < 0.194

for persistence. This corresponds to A < 0.388.
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Figure 8.8: Travelling wave behaviour for Equation (8.21) with the strong Allee effect and
extinction-degenerate non-negative F (C) (Case 6.2). (a), (d) Phase plane for the system (8.24)-
(8.25) with the numerical solution of Equations (8.21) (cyan, solid) and (8.23) (orange, dashed), in (C,U)
co-ordinates, superimposed. Red circles correspond to equilibrium points. (b), (e) Numerical solution of
Equation (8.21) calculated at (b) t = 50 and t = 100; (e) t = 400 and t = 800. The grey lines indicate
the initial condition and the arrows indicate the direction of increasing time. (c), (f) The time evolution
of L(t). All results are obtained with δx = 0.01, δt = 0.005, ε = 10−6, P im = 0, P gm = 1.0,P gd = 0, (a)-(c)
P ip = 0.4, P gp = 0.3, P id = 0.5, v = 0.199; (d)-(f) P ip = 0.4, P gp = 0.3, P id = 0.8, v = −0.026.

Extinction-degenerate non-negative nonlinear diffusivity function

Travelling wave behaviour for the strong Allee effect with extinction-degenerate non-

negative F (C) is shown in Figure 8.8. The numerical solution of Equation (8.21) with

A = 1/4, in Figures 8.8(a)-(c), leads to a sharp-fronted travelling wave solution near

C = 0 with v > 0. With A = 1/4, we expect to obtain v > 0. For a parameter regime

that results in A = 4/7, we obtain a travelling wave solution of Equation (8.21) with

v < 0 (Figures 8.8(d)-(f)). Interestingly, the sharp front near C = 0 is not present for the

strong Allee effect with v < 0.

Positive-negative-positive nonlinear diffusivity function

A positive-negative-positive F (C), where there is an interval α < C < β where F (C) <

0, corresponds to parameter pairs highlighted in purple in Figure 8.2(a). Kuzmin and

Ruggerini [38] examine reaction-diffusion equations with similar properties for the strong

Allee effect, in the context of diffusion-aggregation models, and provide conditions for

smooth travelling wave solutions to exist. For a solution with v > 0, we require A < α

[38] and ∫ α

0
F (C)R(C) dC > 0. (8.31)
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Figure 8.9: Parameter pairs that satisfy Kuzmin and Ruggerini’s Conditions. (a) Condition
(8.31); (b) Condition (8.32); (c) Conditions (8.31)-(8.32) combined. Orange regions correspond to pa-
rameter pairs that satisfy the respective condition(s), whereas grey regions correspond to parameter pairs
that do not.

Furthermore, we require [38]

3

∫ α

0
F (C)R(C) dC ≥ max{Φ(σ),Φ(ρ)}, (8.32)

where

Φ(y) = 8α2y + 4
√

4α2y2 − 2mα3y,

σ = sup
C∈[α,β)

[
F (C)R(C)

C − β

]
, ρ = sup

C∈(β,1]

[
F (C)R(C)

C − β

]
, and

m = min
C∈[0,A]

[
F (C)R(C)

]
.

A suite of P gm values with P im = 1 that correspond to 1/3 < α < 2/3 are considered

for parameter regimes that result in A < α. Figures 8.9(a)-(c) show the parameter pairs,

(A,α), that satisfy Condition (8.31), Condition (8.32) and Conditions (8.31)-(8.32) simul-

taneously, respectively. Orange regions represent parameter pairs where the condition is

satisfied and grey regions represent parameter pairs where the condition is not satisfied.

These results suggest that smooth travelling wave solutions should exist for certain choices

of parameters. Interestingly, all parameter pairs that satisfy Condition (8.31) also satisfy

Condition (8.32).

For Equation (8.7) with positive-negative-positive F (C), smooth travelling wave solutions

that pass through holes in the wall of singularities for positive-negative-positive F (C) are

obtained. The minimum wave speed bound presented by Ferracuti et al. [14] implies

that the locations of the holes in the wall occur are real-valued for the wave speed arising

from the Heaviside initial condition. As such, to obtain smooth travelling wave solutions

of Equation (8.21) with positive-negative-positive F (C), we might expect that the wave

speed satisfies v > 2
√
F ′(β)R(β), such that the holes in the wall at C = β are real-valued.

Following the approach used for Equation (8.7) with positive-negative-positive F (C), it is

simple to demonstrate that both the weak and reverse Allee effect have real-valued holes
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Figure 8.10: Travelling wave behaviour for Equation (8.21) with the strong Allee effect and
positive-negative-positive F (C) (Case 6.3). (a), (d) Phase plane for the system (8.24)-(8.25) with
the numerical solution of Equation (8.21) (cyan, solid), in (C,U) co-ordinates, superimposed. The dashed
black lines denote a wall of singularities. Red circles correspond to equilibrium points and purple circles
correspond to holes in the wall. (b), (e) Numerical solution of Equation (8.21) calculated at (b) t = 200
and t = 400; (e) t = 500 and t = 1000. The grey lines indicate the initial condition and the arrows
indicate the direction of increasing time. The insets correspond to the areas within the red dashed lines,
and highlight the shocks. (c), (f) The time evolution of L(t). All results are obtained with δx = 0.05,
δt = 0.001, ε = 10−6, P gd = 0, (a)-(c) P im = 0.5, P gm = 0.1, P ip = 0.5, P gp = 0.4, P id = 0.6, v = 0.009;
(d)-(f) P im = 0.5, P gm = 0.1, P ip = 0.4, P gp = 0.2, P id = 0.5, v = −0.028.

in the wall (Supplementary Material). We now examine numerical solutions of Equation

(8.21) with the strong Allee effect. For parameter regimes that give rise to wave speeds

that satisfy v > 2
√
F ′(β)R(β), numerical travelling wave solutions could not be found.

While the condition for real-valued holes in the wall is satisfied, the zeroes of Equation

(8.25) are imaginary for a certain interval of C > β. This corresponds to a nullcline that

is not real-valued for certain C values.

We now consider parameter regimes corresponding to the strong Allee effect with the

additional restriction that v < 2
√
F ′(C)R(C) for 2/3 < C ≤ 1. For all P im and P gm that

give rise to a positive-negative-positive F (C), holes in the wall at C = β do not exist and,

as such, we do not expect to obtain smooth solutions. Interestingly, we observe travelling

wave solutions with shocks such that the solution never enters the region α < C < β. An

example of a shock-fronted travelling wave solution for the strong Allee effect with both

v > 0 and v < 0 is shown in Figures 8.10(a)-(c) and Figures 8.10(d)-(f), respectively.

Solutions of diffusion equations, without any source terms, that contain shocks have been

reported previously [39, 72]. Similarly, shock-fronted travelling wave solutions arise in

other kinds of models, including multispecies models of combustion [18] and haptotactic

cell migration [71]. However, the models presented here are very different as our model

contains a source term and no advection term, and it is therefore of interest to determine
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the properties of the reaction-diffusion equation that lead to shock-fronted travelling wave

solutions.

Capacity-degenerate positive-negative nonlinear diffusivity function

Capacity-degenerate positive-negative F (C), where F (1) = 0, arises if P gm = 0 and in-

cludes an interval 1/3 < C < 1 where F (C) < 0. For the corresponding case with Fisher

kinetics, despite the degenerate nature of the nonlinear diffusivity function at C = 1,

we did not obtain solutions with a sharp front near C = 1. Instead, the solution passes

through the region of negative diffusivity and a hole in the wall at C = 1/3 , leading to

smooth travelling wave solutions. As such, we expect similar solutions for both the weak

and reverse Allee effect due to the qualitatively similar behaviour of the R(C) function. It

is of interest to examine whether smooth or shock-fronted travelling wave solutions arise

from Equation (8.21) for the strong Allee effect and capacity-degenerate positive-negative

F (C), as for the positive-negative-positive F (C) no smooth travelling wave solutions could

be found.

As expected, smooth travelling wave solutions for both the weak and reverse Allee effects

with capacity-degenerate positive-negative F (C) are obtained. The solution behaviour

for both the weak and reverse Allee effects are presented in the Supplementary Material.

For the strong Allee effect, we examined a considerable number of parameter regimes and

initial conditions and were unable to find travelling wave solutions.

Positive-negative nonlinear diffusivity function

For the case where FA(C) has exactly one zero on the interval 0 ≤ C ≤ 1 at C = ω, Maini

et al. [43] examine the existence of travelling wave solutions, and provide the necessary

conditions for existence,

A2 < ω, v > 0,

∫ ω

0
F (C)R(C) dC > 0, (8.33)

where F (ω) = 0 and 0 < ω < 1. For the strong Allee effect in this parameter regime, the

third part of Condition (8.33) corresponds to

Di(20(A1 +A2)ω − 30A1A2ω − 15ω2)+

(Di −Dg)((84A1 + 36A2)ω3 − (45A1A2 + 60A1 + 60A2)ω2 − 30ω4 + 80A1A2ω) > 0.

(8.34)

Equation (8.21) is equivalent to

∂C

∂t̂
=
∂2C

∂x2
+ (Ki −Kg − λi + λg)A1F (C)C

(
1− C

A1

)(
C −A2

)
, t̂ ≥ 0, (8.35)
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on the interval 0 ≤ C < ω, and equivalent to

∂C

∂t̂
=
∂2C

∂x2
+(Ki−Kg−λi+λg)A1F̂ (C)(1−C)

(
1− 1− C

A1

)(
1−A2−C

)
, t̂ ≥ 0, (8.36)

where F̂ (C) = −F (1−C), on the interval ω < C ≤ A1. The final necessary and sufficient

condition from Maini et al. [43] for the existence of travelling wave solutions is that the

minimum wave speed for Equation (8.35), v∗1, is greater than, or equal to, the minimum

wave speed for Equation (8.36), v∗2. On the interval 0 ≤ C < ω, Equation (8.21) has a

strictly positive F (C), where F (C) ≤ Di, and strong Allee kinetics. Hence, the minimum

wave speed for Equation (8.35) has an upper bound, v∗1 ≤
√

2(λi −Ki)Di(1/2 − A2).

On the interval ω < C < A1 Equation (8.36) has a source term qualitatively similar

to the Fisher-Kolmogorov equation and hence a lower bound for the minimum wave

speed exists [43], v∗2 ≥ 2
√
−F (A1)(λ2 + 4Kg(λi − λg −Ki +Kg))1/2. For all parameter

regimes considered that correspond to the strong Allee effect with positive-negative FA(C)

we never observe a case where the upper bound for v∗1 is higher than the lower bound

for v∗2 and hence the conditions required for travelling wave solutions are not met. As

expected, numerical solutions of Equation (8.21) in these parameter regimes did not lead

to travelling wave behaviour.

8.4 Discussion

In this work we present a discrete lattice-based model of birth, death and movement. The

model is an exclusion process, and hence it explicitly incorporates crowding by allowing

no more than one agent per site. A key feature of the model is that birth, death and

movement rates depend on whether an agent is isolated or whether it is part of a group of

agents. The discrete model can, therefore, be used to describe co-operative or competitive

mechanisms [13, 22, 52, 67]. These kinds of mechanisms are thought to be relevant to many

applications in cell biology [5, 37, 52, 58] and ecology [13, 22, 67]. By considering different

combinations of parameters, the continuum limit PDE approximation of the discrete

model leads to 22 different cases. These cases are reaction-diffusion equations with either

Fisher kinetics or Allee kinetics, and a variety of density-dependent nonlinear diffusivity

functions (Table 8.1). This approach also leads to a new kind of Allee effect, which we

call the reverse Allee effect, where the growth rate is inhibited at high density. Although

some of the PDEs that we consider have been investigated previously [1, 4, 7, 9, 14–

17, 26, 34, 36, 38, 41–43, 49, 54–56, 67], they have never been linked together before

using a single modelling framework. The presence of Allee kinetics allows for the more

realistic description of biological and ecological phenomena, as the standard reaction-

diffusion model with Fisher kinetics predicts either the population tending to extinction

everywhere or the spread of the population in the form of a travelling wave. In comparison,

Allee kinetics can describe population retreat, as well as shocks in the invading front of a

population. Well-defined edges are thought to be present in invasive tumours [58], which

can be described with travelling waves containing shocks.
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In this work, we summarise properties of the long time travelling wave solutions for all

classes of PDEs arising from our discrete model. For certain PDEs, where only existence

of travelling wave solutions has been considered previously, we present numerical solutions

here for the first time. We find that PDE models with density-dependent nonlinear diffu-

sivity functions that have regions of negative diffusivity require a sufficiently non-negative

source term to support smooth travelling wave solutions. Furthermore, there appears to

be a threshold proliferation value, depending on the rate of motility, that must be exceeded

for travelling wave solutions to be observed numerically. However, we do not comment on

the putative relationship between the parameters in the discrete model and the existence

of travelling wave solutions in the continuum limit PDE. Interestingly, for the strong

Allee effect, shock-fronted travelling wave solutions are obtained. Following arguments

presented in [43], we show that smooth travelling wave solutions cannot be obtained for

certain types of nonlinear diffusivity functions and the strong Allee effect. We describe

how nonlinear diffusion can either hinder or promote the persistence of a population, de-

pending on the relative motility rates of the isolated and grouped agents. Interestingly,

the motility rates affect the persistence differently for different carrying capacities. This

relationship could provide insight into the requirements for a cell population, for example,

to persist in the presence of a chemical treatment.

The six birth, death and motility rate parameters in the discrete model allow for the

interpretation of the results in terms of whether individuals are part of, or isolated from,

the bulk population. For example, a parameter regime corresponding to the strong Allee

effect with constant diffusivity and no grouped agent death leads to the same travelling

wave speed in the PDE description as a parameter regime corresponding to the strong

Allee effect with constant diffusivity and a non-zero rate of grouped agent death, up to a

threshold. This implies that a sufficiently strong intervention strategy aimed at grouped

agents must be implemented if the goal of the intervention is to slow or halt the invasion

of a population.

The work presented here suggests several avenues for future research. This work could be

generalised by considering a two- or three–dimensional discrete process and deriving the

continuum limit PDE descriptions in higher dimensions. This kind of higher-dimensional

model might provide a more accurate description of real world observations where one-

dimensional travelling wave solutions might not apply. In this work, numerical travelling

wave solutions for each class of PDE are examined, but the formal stability of these

travelling wave solutions is not considered. Another approach for analysing the discrete

model would be to consider a coupled multispecies PDE model by accounting for the

density of isolated agents and the density of grouped agents separately. This approach

would lead to a system of two coupled PDEs instead of a single PDE for the total agent

density. However, instead of working with coupled multispecies PDEs, we have taken the

simplest and most fundamental approach of considering a single PDE description of the

total population. In addition, a significant number of mechanisms could be implemented
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into the discrete model, such as cell-to-cell adhesion/repulsion [3, 31] or directed migration

of isolated agents, such as chemotaxis [35]. We leave these extensions for future analysis.

8.5 Methods

8.5.1 Discrete model

We consider a one-dimensional lattice-based random walk with X sites and lattice spacing

∆ [12]. Each site may be occupied by, at most, one agent [6, 10, 65]. The number of

agents at time t is N(t). Agents attempt to undergo birth, death and movement events.

During a birth event, an agent attempts to place a daughter agent at a randomly selected

nearest-neighbour site. This event is successful provided that the selected site is vacant.

During a death event, an agent is removed from the lattice. During a movement event,

an agent attempts to move to a randomly selected nearest-neighbour site. This event

is successful provided that the selected site is vacant. We distinguish between types of

agents based on the number of occupied nearest-neighbour sites for each agent [29]. We

refer to agents with zero occupied nearest-neighbour sites as isolated agents, and agents

with one or two occupied nearest-neighbour sites as grouped agents. This approach allows

us to specify different birth, death and movement rates for isolated and grouped agents.

Different parameter choices can be used to impose either co-operative or competitive

mechanisms, where an increase in local agent density provides a positive or negative ben-

efit, respectively. Specifically, in situations where the group motility or group proliferation

rates are higher than the isolated motility or isolated proliferation rates, respectively, we

interpret this choice of parameters as a model of co-operation. Similarly, in situations

where the group motility or group proliferation rates are lower than the isolated motility

or isolated proliferation rates, respectively, we interpret this as a model of competition.

During each time step of duration τ , N(t) agents are selected at random, one at a time,

with replacement, and are given the opportunity to undergo a movement event. The

constant probability that a selected agent attempts to undergo a movement event is P im

for an isolated agent and P gm for a grouped agent. We repeat this process for both birth

and death events, with respective constant probabilities P ip and P id for isolated agents and

P gp and P gd for an agent within a group. At the end of each time step we update N(t+ τ).

To obtain the average agent density at each lattice site we perform M identically-prepared

realisations of the discrete model and average the binary lattice occupancy at each lattice

site at each time step. In any single realisation of the discrete model we have Cj = 1 when

site j is occupied and Cj = 0 when site j is vacant. To evaluate the average occupancy

of any lattice site we consider an ensemble of M identically-prepared realisations and

calculate 〈Cj〉 =
∑M

m=1C
m
j /M .
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8.5.2 Numerical techniques

Here we describe the techniques used to obtain numerical solutions of Equation (8.2), the

corresponding ODE in travelling wave co-ordinates, and to generate the phase planes in

(C,U) co-ordinates.

Partial differential equations

To obtain numerical solutions of Equation (8.2), we first spatially discretise Equation

(8.2) onto a grid with uniform grid spacing δx by approximating the spatial derivatives

with a central finite difference approximation. A backward Euler approximation with

constant time steps of duration δt is used to approximate the temporal derivative. The

resulting system of nonlinear algebraic equations is solved using Picard iteration with

absolute convergence tolerance ε. The resulting system of tridiagonal algebraic equations

is solved using the Thomas algorithm [53]. All results presented correspond to sufficiently

small choices of δx, δt and ε so that the numerical solutions are grid independent. In

all cases consider zero-flux boundary conditions are considered, and the finite domain is

sufficiently large such that the numerical solution of Equation (8.2) does not interact with

the boundaries on the time scale of the numerical simulations. All numerical solutions

correspond to a Heaviside initial condition with C = 1 for x ≤ X0, and C = 0 otherwise.

Ordinary differential equations

The second order ODEs in the travelling wave co-ordinates are solved using Matlab’s

ode45 routine [59]. This routine implements an adaptive Runge-Kutta method with

relative error tolerance of 10−3 and an absolute error tolerance of 10−6 [59]. Travelling

wave ODEs that contain a singularity are not solved numerically. Therefore, for these

singular problems we obtain only the numerical solution of the PDE and present this

solution in the transformed (C,U) travelling wave co-ordinate system.

Phase planes

To generate phase planes we substitute U = dC/dz into the second order travelling wave

ODE to obtain a system of two first-order ODEs. The phase plane is constructed by

considering 22 equally-spaced values of C and 22 equally spaced values of U to calculate

both dC/dz and dU/dz at all 22 × 22 = 484 pairs of (C,U) values. In each phase

plane the same 22 equally spaced values of C on the interval 0 ≤ C ≤ 1 are considered.

However, depending on the steepness of the waveform, we choose a different interval of

U to construct the phase plane, and this choice is made to accommodate the heteroclinic

orbit. The phase planes are constructed using Matlab’s quiver function. The location

of the equilibrium points, where dC/dz = dU/dz = 0 are superimposed. Furthermore, in

many cases the expression for dU/dz has a rational form, dU/dz = G(C,U)/H(C,U). In

these cases both the wall of singularities (H(C,U) = 0) and the locations of the holes in

the wall (H(C,U) = G(U,C) = 0) are also superimposed.
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8.6 Supplementary material

This supplementary material for the manuscript ‘Co-operation, competition and crowd-

ing: a discrete framework linking Allee kinetics, nonlinear diffusion, shocks and sharp-

fronted travelling waves’ contains a more detailed analysis of all of the different cases of

partial differential equations (PDEs) that arise from the continuum description of the

discrete model of co-operation and competition. Eight cases of different combinations of

co-operative, competitive or neutral mechanisms are now considered systematically. Some

of these cases involve distinct sub-cases so that, in total, we consider 22 different classes

of PDE models of invasion. The properties of each of these distinct cases are presented

in Table 8.1 in the main document. Note that certain cases are examined in the main

document and hence there is some unavoidable overlap between the two documents, as

here we examine all cases in a systematic manner.

8.6.1 Equal motility rates, equal proliferation rates, no agent death.

For P im = P gm, P ip = P gp and P id = P gd = 0, there is no co-operative or competitive

mechanism. This gives F (C) = D = Di = Dg, and R(C) = λC(1−C), where λ = λi = λg.

Therefore, Equation (8.2) reduces to the Fisher-Kolmogorov equation [17, 36, 49]

∂C

∂t
= D

∂2C

∂x2
+ λC(1− C). (8.37)

As the source term is non-negative for all physical values of C ≥ 0, the agent population

will always eventually reach the carrying capacity.

The Fisher-Kolmogorov equation has been studied extensively [1, 4, 7, 9, 17, 26, 36, 49].

Here we present the key results in the context of examining the long time travelling wave

solution. We seek right moving travelling waves in the co-ordinate z = x − vt, −∞ <

z < ∞, where v is a constant wave speed [49]. Transforming Equation (8.37) into the

travelling wave co-ordinate gives

D
d2C

dz2
+ v

dC

dz
+ λC(1− C) = 0, −∞ < z <∞. (8.38)

With U = dC/dz, Equation (8.38) can be expressed as a system of ordinary differential

equations (ODEs),

dC

dz
= U, (8.39)

dU

dz
= − v

D
U − λ

D
C(1− C). (8.40)

This system has two equilibrium points: (C,U) = (0, 0), and (C,U) = (1, 0). The linear

stability of these equilibrium points can be analysed by examining the eigenvalues of

the Jacobian at each equilibrium point. At (0, 0) the characteristic equation has solutions

ξ = (−v±
√
v2 − 4λD)/2D, implying that (0, 0) is a stable node provided that v > 2

√
λD,
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Figure 8.11: Travelling wave behaviour for the Fisher-Kolmogorov model (Case 1). (a) Phase
plane for the system (8.39)-(8.40). Red circles denote equilibrium points. The numerical solutions of
Equation (8.37) (cyan, solid) and Equation (8.38) (orange, dashed), in (C,U) co-ordinates, are superim-
posed. (b) Numerical solution of Equation (8.37) at t = 25 and t = 50 (blue). The grey line indicates the
initial condition and the arrow indicates the direction of increasing time. (c) The time evolution of L(t).
All results are obtained using P im = P gm = 1, P ip = P gp = 0.3, P gd = P id = 0, δx = 0.1, δt = 0.01, ε = 10−6,
v = 0.768.

and a stable spiral (focus) otherwise, as λ and D are both positive. We therefore have a

minimum wave speed condition, v∗ = 2
√
λD, that must be satisfied otherwise the solution

trajectory will enter non-physical regions of the phase plane [49]. The Jacobian of the

linearised system at (1, 0) has eigenvalues ξ = (−v±
√
v2 + 4λD)/2D, implying that (1, 0)

is a saddle point.

The phase plane and associated heteroclinic orbit for Equations (8.39)-(8.40) are shown

in Figure 8.11(a). Details of the numerical techniques used to solve Equation (8.38) and

to generate the phase planes are given in the Methods (Main Document). Provided v ≥
2
√
λD we observe a heteroclinic orbit between (1, 0) and (0, 0). The numerical solution of

Equation (8.38) and the numerical solution of Equation (8.37), transformed into (C,U)

co-ordinates, are superimposed, showing a good match. This result is unsurprising, as

Equation (8.38) is solved using the minimum wave speed, v = v∗ = 2
√
λD, and the

numerical solution of Equation (8.37) evolves from a Heaviside initial condition, which

is known to approach a travelling wave moving at the minimum wave speed [49]. The

numerical solution of Equation (8.37) at t = 25 and t = 50 is shown in Figure 8.11(b),

confirming that the waveform does not change with time. To quantify the wave speed we

calculate the time evolution of the leading edge, L(t) = xf such that C(xf , t) ≈ 1× 10−4.

If the solution of Equation (8.37) forms a travelling wave, L(t) will tend to a straight

line with slope v, as t → ∞. In Figure 8.11(c), we observe that L(t) is approximately

linear with slope v, and hence the solution of Equation (8.37) moves with approximately

constant speed at late time. Overall, these features suggest that the solution of Equation

(8.37) is a travelling wave.

8.6.2 Different motility rates, equal proliferation rates, no agent death.

If P im 6= P gm the governing PDE contains a nonlinear diffusivity term. Since the agent

birth rate is independent of agent type and agents do not die, we consider the same source
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Figure 8.12: Classification of F (C). (a) Type of F (C) function for 0 ≤ C ≤ 1 for the parameter space
P im ∈ [0, 1] and P gm ∈ [0, 1]. The grey region represents parameter pairs that result in only positive F (C),
and the purple region represents parameter pairs that result in negative F (C) for an interval of C. The
orange line represents parameter pairs that result in F (0) = 0, the green line represents parameter pairs
that result in F (2/3) = 0, the cyan line represents parameter pairs that result in constant F (C), and the
black line represents parameter pairs that result in negative F (C) for an interval of C with F (1) = 0.
(b) Example F (C) for each region in (a). Positive F (C) (grey), corresponding to P im = 1 and P gm = 0.5.
Negative F (C) for an interval of C (purple), corresponding to P im = 1 and P gm = 0.1. Negative F (C)
for an interval of C with F (1) = 0 (black), corresponding to P im = 1 and P gm = 0.1. F (0) = 0 (orange),
corresponding to P im = 0 and P gm = 1. F (2/3) = 0 (green), corresponding to P im = 1 and P gm = 0.25.
Constant F (C) (cyan), corresponding to P im = 1 and P gm = 1. The white circles in (a) denote the
parameter pairs used to generate the curves in (b).

term as for Case 1. Again, there are no competitive or co-operative mechanisms associated

with birth/death but it could be either advantageous (P im > P gm) or disadvantageous

(P im < P gm) for an individual to be isolated from the bulk population, if the goal for

the population is to invade unoccupied space. In this parameter regime, Equation (8.2)

simplifies to
∂C

∂t
=

∂

∂x

(
F (C)

∂C

∂x

)
+ λC(1− C), (8.41)

where λ = λi = λg and F (C) = Di(1− 4C + 3C2) +Dg(4C − 3C2).

F (C) has different properties depending on the choice of P im and P gm. To illustrate this, we

present the (P im, P
g
m) parameter space in Figure 8.12(a), and highlight regions of different

behaviour of F (C). If P im > 4P gm, there will be an interval, 1/3 ≤ α < C < β ≤ 1, centred

around C = 2/3, where F (C) < 0. Specifically, this interval is given by

α =
2

3
−
√

(P im)2 − 5P imP
g
m + 4(P gm)2

3(P im − P
g
m)

< C < β =
2

3
+

√
(P im)2 − 5P imP

g
m + 4(P gm)2

3(P im − P
g
m)

.

(8.42)

All parameter pairs that result in F (C) < 0, which we refer to as positive-negative-positive,

correspond to the purple region in Figure 8.12(a), and an example F (C) curve is given in

Figure 8.12(b). Parameter pairs that result in F (C) < 0 with F (1) = 0 correspond to the

black line in Figure 8.12(a), and an example F (C) curve is given in Figure 8.12(b). We

refer to this type of nonlinear diffusivity function as capacity-degenerate positive-negative.
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It is relevant for us to remark that nonlinear diffusivity functions with negative regions

can lead to shocks in the solution of nonlinear diffusion equations without any source term

[39, 72]. Therefore, it is instructive to consider whether shock-fronted travelling waves

exist with Fisher-Kolmogorov kinetics.

For specific parameter regimes, F (C) is degenerate at C = 0, that is, F (0) = R(0) = 0.

This type of nonlinear diffusivity function, which we refer to as extinction-degenerate non-

negative, leads to sharp-fronted travelling waves, provided that F (C) ≥ 0 for 0 ≤ C ≤ 1

[55, 60, 62]. For Equation (8.41), this corresponds to P im = 0. The parameter pairs that

satisfy this condition correspond to the orange line in Figure 8.12(a), and a typical F (C)

curve is given in Figure 8.12(b). The special case P im = P gm leads to a constant diffusivity,

and parameter pairs that satisfy lie along the cyan line in Figure 8.12(a). A typical F (C)

curve for this case is presented in Figure 8.12(b). For all other parameter pairs F (C) > 0,

which we refer to as strictly positive, and these parameter pairs correspond to the grey

region in Figure 8.12(a), for which an example F (C) curve is shown in Figure 8.12(b).

We look for a right moving travelling wave solution of Equation (8.41) in terms of the

co-ordinate z = x − vt. Transforming Equation (8.41) into travelling wave co-ordinates,

we obtain

v
dC

dz
+F (C)

d2C

dz2
+ (Di −Dg)(6C − 4)

(
dC

dz

)2

+ λC(1−C) = 0, −∞ < z <∞. (8.43)

Making the substitution U = dC/dz gives

dC

dz
= U, (8.44)

dU

dz
=
−vU − (Di −Dg)(6C − 4)U2 − λC(1− C)

F (C)
. (8.45)

We now consider the properties of the travelling wave solutions for several sub-cases within

Case 2. Unlike the Fisher-Kolmogorov equation, the minimum wave speed is unknown

and hence all phase planes presented in this section are generated with v obtained from

the numerical solution of Equation (8.41) at sufficiently late time.

Strictly positive nonlinear diffusivity function

If F (C) > 0 for 0 ≤ C ≤ 1, Equations (8.44)-(8.45) are not singular for 0 ≤ C ≤ 1. Hence

the linear analysis performed for Case 1 is valid in terms of the position and stability

of the equilibrium points. The exception is the minimum wave speed condition for the

equilibrium point at (0, 0) to be a stable node, which becomes v > 2
√
λDi, which is always

positive [23–25].

Solutions of Equation (8.41), illustrating travelling wave behaviour for two different F (C)

functions are given in Figures 8.13(a)-(c) and Figures 8.13(d)-(f), respectively. In both

cases the solution trajectory in the phase plane, Figure 8.13(a) and Figure 8.13(d), forms a
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Figure 8.13: Travelling wave behaviour for Equation (8.41) with strictly positive F (C) (Case
2.1). (a), (d) Phase plane for the system (8.44)-(8.45). Red circles denote equilibrium points. The
numerical solutions of Equation (8.41) (cyan, solid) and Equation (8.43) (orange, dashed), in (C,U) co-
ordinates, are superimposed. (b), (e) Numerical solution of Equation (8.41) at t = 25 and t = 50 (blue).
The grey lines indicate the initial condition and the arrows indicate the direction of increasing time. (c),
(f) The time evolution of the position of the leading edge of the travelling wave solution. All results are
obtained using P ip = P gp = 0.5, P id = P gd = 0, δx = 0.1, δt = 0.01, ε = 10−6 and (a)-(c) P im = 1.0,
P gm = 0.5, v = 0.992; (d)-(f) P im = 0.2, P gm = 0.8, v = 0.584.

heteroclinic orbit between (1, 0) and (0, 0). Interestingly, the waveform in Figure 8.13(e),

with P gm > P im, is relatively sharp near C = 0. If P gm > P im, F (C) is concave up with a

minimum value of P im/2 at C = 0, for 0 ≤ C ≤ 1, whereas F (C) has a minimum value

at C = 2/3 for P im > P gm. This suggests that F (0) has considerable influence on the

waveform.

The observed wave speed in Figure 8.13(a), v = 0.992, is close to the predicted minimum

wave speed v∗ = 2
√
λDi = 1, whereas the observed wave speed in Figure 8.13(b), v =

0.584, is greater than the predicted minimum wave speed v∗ = 0.447. To determine

whether v∗ provides an accurate prediction of the observed wave speed, we calculate the

long time numerical solution of Equation (8.41) and measure v for a suite of P im and

P gm values. Predicted minimum wave speeds and observed wave speeds are compared in

Figure 8.14. In Figure 8.14(a), the predicted wave speed is accurate for all P gm values

with P im = 0.8. Interestingly, with P im = 0.2, the predicted wave speed is only accurate

for P gm ≤ 0.4. Setting P gm = 1 and varying P im we observe, in Figure 8.14(b), that

the prediction is accurate for P im ≥ 0.5. Hence, it appears that for P im ≥ 2P gm the

minimum wave speed condition is accurate. For P im < 2P gm the grouped agents may have

more successful movement events than the individual agents. Therefore, the dominant

contribution to the invasion of the population may be attributed to the grouped agents,
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Figure 8.14: Wave speed comparison for Case 2.1. Comparison of the minimum wave speed
condition (solid) and the observed wave speed at sufficiently late time (crosses) for (a) constant P gm and a
suite of P im values; (b) constant P im and a suite of P gm values. All results are obtained using P ip = P gp = 0.5,
P id = P gd = 0, δx = 0.1, δt = 0.01, ε = 10−6 and the Heaviside initial condition.

which could explain why the minimum wave speed, which depends on P im, does not provide

a good estimate of the observed wave speed in these parameter regimes.

Extinction-degenerate non-negative nonlinear diffusivity function

The case where F (0) = R(0) = 0, and F (C) > 0 for 0 < C ≤ 1, occurs when P im = 0.

Under these conditions Equations (8.44)-(8.45) simplify to

dC

dz
= U, (8.46)

dU

dz
=

1

Dg(4C − 3C2)

(
− vU +Dg(6C − 4)U2 − λC(1− C)

)
, −∞ < z <∞. (8.47)

Note that Equation (8.47) is singular at C = 0 and, furthermore, that R(0) = 0. Hence

we apply a stretching transformation

ζ =

∫ z

0

1

Dg(4C(s)− 3C(s)2)
ds, (8.48)

to remove the singularity, which gives

dC

dζ
= DgU(4C − 3C2), (8.49)

dU

dζ
= −vU +Dg(6C − 4)U2 − λC(1− C), ζ ≥ 0. (8.50)

Equations (8.49)-(8.50) have equilibrium points at (C,U) = (1, 0), (C,U) = (0, 0) and

(C,U) = (0,−v/4Dg). The additional equilibrium point in the transformed system cor-

responds to a solution trajectory approaching C = 0 with a non-zero slope. Performing

linear analysis to determine the eigenvalues of the Jacobian at the steady states, we find
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Figure 8.15: Travelling wave behaviour for Equation (8.41) with extinction-degenerate non-
negative F (C) (Case 2.2). (a), (d) Phase plane for the system (8.46)-(8.47). Red circles denote
equilibrium points. The numerical solutions of Equations (8.41) (cyan, solid) and (8.43) (orange, dashed),
in (C,U) co-ordinates, are superimposed. (b), (e) Numerical solution of Equation (8.41) at t = 25 and
t = 50. The grey lines indicate the initial condition and the arrows indicate the direction of increasing
time. (c), (f) The time evolution of the position of the leading edge of the travelling wave solution. All
results are obtained using P im = 0, P ip = P gp = 0.3, P gd = P id = 0, δx = 0.01, δt = 0.01, ε = 10−6 and
(a)-(c) P gm = 1.0, v = 0.463; (d)-(f) P gm = 0.5, v = 0.328.

that the characteristic equation at (0, 0) has solutions ξ = 0 and ξ = v, implying that

(0, 0) is an improper node. Sánchez-Garduño and Maini [55] investigate the stability of

this equilibrium point and find that the equilibrium point is a saddle node. The charac-

teristic equation at (1, 0) has solutions ξ = (−v±
√
v2 + 4λDg)/2, implying that (1, 0) is a

saddle point. Finally the characteristic equation of the equilibrium point at (0,−v/4Dg)

has eigenvalues ξ = ±v, implying that (0,−v/4Dg) is a saddle point. A critical value

v∗ exists such that v < v∗ results in no travelling wave solution, v = v∗ results in a

sharp-fronted travelling wave and v > v∗ results in a classic (smooth) travelling wave [55].

Numerical solutions illustrating travelling wave behaviour for Equation (8.41) with P im =

0 are given in Figure 8.15. In the phase plane for both cases, Figure 8.15(a) and Figure

8.15(d), the solution trajectory tends to the origin with dU/dC large and negative. The

corresponding numerical solutions of Equation (8.41), presented in Figure 8.15(b) and

Figure 8.15(e), approach a travelling wave solution with a sharp front near C = 0. This

result is expected as the Heaviside initial condition results in the minimum wave speed

that, for a degenerate diffusivity function, results in a sharp-fronted wave [62].

Positive-negative-positive nonlinear diffusivity function

In order for F (C) to change sign twice, that is, F (C) < 0 for 1/3 ≤ α < C < β ≤ 1

and F (C) ≥ 0 otherwise for 0 ≤ C ≤ 1, the parameters must lie within the purple region
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in Figure 8.12(a). In this situation, Equations (8.44)-(8.45) are undefined at C = α and

C = β, and these singularities cannot be removed using a stretching transformation since

R(α) 6= 0 and R(β) 6= 0. However, it is possible for dU/dz to be finite at C = α and

C = β if Uα and Uβ exist such that

lim
C→α

[
−vUα − (Di −Dg)(6C − 4)U2

α − λC(1− C)

Di(1− 4C + 3C2) +Dg(4C − 3C2)

]
, (8.51)

lim
C→β

[−vUβ − (Di −Dg)(6C − 4)U2
β − λC(1− C)

Di(1− 4C + 3C2) +Dg(4C − 3C2)

]
, (8.52)

are both finite. This requires the numerator in the expressions (8.51)-(8.52) vanish at

C = α and C = β, respectively. As such, Uα and Uβ are obtained by solving the system

0 = −vUα − (Di −Dg)(6α− 4)U2
α − λα(1− α), (8.53)

0 = −vUβ − (Di −Dg)(6β − 4)U2
β − λβ(1− β), (8.54)

resulting in Uα = −(v±
√
v2 − 4F ′(α)R(α))/2F ′(α) and Uβ = −(v±

√
v2 − 4F ′(β)R(β))/2F ′(β).

We note that, as R(C) ≥ 0 for 0 ≤ C ≤ 1, and F ′(α) ≤ 0 for all possible α values, Uα will

be real-valued. Subsequently, we have a wave speed condition that v ≥ 2
√
F ′(β)R(β),

as F ′(β) ≥ 0 for all possible β values. Ferracuti et al. [14] prove that the mini-

mum wave speed, v∗, is greater than a threshold value, which in turn is greater than

max{R′(0)F (0), F ′(β)R(β)}. Therefore, Uβ will also always be real-valued.

Applying L’Hopital’s Rule to Equation (8.45), we obtain

lim
C→α

dU

dz

∣∣∣∣
U=Uα

= lim
C→α

[
6(Di −Dg)U

2
α + λ(1− 2C)

(Dg −Di)(6C − 4)

]
, (8.55)

lim
C→β

dU

dz

∣∣∣∣
U=Uβ

= lim
C→β

[
6(Di −Dg)U

2
β + λ(1− 2C)

(Dg −Di)(6C − 4)

]
, (8.56)

which are finite provided that α 6= 2/3 and β 6= 2/3. For the system of Equations (8.44)-

(8.45), we have two straight lines in the phase plane where dU/dz is infinite, at C = α

and C = β. These kind of lines have previously been called walls of singularities for

hyperbolic models related to chemotactic and haptotactic invasion [51]. For a smooth

solution trajectory to exist between two equilibrium points on opposite sides of the wall

of singularities, we require that the trajectory passes through the wall of singularities.

This implies that the solution trajectory must pass through the wall of singularities at

the special points, (α,Uα) and (β, Uβ), known as holes in the wall [51, 71]. Otherwise, a

smooth heteroclinic orbit between (1, 0) and (0, 0) cannot exist, as limC→α |U | → ∞ and

limC→β |U | → ∞. As Uα and Uβ are real valued and the limits in Equations (20)-(21) are

finite, the holes in the wall always exist for Fisher kinetics.

Ferracuti et al. [14] prove that travelling wave solutions exist for reaction-diffusion equa-

tions with positive-negative-positive F (C) and Fisher kinetics, however travelling wave
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Figure 8.16: Travelling wave behaviour for Equation (8.41) with positive-negative-positive
F (C) (Case 2.3). (a), (d) Phase plane for the system (8.44)-(8.45) with the numerical solution of
Equation (8.41), in (C,U) co-ordinates, superimposed. The grey region corresponds to values of C where
F (C) < 0. The dashed black lines denote a wall of singularities. Red circles correspond to equilibrium
points and purple circles correspond to holes in the wall. (b), (e) Numerical solution of Equation (8.41)
at t = 100 and t = 200. The grey lines indicate the initial condition and the arrows indicate the direction
of increasing time. (c), (f) The time evolution of the position of the leading edge of the travelling wave
solution, L(t). All results are obtained using P id = P gd = 0, δx = 0.01, δt = 0.01, ε = 10−6 and (a)-(c)
P im = 0.5, P gm = 0.1, P ip = P gp = 0.75, v = 0.864; (d)-(f) P im = 0.1, P gm = 0.01, P ip = P gp = 1.0, v = 0.448.

profiles arising from the PDE are not presented. An upper bound on the minimum wave

speed is stated as [14]

v∗ = max{v1, v2, v3}, (8.57)

where

F ′(0)R(0) + F (0)R′(0) ≤v
2
1

4
≤ sup

C∈(0,α]

[
F (C)R(C)

C

]
, (8.58)

F ′(β)R(β) + F (β)R′(β) ≤v
2
2

4
≤ sup

C∈[α,β)

[
F (C)R(C)

C − β

]
, (8.59)

F ′(β)R(β) + F (β)R′(β) ≤v
2
3

4
≤ sup

C∈(β,1]

[
F (C)R(C)

C − β

]
, (8.60)

and the prime denotes ordinary differentiation with respect to C. Numerical solutions of

Equation (8.41) with P im > 4P gm are presented in Figure 8.16. We superimpose the numer-

ical solution of Equation (8.41) in (C,U) co-ordinates on the phase plane for the system

(8.44)-(8.45) in Figures 8.16(a) and 8.16(d). The numerical solution forms a heteroclinic

orbit between (1, 0) and (0, 0) in both cases, and passes through the holes in the wall of

singularities, denoted using purple circles. Continuum models with negative diffusivity

and no source terms have been relatively well studied, and exhibit shock behaviour across
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Figure 8.17: Wave speed comparison for Case 2.3. Comparison of the observed wave speed and the
upper bound of the minimum wave speed obtained from the relationship in Equation (8.57) for a suite of
Pp values. All results are obtained using P id = P gd = 0, δx = 0.01, δt = 0.01, ε = 10−6, and (a) P im = 0.25,
P gm = 0.05; (b) P im = 0.05, P gm = 0.005, and the Heaviside initial condition. In all cases Equation (8.58)
provided the estimate of the minimum wave speed. Crosses correspond to the observed wave speed and
the solid line corresponds to the upper bound of the wave speed.

the region of negative diffusion [39, 72]. Interestingly, our solution does not include a

shock and is instead smooth through the region of negative diffusion.

Numerical solutions of Equation (8.41) are presented in Figures 8.16(b) and 8.16(e), which

appear to take the form of travelling waves. The observed wave speeds, v = 0.864 and

v = 0.456, in Figure 8.16(c) and Figure 8.16(f), respectively, are well approximated by the

upper bound on the minimum wave speed presented by Ferracuti et al. [14]. The bound

provides values for the minimum wave speed of v∗ = 0.866 and v∗ = 0.447, respectively.

We might expect that the observed wave speeds correspond to the minimum wave speeds

since the initial conditions for the numerical solutions are given by a Heaviside initial

condition.

The observed wave speed, obtained from the long time numerical solutions of Equation

(8.41), and the upper bound on the minimum wave speed, given by Equation (8.57), are

shown in Figure 8.17 for a suite of Pp values and two positive-negative-positive F (C)

functions. In all cases the bound provides an accurate prediction of the observed wave

speed.

Capacity-degenerate positive-negative nonlinear diffusivity function

For the special case where P gm = 0, F (1) = 0. As F (C) is degenerate at C = 1, it

is intuitive to expect there could be sharp-fronted travelling wave solutions, with the

sharp front near C = 1, similar to the results in Figure 8.15. However, unlike for the

parameter regimes in Figure 8.15, we have an interval 1/3 < C < 1 where F (C) < 0.

To determine whether this negative diffusivity influences the presence of sharp fronts, we

follow the approach of Maini et al. [42], who show that the existence of travelling waves
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Figure 8.18: Travelling wave behaviour for Equation (8.41) with capacity-degenerate positive-
negative F (C) (Case 2.4). (a) Phase plane for the system (8.44)-(8.45) with the numerical solution of
Equation (8.41), in (C,U) co-ordinates, superimposed. The grey region corresponds to values of C where
F (C) < 0. The dashed black lines denote a wall of singularities. Red circles correspond to equilibrium
points and purple circles correspond to holes in the wall. (b) Numerical solution of Equation (8.41) at
t = 100 and t = 200. The grey lines indicate the initial condition and the arrow indicates the direction of
increasing time. (c) The time evolution of the position of the leading edge of the travelling wave solution,
L(t). All results are obtained using P im = 0.01, P gm = 0, P ip = P gp = 1.0, P id = P gd = 0, δx = 0.01,
δt = 0.01, ε = 10−6, v = 0.1433.

for reaction-diffusion equations with capacity-degenerate positive-negative F (C) can be

determined by considering the existence of travelling waves for

∂C

∂t̂
=
∂2C

∂x2
+ F (C)R(C), t̂ ≥ 0. (8.61)

The restriction on t̂ implies that F (C) > 0. As F (C) < 0 for 1/3 < C < 1, Equation

(8.61) is only equivalent to Equation (8.41) for 0 ≤ C ≤ 1/3. For 1/3 ≤ C ≤ 1, Equation

(8.41) is equivalent to
∂C

∂t̂
=
∂2C

∂x2
+ F̂ (C)R̂(C), t̂ ≥ 0, (8.62)

where F̂ (C) = −F (1 − C) and R̂(C) = R(1 − C) [42]. Equations (8.61)-(8.62) have

minimum travelling wave speeds v∗0 and v∗1, respectively. Maini et al. [42] prove that

sharp fronts in the travelling wave near C = 1 only exist if F (1) = 0 and v∗1 < v∗0.

The first condition is obviously satisfied, while the second can be determined through

linear analysis of Equations (8.61)-(8.62) in travelling wave co-ordinates. Both equations

have minimum wave speed conditions, v∗0 = v∗1 = 2
√
λDi, to obtain physically-relevant

heteroclinic orbits, and hence travelling wave solutions with a sharp region near C = 1

do not exist.

Travelling wave behaviour for a parameter regime with F (1) = 0 is shown in Figure 8.18.

The equilibrium point at (1, 0) is also a hole in the wall. The solution trajectory forms

a heteroclinic orbit between (1, 0) and (0, 0), and moves through the region of C where

F (C) < 0. Although F (1) = 0, we do not observe a solution trajectory corresponding to a

sharp front, as we observed in Figure 8.15, where F (0) = 0. This result is consistent with

the analysis of Maini et al. [42]. The numerical solution of Equation (8.18), presented

in Figure 8.18(b), has a relatively steep front but is not sharp near C = 1. As L(t),

presented in Figure 8.18(c), becomes linear as t increases and the waveform in Figure
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8.18(b) are consistent, the numerical solution of Equation (8.41) with F (1) = 0 appears

to form a classic travelling wave.

8.6.3 Equal motility rates, equal proliferation rates, equal death rates.

For P id = P gd > 0, with P im = P gm and P ip = P gp , there are no competitive or co-operative

mechanisms. In this case, Equation (8.2) becomes

∂C

∂t
= D

∂2C

∂x2
+ λC(1− C)−KC, (8.63)

where D = Di = Dg, λ = λi = λg and K = Ki = Kg. The corresponding ODE in

travelling wave co-ordinates is

D
d2C

dz2
+ v

dC

dz
+ λC(1− C)−KC = 0, −∞ < z <∞, (8.64)

and, with U = dC/dz, we obtain

dC

dz
= U, (8.65)

dU

dz
= − v

D
U − λ

D
C(1− C) +

K

D
C. (8.66)

The source term in Equation (8.63) is non-positive for all relevant C values if K > λ, and

negative for C > (λ−K)/λ otherwise. Hence the population will never reach the original

carrying capacity of unity. The new carrying capacity can be determined by considering

the zeros of the source term, which occur at C = 0 and C = (λ −K)/λ. Introducing a

new variable, C = λC/(λ−K), and rewriting Equation (8.63) in terms of C we obtain

∂C

∂t
= D

∂2C

∂x2
+ (λ−K)C(1− C). (8.67)

Equation (8.67) is the Fisher-Kolmogorov equation in terms of the new variable, C, with

an intrinsic growth rate (λ−K). As such, the analysis performed for Case 1 is applicable

here and we obtain information about the stability of the equilibrium points, as well as

the minimum wave speed required for physically meaningful travelling wave solutions.

If λ > K, the minimum wave speed is v∗ = 2
√

(λ−K)D. If K > λ, there is only

one physically relevant equilibrium point, C = 0, and hence the population will tend to

extinction and travelling wave solutions do not exist.

Travelling wave behaviour for two parameter regimes with λ > K are illustrated in Figure

8.19. The phase plane for K = 0.1, presented in Figure 8.19(a), displays qualitatively

similar behaviour to the phase plane for K = 0.2, presented in Figure 8.19(d). Unsur-

prisingly, the unstable equilibrium point moves closer to zero as K approaches λ. The

numerical solutions of Equation (8.63), presented in Figures 8.19(b) and 8.19(e), have

significantly different densities behind the wave fronts. However, both travelling wave

fronts represent heteroclinic orbits between (C,U) = ((λ −K)/λ, 0) and (C,U) = (0, 0).
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Figure 8.19: Travelling wave behaviour for the scaled Fisher-Kolmogorov model (Case 3).
(a), (d) Phase plane for the system (8.65)-(8.66). Red circles denote equilibrium points. The numerical
solutions of Equations (8.63) (cyan, solid) and (8.64) (orange, dashed), in (C,U) co-ordinates, are super-
imposed. (b), (e) Numerical solution of Equation (8.63) at t = 40 and t = 80. The grey lines indicate the
initial condition and the arrows indicate the direction of increasing time. (c), (f) The time evolution of the
position of the leading edge of the travelling wave solution. All results are obtained using P im = P gm = 1,
P ip = P gp = 0.3, δx = 0.1, δt = 0.01, ε = 10−6 and (a)-(c) P gd = P id = 0.1, v = 0.615; (d)-(f) P gd = P id = 0.2,
v = 0.445.

Interestingly, the two travelling wave fronts have approximately the same support, even

though the waveform is significantly shallower for the case with K = 0.2. Results in

Figures 8.19(c) and (f) show that both solutions approach travelling waves as t increases,

and that increasing the death rate reduces the wave speed.

8.6.4 Different motility rates, equal proliferation rates, equal death

rates.

For P ip = P gp , P id = P gd and P im 6= P gm, the co-operative or competitive mechanism arises

due to the difference in the rate of motility. In this case, the governing PDE is

∂C

∂t
=

∂

∂x

(
F (C)

∂C

∂x

)
+ λC(1− C)−KC, (8.68)

where F (C) = Di(1 − 4C + 3C2) + Dg(4C − 3C2), λ = λi = λg and K = Ki = Kg.

Equation (8.68) corresponds to

v
dC

dz
+F (C)

d2C

dz2
+(Di−Dg)(6C−4)

(
dC

dz

)2

+λC(1−C)−KC = 0, −∞ < z <∞, (8.69)
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Figure 8.20: Classification of Fs(C) for different carrying capacity densities. (a)-(c) Type of Fs(C)
function for 0 ≤ C ≤ 1 for the parameter space P im ∈ [0, 1] and P gm ∈ [0, 1] with (a) S = 1.0; (b) S = 0.9; (c)
S = 0.5. Grey regions correspond to parameter pairs that result in strictly positive Fs(C), purple regions
correspond to parameter pairs that result in positive-negative-positive Fs(C) and red regions correspond
to parameter pairs that result in positive-negative Fs(C). Cyan, orange and black lines correspond
to constant, extinction-degenerate non-negative and capacity-degenerate positive-negative Fs(C) curves,
respectively. (d) Example Fs(C) for each region in (b). The white circles in (b) denote the parameter
pairs used to generate the curves in (d).

in travelling wave co-ordinates, and with the substitution U = dC/dz, we obtain

dC

dz
= U, (8.70)

dU

dz
=
−vU − (Di −Dg)(6C − 4)U2 − λC(1− C) +KC

F (C)
. (8.71)

The system of Equations (8.70)-(8.71) has equilibrium points (C,U) = (0, 0) and (C,U) =

(S, 0), where S = (λ − K)/λ. Increasing K causes a decrease in the carrying capacity,

S. If K > λ, the non-zero equilibrium point occurs at a negative C value and hence only

one physically relevant equilibrium point exists, implying that the population will become

extinct. Hence we only investigate the behaviour of parameter regimes where λ > K.
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We introduce the variable C = C/S such that the agent density is scaled by the carrying

capacity and, subsequently, the zeros of the source term occur at C = 0 and C = 1. This

approach allows us to repeat the analysis for Case 2 with a different F (C). We transform

Equation (8.68) in terms of C to obtain

∂C

∂t
=

∂

∂x

(
F (SC)

∂C

∂x

)
+ (λ−K)C(1− C). (8.72)

If we define U = dC/dz, Equation (8.72) corresponds to the system,

dC

dz
= U, (8.73)

dU

dz
=
−vU − (Di −Dg)S(6SC − 4)U

2 − (λ−K)C(1− C)

F (SC)
, −∞ < z <∞. (8.74)

The transformed nonlinear diffusivity function

Fs(C) = F (SC) = Di(1− 4SC + 3(SC)2) +Dg(4SC − 3(SC)2), (8.75)

has different properties depending on S, Di and Dg. To highlight this, Figure 8.20 shows

the (P im, P
g
m) parameter space for three different S values and the qualitative behaviour

of the corresponding Fs(C) function. For S = 1, presented in Figure 8.20(a), we recover

the nonlinear diffusivity function examined for Case 2, where for P im > 4P gm, denoted in

purple, there is an interval α < C < β, α < β < 1, where Fs(C) < 0. Decreasing S

to 0.9, presented in Figure 8.20(b), we observe that the purple region again occurs for

P im > 4P gm. However, if P gm < 0.145P im, highlighted in red, Fs(C) < 0 for ω < C ≤ 1, and

hence Fs(C) has only one zero in 0 ≤ C ≤ 1. This type of nonlinear diffusivity function is

not observed for Case 2 and we refer to it as positive-negative. Specifically, this behaviour

occurs when (16 − (6S − 4)2)P gm < (4 − (6S − 4)2)P im and P im > 4P gm. Furthermore,

this implies that for S < 2/3 there are no (P im, P
g
m) values that correspond to positive-

negative-positive Fs(C). An example of this (P im, P
g
m) parameter space is shown in Figure

8.20(c). For S < 1/3, Fs(C) ≥ 0 for 0 ≤ C ≤ 1. Parameter pairs that correspond to

extinction-degenerate non-negative Fs(C) (orange) and constant Fs(C) (cyan) exist for

all S values.

Strictly positive nonlinear diffusivity function

If Fs(C) > 0 for 0 ≤ C ≤ 1, linear analysis leads to a minimum wave speed v∗ =

2
√

(λ−K)Di for the equilibrium point at (0, 0) to be stable. Intuitively, the wave speed

is positive provided that the rate of birth is greater than the rate of death.

Travelling wave behaviour for Equation (8.68) with strictly positive Fs(C) and S = 0.5

is shown in Figures 8.21(a)-(c). Similar to the strictly positive F (C) considered in Case

2.1, there is a heteroclinic orbit between the two equilibrium points, implying that the

solution of Equation (8.68) forms a travelling wave. Intuitively, introducing agent death
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Figure 8.21: Travelling wave behaviour for Equation (8.68) for various Fs(C). We consider (a)-
(c) strictly positive Fs(C) (Case 4.1), (d)-(f) extinction-degenerate non-negative Fs(C) (Case 4.2), (g)-(i)
positive-negative-positive F (SC) (Case 4.3), and (j)-(l) capacity-degenerate positive-negative Fs(C) (Case
4.4). (a), (d), (g), (j) Phase plane for the system (8.70)-(8.71) with the numerical solution of Equations
(8.68) (cyan, solid) and (8.69) (orange, dashed), in (C,U) co-ordinates, superimposed. The grey regions
correspond to values of C where Fs(C) < 0. The dashed black lines denote a wall of singularities. Red
circles correspond to equilibrium points and purple circles correspond to holes in the wall. (b), (e), (h), (k)
Numerical solution of Equation (8.68) at t = 25 and t = 50. The grey lines indicate the initial condition
and the arrows indicate the direction of increasing time. (c), (f), (i), (l) The time evolution of the position
of the leading edge of the travelling wave solution. Parameters used are (a)-(c) P im = 0.25, P gm = 0.5,
P ip = P gp = 1, P id = P gd = 0.5, v = 0.504; (d)-(f) P im = 0, P gm = 1, P ip = P gp = 1, P id = P gd = 0.1, v = 0.777;
(g)-(i) P im = 0.25, P gm = 0.05, P ip = P gp = 1, P id = P gd = 0.1, v = 0.672; (j)-(l) P im = 0.25, P gm = 0.05,
P ip = P gp = 1, P id = P gd = 1/6, v = 0.648. All results are obtained using δx = 0.1, δt = 0.01, ε = 10−6.
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has the effect of reducing the density sufficiently far behind the wave front, and we observe

that the non-zero equilibrium point now occurs at C = S ≤ 1.

Extinction-degenerate non-negative nonlinear diffusivity function

If Fs(0) = 0, Fs(C) > 0 for 0 < C ≤ 1, and R(0) = 0, a stretching transformation is

applied to remove the singularity in Equations (8.73)-(8.74), giving

dC

dζ
= DgS(4C − 3SC

2
)U, (8.76)

dU

dζ
= −vU +DgS(6SC − 4)U

2 − (λ−K)C(1− C), ζ ≥ 0, (8.77)

as Di = 0. There are now three equilibrium points: (C,U) = (0, 0); (C,U) = (1, 0); and

(C,U) = (0,−v/4SDg). As for Case 2.2, the saddle-saddle connection between (1, 0) and

(0,−v/4SDg) only occurs for a unique wave speed, v∗, which implies that sharp-fronted

solutions exist only for the minimum wave speed.

Sharp-fronted travelling wave solutions of Equation (8.68) with extinction-degenerate non-

negative Fs(C) and S = 0.9 are shown in Figures 8.21(d)-(f). Introducing agent death

does not change the qualitative behaviour compared to the corresponding case with K = 0

(Case 2.2). Specifically, dC/dz approaches C = 0 with a non-zero value and hence the

wave front is sharp near C = 0. Again, the density behind the wave front decreases such

that C = S, corresponding to the non-zero equilibrium point.

Positive-negative-positive nonlinear diffusivity function

For positive-negative-positive Fs(C), the analysis in Case 2.3 holds provided that λ > K.

Specifically, the minimum wave speed condition proved by Ferracuti et al. [14] implies that

real-valued holes in the wall will be present for the scaled Fisher-Kolmogorov equation

with λ > K. In turn, this suggests that the smooth travelling wave solutions passing

through the region of negative diffusivity observed for Case 2.3 will be present with non-

zero K. Travelling wave behaviour for Equation (8.68) with positive-negative-positive

Fs(C) is demonstrated in Figures 8.21(g)-(i). The travelling wave solution behaviour

is similar to the behaviour in the corresponding case with K = 0 (Case 2.3), with the

exception of the reduced carrying capacity.

Capacity-degenerate positive-negative nonlinear diffusivity function

The capacity-degenerate positive-negative diffusivity case, where Fs(1) = R(S) = 0,

Fs(C) < 0 for ω < C < 1 and Fs(C) ≥ 0 otherwise, might be thought to lead to travelling

wave solutions with a sharp front near the carrying capacity density [42]. Similar to

the approach for Case 2.4, we consider the conditions proposed by Maini et al. [42].

Again, we satisfy the condition that Fs(1) = 0. However, the minimum wave speed for

the transformation of Equation (8.41) in 0 ≤ C < ω is the same as the minimum wave
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Figure 8.22: Travelling wave behaviour for Equation (8.68) with positive-negative Fs(C) (Case
4.5). (a) Phase plane for the system (8.70)-(8.71) with the numerical solution of Equation (8.68), in (C,U)
co-ordinates, superimposed. The grey region corresponds to values of C where Fs(C) < 0. The dashed
black lines denote a wall of singularities. Red circles correspond to equilibrium points and purple circles
correspond to holes in the wall. (b) Numerical solution of Equation (8.68) at t = 50 and t = 100. The
grey lines indicate the initial condition and the arrow indicates the direction of increasing time. (c) The
time evolution of the position of the leading edge of the travelling wave solution. All results are obtained
using P im = 0.05, P gm = 0.01, P ip = P gp = 1.0, P id = P gd = 0.25, δx = 0.1, δt = 0.01, ε = 10−6, v = 0.2760.

speed for the transformation of Equation (8.41) in ω < C ≤ 1. As such, we do not

expect that Equation (8.68) will approach a travelling wave solution with a sharp front

near C = 1. We present travelling wave behaviour for Equation (8.68) with capacity-

degenerate positive-negative Fs(C) in Figures 8.21(j)-(l) and, as anticipated, observe that

the travelling wave solution is a classic front.

Positive-negative nonlinear diffusivity function

The positive-negative case, where Fs(C) > 0 for 0 ≤ C < ω and Fs(C) < 0 for ω < C ≤ 1,

cannot occur with K = 0. It is instructive to examine whether stable travelling wave solu-

tions of Equation (8.68) exist, as the non-zero equilibrium point now occurs in the region

where Fs(C) < 0. If we perform standard linear analysis on Equations (8.70)-(8.71), the

Jacobian at (S, 0) has eigenvalues ξ = (−v±
√
v2 + 4F (S)(λ(2S − 1) +K))/2F (S), which

implies that the equilibrium point is an unstable node provided v > 2
√
−F (S)(λ(2S − 1) +K).

The negative sign is present as F (S) < 0 for positive-negative Fs(C). The Jacobian at

(0, 0) has eigenvalues ξ = (−v±
√
v2 − 4Di(λ−K))/2Di, which is a stable node provided

that v > 2
√

(λ−K)Di. While there are infinitely many solution trajectories out of the

unstable node, we require that the solution trajectory passes through the hole in the wall,

and hence there is a single solution trajectory that forms a heteroclinic orbit.

Travelling wave behaviour for Equation (8.68) with positive-negative Fs(C) is shown in

Figure 8.22. The numerical solution of Equation (8.68), in (C,U) co-ordinates, passes

through the wall of singularities where Equation (8.71) is finite and forms a heteroclinic

orbit between (S, 0) and (0, 0). The travelling wave front is of classic type, a result

predicted by the analysis performed by Maini et al. [42] as Fs(0) 6= 0 and Fs(1) 6= 0.
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8.6.5 Equal motility rates, no grouped agent death.

Results in Figure 8.1 (Main Document) indicate that restricting death events to isolated

agents significantly change the behaviour of the agent population. This represents a co-

operative mechanism, as there is a benefit to being in close proximity to another agent.

In the case where P id 6= 0 and P gd = 0, the source term can be expressed as an Allee effect

[67]

R(C) = rC(1− C)(C −A), (8.78)

where

r = Ki − λi + λg, (8.79)

is the intrinsic growth rate, and

A =
Ki − λi

Ki − λi + λg
, (8.80)

is the Allee parameter. It follows that Equation (8.2) becomes

∂C

∂t
= D

∂2C

∂x2
+ (Ki − λi + λg)C(1− C)

(
C − Ki − λi

Ki − λi + λg

)
. (8.81)

If Ki > λi, R(C) represents the strong Allee effect, A > 0 [67]. The strong Allee effect has

bistable growth kinetics, namely, R(C) < 0 for 0 < C < A and R(C) > 0 for A < C < 1.

For low densities there are significantly more isolated agents than grouped agents, which

corresponds to negative growth if Ki > λi. If λi > Ki, and λg > 0, R(C) > 0 for

0 < C < 1. There are two possibilities for this case: r > 0 and r < 0. If r > 0 then

A < 0 and hence the growth rate is inhibited at low density, but remains positive, which

corresponds to the weak Allee effect [67]. For the case where r < 0 and R(C) > 0, we

obtain A > 1 for all parameter combinations. Interestingly, this implies that the growth

rate is inhibited at high density, but remains positive. This situation does not correspond

to either the weak or strong Allee effect, and we term this behaviour the reverse Allee

effect. It is not possible to have a combination of parameters that results in r < 0 and

0 < A < 1 as all of our parameters are non-negative. Representative source terms showing

the three types of Allee effect are compared with a logistic source term in Figure 8.23.

For P im = P gm, we have linear diffusion in Equation (8.81). Reaction-diffusion equations

with linear diffusion and either weak or strong Allee kinetics have been well-studied [4, 15,

16, 26, 34, 41, 54, 67]. We briefly present results here and interpret these in the context

of examining the long time travelling wave solution. For additional details we refer the

reader to [67]. We look for solutions in the travelling wave co-ordinate z = x − vt. The

existence of such solutions has been examined previously and requirements for the initial

conditions to converge to a travelling wave solution have been found for both the case

where A < 0 and where 0 < A < 1 [15]. Transforming Equation (8.81) into travelling
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Figure 8.23: Comparison of source terms. R(C) corresponding to the weak Allee effect with r = 1,
A = −0.5 (cyan), strong Allee effect with r = 1, A = 0.5 (orange), reverse Allee effect with r = −1,
A = 1.5 (purple) and logistic growth with r = 1 (black).

wave co-ordinates we obtain

D
d2C

dz2
+ v

dC

dz
+ (Ki−λi +λg)C(1−C)

(
C − Ki − λi

Ki − λi + λg

)
= 0, −∞ < z <∞, (8.82)

where D = Dg = Di. If U = dC/dz, Equation (8.82) can be expressed as

dC

dz
= U, (8.83)

dU

dz
=
−vU
D
− (Ki − λi + λg)C(1− C)(C −A)

D
. (8.84)

This system of equations has three equilibrium points: (C,U) = (0, 0); (C,U) = (1, 0);

and (C,U) = (A, 0). We are only concerned with physically relevant equilibrium points,

where 0 ≤ C ≤ 1. If A < 0 or A > 1, there are only two physically relevant equilibrium

points as the equilibrium point at (C,U) = (A, 0) has no physical meaning. Performing

standard linear stability analysis by examining the eigenvalues of Jacobian of the system,

the characteristic equation at (0, 0) has solutions ξ = (−v ±
√
v2 + 4(Ki − λi)D)/2D,

which implies that the equilibrium point is a stable node when λi > Ki, provided the

wave speed satisfies v > 2
√

(λi −Ki)D. If the wave speed does not satisfy this condition

then the equilibrium point is a stable spiral, which implies that the heteroclinic orbit enters

non-physical values of C. If Ki > λi, (0, 0) is a saddle point. The characteristic equation

for the equilibrium point at (1, 0) has solutions ξ = (−v±
√
v2 + 4λgD)/2D, which implies

that the equilibrium point is a saddle point, as λg is non-negative. A heteroclinic orbit

between (1, 0) and (0, 0) exists for a unique wave speed [26]. The equilibrium point at

(A, 0) has a characteristic equation with solutions ξ = (−v ±
√
v2 − 4λgAD)/2D. As we

are only concerned with physically realistic equilibrium points, that is, where 0 < A < 1,

the equilibrium point (A, 0) will be a stable node provided that the minimum wave speed
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Figure 8.24: Travelling wave behaviour for the (a)-(c) weak Allee effect and the (d)-(f)
strong Allee effect with a constant F (C) (Case 5). (a), (d) Phase plane for the system (8.83)-
(8.84) with the numerical solution of Equations (8.81) (cyan, solid) and (8.82) (orange, dashed), in (C,U)
co-ordinates, superimposed. Red circles correspond to equilibrium points. (b), (e) Numerical solution of
Equation (8.81) calculated at (b) t = 50 and t = 100; (e) t = 100 and t = 200. The grey lines indicate
the initial condition and the arrows indicate the direction of increasing time. (c), (f) The time evolution
of L(t). All results are obtained with δx = 0.1, δt = 0.01, ε = 10−6, P gd = 0, (a)-(c) P im = 0.5, P gm = 0.5,
P ip = 0.7, P gp = 0.4, P id = 0.5, v = 0.44; (d)-(f) P im = 1.0, P gm = 1.0, P ip = 0.3, P gp = 0.3, P id = 0.5,
v = 0.072.

v > 2
√
λgAD is satisfied, and a stable spiral otherwise. The spiral behaviour does not

cause the solution trajectory to become non-physical and hence this wave speed condition

is not required to obtain physically meaningful solutions.
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Figure 8.25: Travelling wave behaviour for Equation (8.81) with the reverse Allee effect and
constant F (C) (Case 5). (a) Phase plane for the system (8.83)-(8.84) with the numerical solution to
Equations (8.81) (cyan, solid) and (8.82) (orange, dashed), in (C,U) co-ordinates, superimposed. Red
circles correspond to equilibrium points. (b) Numerical solution to Equation (8.81) calculated at t = 25
and t = 50. The grey lines indicate the initial condition and the arrow indicates the direction of increasing
time. (c) The time evolution of the position of the leading edge of the wave front. All results are obtained
with δx = 0.1, δt = 0.01, ε = 10−6, P im = 1.0, P gm = 1.0, P ip = 0.6, P gp = 0.2, P id = 0.3, P gd = 0, v = 0.756.
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Figure 8.26: Wave speed comparison for Case 5. Comparison of observed wave speeds obtained
from the numerical solution of Equation (8.81). For A ≤ 1 results are obtained using r = 1, whereas for
A > 1 results are obtained using r = −1. The cyan line corresponds to v = 2

√
−ArD and the orange line

corresponds to v = 2
√
rD(1/2−A).

Solutions that display travelling wave behaviour for the weak Allee effect are presented

in Figures 8.24(a)-(c). There is a heteroclinic solution trajectory for Equations (8.83)-

(8.84) between the two equilibrium points, and the numerical solution of Equation (8.81)

matches the solution trajectory in (C,U) co-ordinates. The results in Figures 8.24(b)-

(c) suggest that the numerical solution of Equation (8.81) with the weak Allee effect

approaches a travelling wave solution. Since the source term for the reverse Allee effect is

qualitatively similar to the weak Allee effect, we do not present solutions here. Solution

behaviour for the reverse Allee effect can be found in Figure 8.25.

A travelling wave solution of Equation (8.81) in a parameter regime that results in a strong

Allee effect is now considered. The phase plane for the system (8.83)-(8.84), presented in

Figure 8.24(d), has three physically meaningful equilibrium points, and the equilibrium

point at (0, 0) is unstable, unlike in Figure 8.24(d). However, there is still a heteroclinic

orbit between (1, 0) and (0, 0). Unlike for the weak Allee effect, the wave speed that

admits this solution trajectory is unique [26]. The numerical solution of Equation (8.81)

shows the solution approaches a travelling wave, although the approach is slower than

for the weak Allee effect. This is intuitive, as the growth rate for the weak Allee effect is

non-negative, while the strong Allee effect has regions of negative growth.

It is instructive to consider how v depends on A. We calculate the numerical solution of

Equation (8.81) for a range of A values with r = 1 for A ≤ 1, and r = −1 for A > 1, and

use the numerical solution to calculate v at sufficiently late time. We consider r < 0 for

A > 1 because, due to our parameters being non-negative, A < 1 for r > 0. The minimum

wave speed for the travelling wave solution is known for A ≤ 0, namely, v∗ = 2
√
−ArD
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for A ≤ −1/2 and v∗ = 2
√
rD(1/2−A) for −1/2 ≤ A ≤ 0 [41]. For 0 < A < 1 there is a

unique wave speed, v =
√

2rD(1/2−A) [41]. Consequently, for A > 1/2, the population

will tend to extinction because the travelling wave speed is negative [41]. For the case

where A > 1 it is unclear whether there is a minimum wave speed condition. A comparison

between the observed wave speed for each A value and the predicted minimum wave speed

is given in Figure 8.26. The predicted wave speeds match the observed wave speeds well

for A ≤ 1. For A > 1 we superimpose the wave speed prediction v = 2
√
−ArD, and

observe that the predictions match the numerical wave speeds well. For the case A > 1

we require that λi > Ki, and hence the minimum wave speed condition is the same as for

the weak Allee effect.

8.6.6 Different motility rates, no grouped agent death.

For P im 6= P gm and P gd = 0, there is a co-operative mechanism in terms of increased survival

for agents in close proximity to other agents. In this parameter regime Equation (8.2)

becomes

∂C

∂t
=

∂

∂x

(
F (C)

∂C

∂x

)
+ (Ki − λi + λg)C(1− C)

(
C − Ki − λi

Ki − λi + λg

)
, (8.85)

where F (C) = Di(1 − 4C + 3C2) + Dg(4C − 3C2). Note that F (C) is the same as in

Case 2 and, as such, encodes the same four types of qualitative behaviour. To examine

the long term travelling wave behaviour of Equation (8.85), we transform Equation (8.85)

into travelling wave co-ordinates, z = x− vt, giving

v
dC

dz
+ F (C)

d2C

dz2
+ (Di −Dg)(6C − 4)

(
dC

dz

)2

+R(C) = 0, −∞ < z <∞, (8.86)

where R(C) = (Ki − λi + λg)C(1 − C)(C − (Ki − λi)/(Ki − λi + λg)). Making the

substitution U = dC/dz results in

dC

dz
= U, (8.87)

dU

dz
=
−vU − (Di −Dg)(6C − 4)U2(Ki − λi + λg)−R(C))

F (C)
. (8.88)

Equation (8.88) is singular if F (C) = 0 for 0 ≤ C ≤ 1. It is therefore of interest to

determine whether travelling wave solutions can be found for each class of F (C).

Strictly positive nonlinear diffusivity function

Strictly positive F (C) corresponds to parameters in the grey region of Figure 8.12(a).

As the wave speed for an arbitrary A is not determined by linear analysis for the Allee
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equation with constant diffusivity, we follow the approach of Hadeler [23–25] to determine

a condition for v > 0. Making the transformation

ẑ =

∫ z

0

1

Di(1− 4C(s) + 3C(s)2) +Dg(4C(s)− 3C(s)2)
ds, (8.89)

results in

dC

dẑ
= Û , (8.90)

dÛ

dẑ
= −vÛ − λ

(
Di(1− 4C + 3C2) +Dg(4C − 3C2)

)
×

(Ki − λi + λg)C(1− C)

(
C − Ki − λi

Ki − λi + λg

)
. (8.91)

For v > 0 we require that the transformed source term is, on average, positive, which

corresponds to [23–25, 46]∫ 1

0
(Ki−λi+λg)

(
Di

(
1−4C+3C2

)
+Dg

(
4C−3C2

))
C(1−C)

(
C− Ki − λi

Ki − λi + λg

)
dC > 0.

(8.92)

Condition (8.92) is equivalent to

(6λg − 5Ki + 5λi)Dg − λgDi > 0. (8.93)

For the case with r > 0, Condition (8.93) is equivalent to (A− 1)Di + (6− 11A)Dg > 0.

Since Di < 4Dg for F (C) > 0 on 0 ≤ C ≤ 1, it is trivial to see that for A < 0,

v > 0. Interestingly, for A > 0, the threshold A value for the population to persist

increases if P gm > P im, and decreases otherwise. For example, if P im = 0 then A <

6/11 leads to persistence, higher than the threshold A value in the case with constant

F (C). Alternatively, as P im → 4P gm, A → 2/7. This implies that populations where

isolated agents are significantly more motile than grouped agents are more susceptible to

extinction. This result is intuitive, as the parameter regime considered here describes a

co-operative benefit, namely, a reduced death rate for agents in close proximity to other

agents. Finally, for the reverse Allee case, where r < 0 and A > 1, Condition (8.93) is

always satisfied and the population persists.

Travelling wave solutions for the strong Allee effect with a strictly positive F (C) are shown

in Figure 8.27. For the strong Allee effect, with parameters that correspond to A = 1/4,

presented in Figures 8.27(a)-(c), we observe a heteroclinic orbit between (1, 0) and (0, 0).

The numerical solution of Equation (8.85) in this parameter regime approaches a travelling

wave solution with v > 0. However, if we consider a parameter regime that corresponds

to the strong Allee effect with A = 4/9, presented in Figures 8.27(d)-(f), we observe that,

while a heteroclinic orbit between (1, 0) and (0, 0) exists, it corresponds to a negative wave

speed. As a consequence, the population tends to extinction in a birth/death parameter
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Figure 8.27: Travelling wave behaviour for the Equation (8.85) with the strong Allee effect
and strictly positive F (C) (Case 6.1). (a), (d) Phase plane for the system (8.87)-(8.88) with the
numerical solution of Equations (8.85) (cyan, solid) and (8.86) (orange, dashed), in (C,U) co-ordinates,
superimposed. Red circles correspond to equilibrium points. (b), (e) Numerical solution of Equation
(8.85) calculated at (b) = 150 and t = 300; (e) t = 2500 and t = 5000. The grey lines indicate the initial
condition and the arrows indicate the direction of increasing time. (c), (f) The time evolution of L(t). All
results are obtained with δx = 0.1, δt = 0.01, ε = 10−6, P gd = 0, (a)-(c) P im = 1.0, P gm = 0.5, P ip = 0.4,
P gp = 0.3, P id = 0.5, v = 0.084; (d)-(f) P im = 1.0, P gm = 0.5, P ip = 0.4, P gp = 0.3, P id = 0.65, v = −0.004.

regime that would otherwise result in the persistence of the population if the diffusivity

is constant. As both the weak and reverse Allee effect are qualitatively similar to Fisher

kinetics, numerical solutions are not presented here. Numerical solutions can be found in

Figure 8.28.

Extinction-degenerate non-negative nonlinear diffusivity function

The case where F (0) = 0 corresponds to parameters along the orange line in Figure

8.12(a). Sánchez-Garduño and Maini [56] demonstrate that Condition (8.92) must be

satisfied for travelling wave solutions to have v > 0. Furthermore, there is a critical

wave speed that results in a sharp-fronted travelling wave [56]. From the results obtained

for Case 6.1, Condition (8.92) is always satisfied for A < 0 or A > 1. For parameter

regimes where 0 < A < 1 the choice of P im and P gm influences whether Condition (8.92) is

satisfied. To obtain an extinction-degenerate diffusivity we require that P im = 0. Hence

(8.93) implies that for A < 6/11 the wave speed will be positive. To obtain a positive wave

speed with constant F (C), we require A < 1/2, which implies that the population is more

likely to persist in an parameter regime that leads to extinction-degenerate non-negative

F (C).



Chapter 8. Co-operation, competition and crowding: A discrete framework
linking Allee kinetics, nonlinear diffusion, shocks and sharp-fronted travelling
waves

252

0 1
−0.2

0

0.2

U

C 0 100
0

1

C

x 0 100
40

100

t

L(t)

(a) (b) (c)

0 100
40

100

t

L(t)

0 100
0

1

C

x0 1
−0.2

0

0.2

U

C

(d) (e) (f )

Figure 8.28: Travelling wave behaviour for Equation (8.85) with the (a)-(c) weak Allee effect
and the (d)-(f) reverse Allee effect and strictly positive F (C) (Case 6.1). (a),(d) Phase plane for
the system (8.87)-(8.88) with the numerical solution to Equations (8.85) (cyan, solid) and (8.86) (orange,
dashed), in (C,U) co-ordinates, superimposed. Red circles correspond to equilibrium points. (b),(e)
Numerical solution to Equation (8.85) calculated at t = 50 and t = 100. The grey lines indicate the
initial condition and the arrows indicate the direction of increasing time. (c),(f) The time evolution of
the position of the leading edge of the wave front. All results are obtained with δx = 0.1, δt = 0.01,
ε = 10−6, P gd = 0, (a)-(c) P im = 1.0, P gm = 0.5, P ip = 0.4, P gp = 0.3, P id = 0.3, v = 0.448; (d)-(f) P im = 0.5,
P gm = 0.25, P ip = 0.6, P gp = 0.2, P id = 0.3, v = 0.536.

Travelling wave behaviour for the strong Allee effect with extinction-degenerate non-

negative F (C) is shown in Figure 8.29. The numerical solution of Equation (8.85) with

A = 1/4, in Figures 8.29(a)-(c), leads to a sharp-fronted travelling wave solution near

C = 0 with v > 0. With A = 1/4, we expect to obtain v > 0. For a parameter regime

that results in A = 4/7, we obtain a travelling wave solution of Equation (8.85) with

v < 0 (Figures 8.29(d)-(f)). Interestingly, the sharp front near C = 0 is not present for

the strong Allee effect with v < 0, unlike with v > 0, where the wave front is smooth.

We present travelling wave behaviour for both the weak Allee effect and the reverse Allee

effect in Figure 8.30.

Positive-negative-positive nonlinear diffusivity function

A positive-negative-positive F (C), where there is an interval α < C < β where F (C) < 0,

corresponds to parameter pairs highlighted in purple in Figure 8.12(a). Kuzmin and

Ruggerini [38] examine reaction-diffusion equations with similar properties for the strong

Allee effect, in the context of diffusion-aggregation models, and provide conditions for

smooth travelling wave solutions to exist. For a solution with v > 0, we require A < α

[38] and ∫ α

0
F (C)R(C) dC > 0. (8.94)
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Figure 8.29: Travelling wave behaviour for Equation (8.85) with the strong Allee effect and
extinction-degenerate non-negative F (C) (Case 6.2). (a), (d) Phase plane for the system (8.87)-
(8.88) with the numerical solution of Equations (8.85) (cyan, solid) and (8.86) (orange, dashed), in (C,U)
co-ordinates, superimposed. Red circles correspond to equilibrium points. (b), (e) Numerical solution of
Equation (8.85) calculated at (b) t = 50 and t = 100; (e) t = 400 and t = 800. The grey lines indicate
the initial condition and the arrows indicate the direction of increasing time. (c), (f) The time evolution
of L(t). All results are obtained with δx = 0.01, δt = 0.005, ε = 10−6, P im = 0, P gm = 1.0,P gd = 0, (a)-(c)
P ip = 0.4, P gp = 0.3, P id = 0.5, v = 0.199; (d)-(f) P ip = 0.4, P gp = 0.3, P id = 0.8, v = −0.026.

Furthermore, we require [38]

3

∫ α

0
F (C)R(C) dC ≥ max{Φ(σ),Φ(ρ)}, (8.95)

where

Φ(y) = 8α2y + 4
√

4α2y2 − 2mα3y,

σ = sup
C∈[α,β)

[
F (C)R(C)

C − β

]
, ρ = sup

C∈(β,1]

[
F (C)R(C)

C − β

]
, and

m = min
C∈[0,A]

[
F (C)R(C)

]
.

A suite of P gm values with P im = 1, which correspond to 1/3 < α < 2/3, are considered

for parameter regimes that result in A < α. Figures 8.31(a)-(c) show the parameter

spaces, (A,α), that satisfy Condition (8.94), Condition (8.95) and Conditions (8.94)-

(8.95) simultaneously, respectively. Orange regions represent parameter pairs where the

condition is satisfied and grey regions represent parameter pairs where the condition is

not satisfied. These results suggest that smooth travelling wave solutions should exist for

certain choices of parameters. Interestingly, all parameter pairs that satisfy Condition

(8.94) also satisfy Condition (8.95).
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Figure 8.30: Travelling wave behaviour for Equation (8.85) with the (a)-(c) weak Allee
effect and the (d)-(f) reverse Allee effect and extinction-degenerate non-negative F (C) (Case
6.2). (a),(d) Phase plane for the system (8.87)-(8.88) with the numerical solution to Equations (8.85)
(cyan, solid) and (8.86) (orange, dashed), in (C,U) co-ordinates, superimposed. Red circles correspond to
equilibrium points. (b),(e) Numerical solution to Equation (8.85) calculated at t = 50 and t = 100. The
grey lines indicate the initial condition and the arrows indicate the direction of increasing time. (c),(f)
The time evolution of the position of the leading edge of the wave front. All results are obtained with
δx = 0.1, δt = 0.01, ε = 10−6, P im = 0, P gm = 1.0, P gd = 0, (a)-(c) P ip = 0.4, P gp = 0.3, P id = 0.3, v = 0.347;
(d)-(f) P ip = 0.6, P gp = 0.2, P id = 0.3, v = 0.438.
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Figure 8.31: Parameter pairs that satisfy Kuzmin and Ruggerini’s Conditions [38]. (a)
Condition (8.94); (b) Condition (8.95); (c) Conditions (8.94)-(8.95) combined. Orange regions correspond
to parameter pairs that satisfy the respective condition(s), whereas grey regions correspond to parameter
pairs that do not.

For Case 2.3 and Case 4.3, smooth travelling wave solutions that pass through holes in the

wall of singularities for positive-negative-positive F (C) are obtained. The minimum wave

speed bound presented by Ferracuti et al. [14] implies that the location of the holes in the

wall occur are real-valued for the wave speed arising from the Heaviside initial condition.

As such, to obtain smooth travelling wave solutions of Equation (8.85) with positive-

negative-positive F (C), we might expect that the wave speed satisfies v > 2
√
F ′(β)R(β),

such that the holes in the wall at C = β are real-valued.
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Figure 8.32: Travelling wave behaviour for Equation (8.85) with the (a)-(c) weak Allee effect
and the (d)-(f) reverse Allee effect and positive-negative-positive F (C) (Case 6.3). (a),(d)
Phase plane for the system (8.87)-(8.88) with the numerical solution to Equation (8.85) (cyan, solid),
in (C,U) co-ordinates, superimposed. The dashed black lines denote a wall of singularities. Red circles
correspond to equilibrium points and purple circles correspond to holes in the wall. (b),(e) Numerical
solution to Equation (8.85) calculated at (b) t = 200 and t = 400; (e) t = 100 and t = 200. The grey lines
indicate the initial condition and the arrows indicate the direction of increasing time. (c),(f) The time
evolution of the position of the leading edge of the wave front. All results are obtained with δx = 0.1,
δt = 0.01, ε = 10−6, P gd = 0, (a)-(c) P im = 0.05, P gm = 0.01, P ip = 0.4, P gp = 0.3, P id = 0.3, v = 0.098;
(d)-(f) P im = 0.5, P gm = 0.1, P ip = 0.6, P gp = 0.2, P id = 0.3, v = 0.172.

Following the approach used for Case 2.3, it is simple to demonstrate that both the weak

and reverse Allee effect have real-valued holes in the wall. As such, we observe heteroclinic

orbits between (1, 0) and (0, 0) that pass through the holes in the wall, and present

the corresponding travelling wave solutions in Figure 8.32. We now examine numerical

solutions of Equation (8.85) with the strong Allee effect. For parameter regimes that give

rise to wave speeds that satisfy v > 2
√
F ′(β)R(β), numerical travelling wave solutions

could not be found. While the condition for real-valued holes in the wall is satisfied, the

zeros of Equation (8.88) are imaginary for a certain interval of C > β. This corresponds

to a nullcline that is not real-valued for certain C values.

We now consider parameter regimes corresponding to the strong Allee effect with the

additional restriction that v < 2
√
F ′(C)R(C) for 2/3 < C ≤ 1. For all P im and P gm that

give rise to a positive-negative-positive F (C), holes in the wall at C = β do not exist and,

as such, we do not expect to obtain smooth solutions. Interestingly, we observe travelling

wave solutions with shocks such that the solution never enters the region α < C < β. An

example of a shock-fronted travelling wave solution for the strong Allee effect with both

v > 0 and v < 0 is shown in Figures 8.33(a)-(c) and Figures 8.33(d)-(f), respectively.
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Figure 8.33: Travelling wave behaviour for Equation (8.85) with the strong Allee effect and
positive-negative-positive F (C) (Case 6.3). (a), (d) Phase plane for the system (8.87)-(8.88) with
the numerical solution of Equation (8.85) (cyan, solid), in (C,U) co-ordinates, superimposed. The dashed
black lines denote a wall of singularities. Red circles correspond to equilibrium points and purple circles
correspond to holes in the wall. (b), (e) Numerical solution of Equation (8.85) calculated at (b) t = 200
and t = 400; (e) t = 500 and t = 1000. The grey lines indicate the initial condition and the arrows
indicate the direction of increasing time. The insets correspond to the areas within the red dashed lines,
and highlight the shocks. (c), (f) The time evolution of L(t). All results are obtained with δx = 0.05,
δt = 0.001, ε = 10−6, P gd = 0, (a)-(c) P im = 0.5, P gm = 0.1, P ip = 0.5, P gp = 0.4, P id = 0.6, v = 0.009;
(d)-(f) P im = 0.5, P gm = 0.1, P ip = 0.4, P gp = 0.2, P id = 0.5, v = −0.028.

Solutions of diffusion equations, without any source terms, that contain shocks have been

reported previously [39, 72]. Similarly, shock-fronted travelling wave solutions arise in

other kinds of models, including multispecies models of combustion [18] and haptotactic

cell migration [71]. However, the models presented here are very different, and it is

therefore of interest to determine the properties of the reaction-diffusion equation that

lead to shock-fronted travelling wave solutions.

Capacity-degenerate positive-negative nonlinear diffusivity function

Capacity-degenerate positive-negative F (C), where F (1) = 0, arises if P gm = 0 and in-

cludes an interval 1/3 < C < 1 where F (C) < 0. For Case 2.4, despite the degenerate

nature of the nonlinear diffusivity function at C = 1, we did not obtain solutions with

a sharp front near C = 1. Instead, the solution passes through the region of negative

diffusivity and a hole in the wall at C = 1/3 , leading to smooth travelling wave solu-

tions. As such, we expect similar solutions for both the weak and reverse Allee effect due

to the qualitatively similar behaviour of the R(C) function. It is of interest to examine

whether smooth or shock-fronted travelling wave solutions arise from Equation (8.85) for

the strong Allee effect, as for the positive-negative-positive diffusivity examined for Case

6.3 no smooth travelling wave solutions could be found.
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Figure 8.34: Travelling wave behaviour for the (a)-(c) weak Allee effect and the (d)-(f)
reverse Allee effect with capacity-degenerate F (C) (Case 6.4). (a), (d) Phase plane for the
system (8.87)-(8.88) with the numerical solution of Equation (8.85) (cyan, solid), in (C,U) co-ordinates,
superimposed. The dashed black lines denote a wall of singularities. Red circles correspond to equilibrium
points and purple circles correspond to holes in the wall. (b), (e) Numerical solution of Equation (8.85)
calculated at t = 50 and t = 100. The grey lines indicate the initial condition and the arrows indicate the
direction of increasing time. (c), (f) The time evolution of L(t). All results are obtained with δx = 0.1,
δt = 0.01, ε = 10−6, P im = 0.01, P gm = 0, P ip = 1.0, P id = 0.1, P gd = 0, (a)-(c) P gp = 0.8, v = 0.098; (d)-(f)
P gp = 0.95, v = 0.136.

As expected, smooth travelling wave solutions for both the weak and reverse Allee effects

with capacity-degenerate positive-negative F (C) are obtained. The solution behaviour for

both the weak and reverse Allee effects are presented in Figure 8.34. For the strong Allee

effect, we examine a considerable number of parameter regimes and initial conditions and

are unable to find travelling wave solutions.

8.6.7 Equal motility rates, different death rates.

Without the restriction that only isolated agents are able to undergo death events (P gd 6=
0), death events can be considered as either a co-operative mechanism (P id > P gd ), such

as group defence against predation, or a competitive mechanism (P id < P gd ), where a

population is more easily discovered and eradicated, compared to an isolated individual.

In these parameter regimes, Equation (8.2) can be expressed as

∂C

∂t
= D

∂2C

∂x2
+ (Ki −Kg − λi + λg)A1C

(
1− C

A1

)(
C −A2

)
, (8.96)
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where

A1 =
2λi − λ− 2Ki + 2Kg −

√
λ2
g + 4Kg(λi − λg −Ki +Kg)

2(λi − λg −Ki +Kg)
,

A2 =
2λi − λ− 2Ki + 2Kg +

√
λ2
g + 4Kg(λi − λg −Ki +Kg)

2(λi − λg −Ki +Kg)
, (8.97)

provided that λg ≥ 2(Kg +
√
Kg(Ki − λi)) or λi > Ki. If this is not satisfied, R(C) ≤ 0

for 0 ≤ C ≤ 1 and the population will tend to extinction. The corresponding ODE in

travelling wave co-ordinates is

v
dC

dz
+D

d2C

dz2
+(Ki−Kg−λi+λg)A1C

(
1− C

A1

)(
C−A2

)
= 0, −∞ < z <∞, (8.98)

and, making the substitution U = dC/dz, results in

dC

dz
= U, (8.99)

dU

dz
= −vU

D
− (Ki −Kg − λi + λg)A1C

D

(
1− C

A1

)(
C −A2

)
. (8.100)

Introducing a new variable C = C/A1 which, upon substitution into Equation (8.96),

results in
∂C

∂t
= D

∂2C

∂x2
+ (Ki −Kg − λi + λg)A

2
1C(1− C)

(
C −A

)
, (8.101)

where

A =
A2

A1
=

2λi − λ− 2Ki + 2Kg +
√
λ2
g + 4Kg(λi − λg −Ki +Kg)

2λi − λ− 2Ki + 2Kg −
√
λ2
g + 4Kg(λi − λg −Ki +Kg)

. (8.102)

Equation (8.101) is a reaction-diffusion equation with Allee kinetics in terms of the scaled

variable C. Both the carrying capacity and Allee parameter are scaled by A1, which

influences the maximum population density as well as the threshold density required

for positive growth. Following the analysis for Case 5, the minimum wave speed for

Equation (8.101) with A < −1/2 is v∗ = 2
√

(λi −Ki)D. Interestingly, this implies that

introducing grouped agent death at a rate that does not result in a population tending

to extinction has no influence on the invasion speed of the population. Specifically, the

condition for A < −1/2 in Case 5 corresponds to 3(λi − Ki) > λg. It can be shown

that, with 3(λi − Ki) > λg, we require 3Kg < λg for A < −1/2. This implies that

there is a range of Kg values that result in a travelling wave with a minimum wave speed

that is independent of both Kg and λg. Interestingly, this suggests that if a control is

implemented that increases the death rate of grouped agents, there is a threshold value

for the control to influence the invasion speed and the subsequent persistence of the

population. Introducing a non-zero Kg value for a parameter regime that results in the

strong Allee effect with Kg = 0 never changes the type of Allee effect. Hence it is possible
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Figure 8.35: Travelling wave behaviour for the (a)-(c) weak Allee effect and the (d)-(f)
strong Allee effect with constant F (C) (Case 7). (a), (d) Phase plane for the system (8.99)-(8.100)
with the numerical solution of Equations (8.96) (cyan, solid) and (8.98) (orange, dashed), in (C,U) co-
ordinates, superimposed. Red circles correspond to equilibrium points. (b), (e) Numerical solution of
Equation (8.96) calculated at (b) t = 50 and t = 100; (e) t = 100 and t = 200. The grey lines indicate the
initial condition and the arrows indicate the direction of increasing time. (c), (f) The time evolution of
L(t). All results are obtained with δx = 0.1, δt = 0.01, ε = 10−6, P gd = 0.1, (a)-(c) P im = 0.5, P gm = 0.5,
P ip = 0.7, P gp = 0.4, P id = 0.5, v = 0.44; (d)-(f) P im = 1.0, P gm = 1.0, P ip = 0.7, P gp = 0.5, P id = 0.8,
v = 0.06.

to go from a weak Allee effect to a reverse Allee effect by introducing a non-zero Kg

value. Non-zero Kg values correspond to a decreased benefit for grouped agents, which

explains why the source term, previously a weak Allee effect, becomes the reverse Allee

effect, corresponding to inhibited growth at high density.

For the strong Allee effect, corresponding to 0 < A2 < A1 ≤ 1, the unique wave speed is

v = 2
√

(Ki −Kg − λi + λg)D(A1/2 − A2) [41]. This implies that for A2 > A1/2, v < 0

and v > 0 otherwise. Furthermore, the same wave speed applies for −A1/2 < A2 < 0 [41].

For both intervals, the minimum wave speed does depend on the Kg value, and hence

implementing any kind of partial eradication of the grouped agents will either reduce the

speed of invasion or cause the extinction of the population.

Travelling wave behaviour for the weak and strong Allee effect and constant F (C) is

shown in Figure 8.35. For both numerical solutions, calculated with Kg = 0.1, the

carrying capacity is reduced by approximately 27%. With the exception of Kg, the

parameters used to obtain the numerical solutions in Figures 8.35(a)-(c) are the same

as in Figures 8.24(a)-(c) and we observe that, as expected, the wave speed is the same.

This demonstrates that, while the carrying capacity is reduced, the population is able to
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Figure 8.36: Travelling wave behaviour for Equation (8.96) with the reverse Allee effect and
constant Fs(C) (Case 7). (a) Phase plane for the system (8.99)-(8.100) with the numerical solution
to Equations (8.96) (cyan, solid) and (8.98) (orange, dashed), in (C,U) co-ordinates, superimposed. Red
circles correspond to equilibrium points. (b) Numerical solution to Equation (8.96) calculated at t = 25
and t = 50. The grey lines indicate the initial condition and the arrow indicates the direction of increasing
time. (c) The time evolution of the position of the leading edge of the wave front. All results are obtained
with δx = 0.1, δt = 0.01, ε = 10−6, P im = 1.0, P gm = 1.0, P ip = 0.6, P gp = 0.2, P id = 0.3, P gd = 0.1,
v = 0.760.

invade vacant space at the same speed, even though a control measure for the grouped

agents has been implemented. Results for the reverse Allee effect are presented in Figure

8.34.

8.6.8 Different motility rates, different death rates.

Setting P im 6= P gm and P id 6= P gd 6= 0 allows for significant flexibility in describing a

combination of competitive and/or co-operative mechanisms, depending on the relevant

motivation. In this case, Equation (8.2) can be expressed as

∂C

∂t
=

∂

∂x

(
F (C)

∂C

∂x

)
+ (Ki −Kg − λi + λg)A1C

(
1− C

A1

)(
C −A2

)
, (8.103)

where F (C) = Di(1 − 4C + 3C2) + Dg(4C − 3C2). Note that, again, this simplification

requires that λg ≥ 2(Kg +
√
Kg(Ki − λi)) or λi > Ki, otherwise the population will tend

to extinction. In travelling wave co-ordinates, Equation (8.103) is

v
dC

dz
+ F (C)

d2C

dz2
+ F ′(C)

(
dC

dz

)2

+ (Ki −Kg − λi + λg)A1C

(
1− C

A1

)(
C −A2

)
= 0,

−∞ < z <∞, (8.104)

and, making the substitution U = dC/dz, it corresponds to

dC

dz
= U, (8.105)

dU

dz
= − vU

F (C)
− (Di −Dg)(6C − 4)U2

F (C)
− (Ki −Kg − λi + λg)A1C

F (C)

(
1− C

A1

)(
C −A2

)
.

(8.106)
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Introducing the variable C = C/A1, Equation (8.103) can be written as

∂C

∂t
=

∂

∂x

(
FA(C)

∂C

∂x

)
+ (Ki −Kg − λi + λg)A

2
1C(1− C)(C −A), (8.107)

where FA(C) = F (A1C) = Di(1−4A1C
2
+3A2

1C
2
)+Dg(4A1C−3A2

1C
2
). The transformed

nonlinear diffusivity, FA(C), has the same characteristics as Fs(C), presented in Figure

8.20, albeit in terms of the scaled Allee carrying capacity, A1. Here we examine the five

types of FA(C) for A1 6= 1.

Strictly positive nonlinear diffusivity function

For FA(C) > 0 on the interval 0 < C ≤ 1, we follow the approach of Hadeler [23–25].

The integral condition for the wave speed to be positive,∫ 1

0
(Ki−Kg−λi+λg)A2

1(Di(1−4A1C
2
+3A2

1C
2
)+Dg(4A1C−3A2

1C
2
))C(1−C)(C−A) dC > 0,

(8.108)

corresponds to

Di(5−10A+6A2
1−9A1A2−12A1 +20A2)−Dg(6A

2
1−9A1A2−12A1 +20A2) > 0. (8.109)

If Di = Dg, then A > 1/2 leads to v < 0. For the strong Allee effect, A1 > A2 = AA1,

we can determine the threshold value for the persistence of the population, namely,

A <
5Di + (Di −Dg)(6A

2
1 − 12A1)

10Di + (Di −Dg)(9A2
1 − 20A1)

. (8.110)

Considering the two limiting cases, where Di = 0 and Di = 4Dg, A takes on a value of

(6A2
1−12A1)/(9A2

1−20A1) and (18A2
1−36A1+20)/(27A2

1−60A1+30), respectively. These

values reduce to 6/11 and 2/7 in the case that A1 = 1, as in Case 6.1. To illustrate how

the threshold value changes with A1, P im and P gm, Figure 8.37 shows the maximum A2 and

A values for three different P im and P gm combinations. The A2 value corresponds to the

persistence threshold for a given A1 value. The A value can be interpreted as the highest

proportion of a given A1 value that will result in the persistence of the population. For

example, in Figure 8.37(a), we see that with P im = 0 and A1 = 0.5 we require A2 < 0.194

for persistence. This corresponds to A < 0.388.

Travelling wave behaviour for Equation (8.103) in a parameter regime corresponding to

strictly positive FA(C) and the strong Allee effect is shown in Figures 8.38(a)-(c). This

parameter regime leads to A1 = 0.723 and A2 = 0.2764, which is below the persistence

threshold value of A2 = 0.315 for this P im and P gm combination, and hence the population

persists.
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Figure 8.37: Persistence threshold. Persistence threshold as a function of the carrying capacity
A1, expressed as (a) an explicit value, and (b) a proportion of the carrying capacity for three different
diffusivities, corresponding to P im = P gm (black), P im = 4P gm (orange) and P im = 0 (cyan).

Extinction-degenerate non-negative nonlinear diffusivity function

For extinction-degenerate FA(C), P im = 0. As such, the persistence threshold corresponds

to (6A2
1 − 12A1)/(9A2

1 − 20A1). For Case 6.2 we observe that sharp fronts for the strong

Allee effect with a extinction-degenerate non-negative F (C) only occur if v > 0. Hence

for A < (6A2
1 − 12A1)/(9A2

1 − 20A1) Equation (8.103) should approach a sharp-fronted

travelling wave solution with v > 0, and a smooth travelling solution with v < 0 otherwise.

Results in Figures 8.38(d)-(f) show numerical solutions of Equation (8.103) with A1 =

0.723 and A2 = 0.2764, which satisfies the threshold for v > 0 and hence sharp-fronted

travelling wave solutions exist. As expected, results in Figure 8.38(e) indicate that the

solution of Equation (8.103) approaches a travelling wave with v > 0 and a sharp front

near C = 0.

Positive-negative-positive nonlinear diffusivity function

For a positive-negative-positive FA(C), there are exactly two zeros at C = α and C = β.

In Case 6.3 the strong Allee effect does not give rise to smooth travelling wave solutions,

even with real-valued holes in the wall at C = α and C = β. However, interestingly,

shock-fronted travelling wave solutions arise from the Heaviside initial condition. Again,

we are unable to find numerical travelling wave solutions of Equation (8.103) in parameter

regimes with real-valued holes in the wall. Shock-fronted travelling wave solutions of

Equation (8.103) are given in Figures 8.38(g)-(i) where the observed wave speed is v =

0.014 < 2
√

min{F ′(C)R(C)} on the interval 2A1/3 < C < A1. Smooth travelling wave

solutions obtained from the weak and reverse Allee effect are shown in Figure 8.39.
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Figure 8.38: Travelling wave behaviour for Equation (8.103) with various Allee effects and
FA(C). We consider the (a)-(c) scaled strong Allee effect with strictly positive FA(C) (Case 8.1), (d)-(f)
scaled strong Allee effect with extinction-degenerate non-negative FA(C) (Case 8.2), (g)-(i) scaled strong
Allee effect with positive-negative-positive FA(C) (Case 8.3) and, (j)-(l) scaled reverse Allee effect with
capacity-degenerate FA(C) (Case 8.4). (a), (d), (g), (j) Phase plane for the system (8.105)-(8.106) with the
numerical solution of Equations (8.103) (cyan, solid) and (8.104) (orange, dashed), in (C,U) co-ordinates,
superimposed. Red circles correspond to equilibrium points. (b), (e), (h), (k) Numerical solution of
Equation (8.103) calculated at (b) t = 250 and t = 500; (e) t = 200 and t = 400; (h) t = 250 and t = 500;
(k) t = 100 and t = 200. The grey lines indicate the initial condition and the arrows indicate the direction
of increasing time. The inset corresponds to the area within the red dashed lines, and highlights the shock.
(c), (f), (i), (l) The time evolution of L(t). All results are obtained with δx = 0.05, δt = 0.001, ε = 10−6,
P gd = 0.1, (a)-(c) P im = 1.0, P gm = 0.5, P ip = 0.7, P gp = 0.8, P id = 0.5, v = 0.02; (d)-(f) P im = 0, P gm = 1.0,
P ip = 0.7, P gp = 0.5, P id = 0.8, v = 0.098; (g)-(i) P im = 1.0, P gm = 0.23, P ip = 0.7, P gp = 0.5, P id = 0.8,
P gd = 0.05, v = 0.014; (j)-(l) P im = 0.05, P gm = 0.01, P ip = 0.7, P gp = 0.5, P id = 0.2, P gd = 6/70, v = 0.22.
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Figure 8.39: Travelling wave behaviour for Equation (8.103) with the (a)-(c) weak Allee effect
and the (d)-(f) reverse Allee effect with positive-negative-positive Fs(C) (Case 8.3). (a), (d)
Phase plane for the system (8.105)-(8.106) with the numerical solution to Equations (8.103) (cyan, solid)
and (8.104) (orange, dashed), in (C,U) co-ordinates, superimposed. Red circles correspond to equilibrium
points. (b), (e) Numerical solution to Equation (8.103) calculated at (b) t = 250 and t = 500; (e) t = 50
and t = 100. The grey lines indicate the initial condition and the arrow indicates the direction of increasing
time. (c), (f) The time evolution of the position of the leading edge of the wave front. All results are
obtained with δx = 0.1, δt = 0.01, ε = 10−6, (a)-(c) P im = 0.01, P gm = 0.002, P ip = 0.3, P gp = 0.4, P id = 0.3,
P gd = 0.02, v = 0.045; (d)-(f) P im = 0.05, P gm = 0.01, P ip = 0.6, P gp = 0.2, P id = 0.3, P gd = 0.02, v = 0.172.

Capacity-degenerate positive-negative nonlinear diffusivity function

Capacity-degenerate positive-negative FA(C) requires P im = 0 and, subsequently, FA(1) =

0. Furthermore FA(C) < 0 for ω < C < S. For Case 6.4 we found smooth travelling wave

solutions for both the weak and reverse Allee effect with capacity-degenerate positive-

negative F (C) but could not obtain stable solutions for the strong Allee effect. As FA(C)

is qualitatively similar to the F (C) considered for Case 6.4 similar results are expected

here.

Again, smooth travelling wave solutions of Equation (8.103) for both the weak (Figures

8.38(j)-(l)) and reverse (Figure 8.40) Allee effects are obtained. As for Case 6.4, we

consider a variety of parameter regimes corresponding to the strong Allee effect with

capacity-degenerate positive-negative FA(C), as well as a number of initial conditions,

but are unable to find long time travelling wave-type solutions.

Positive-negative nonlinear diffusivity function

For the case where FA(C) has exactly one zero on the interval 0 ≤ C ≤ 1 at C = ω, Maini

et al. [43] examine the existence of travelling wave solutions, and provide the necessary
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Figure 8.40: Travelling wave behaviour for Equation (8.103) with the weak Allee effect and
positive-negative capacity-degenerate Fs(C) (Case 8.5). (a) Phase plane for the system (8.105)-
(8.106) with the numerical solution to Equations (8.103) (cyan, solid) and (8.104) (orange, dashed), in
(C,U) co-ordinates, superimposed. Red circles correspond to equilibrium points. (b) Numerical solution
to Equation (8.103) calculated at t = 200 and t = 400. The grey lines indicate the initial condition and the
arrow indicates the direction of increasing time. (c) The time evolution of the position of the leading edge
of the wave front. All results are obtained with δx = 0.1, δt = 0.01, ε = 10−6, P im = 0.01, P gm = 0.002,
P ip = 0.6, P gp = 0.5, P id = 0.3, P gd = 0.08, v = 0.079.

conditions for existence,

A2 < ω, v > 0,

∫ ω

0
F (C)R(C) dC > 0, (8.111)

where F (ω) = 0 and 0 < ω < 1. For the strong Allee effect in this parameter regime, the

third part of Condition (8.111) corresponds to

Di(20(A1 +A2)ω − 30A1A2ω − 15ω2)+

(Di −Dg)((84A1 + 36A2)ω3 − (45A1A2 + 60A1 + 60A2)ω2 − 30ω4 + 80A1A2ω) > 0.

(8.112)

As in Case 4.4, Equation (8.103) is equivalent to

∂C

∂t̂
=
∂2C

∂x2
+ (Ki −Kg − λi + λg)A1F (C)C

(
1− C

A1

)(
C −A2

)
, t̂ ≥ 0, (8.113)

on the interval 0 ≤ C < ω, and equivalent to

∂C

∂t̂
=
∂2C

∂x2
+(Ki−Kg−λi+λg)A1F̂ (C)(1−C)

(
1− 1− C

A1

)(
1−A2−C

)
, t̂ ≥ 0, (8.114)

where F̂ (C) = −F (1 − C), on the interval ω < C ≤ A1. The final necessary and suf-

ficient condition from Maini et al. [43] for the existence of travelling wave solutions

is that the minimum wave speed for Equation (8.113), v∗1, is greater than, or equal

to, the minimum wave speed for Equation (8.114), v∗2. On the interval 0 ≤ C < ω,

Equation (8.103) has a strictly positive FA(C), where FA(C) ≤ Di, and strong Allee

kinetics. Hence, the minimum wave speed for Equation (8.113) has an upper bound,

v∗1 ≤
√

2(λi −Ki)Di(1/2−A2). On the interval ω < C < A1 Equation (8.114) has a source

term qualitatively similar to the Fisher-Kolmogorov equation and hence a lower bound for

the minimum wave speed exists [43], v∗2 ≥ 2
√
−F (A1)(λ2 + 4Kg(λi − λg −Ki +Kg))1/2.
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Figure 8.41: Travelling wave behaviour for Equation (8.103) with the reverse Allee effect
and positive-negative FA(C) (Case 8.5). (a) Phase plane for the system (8.105)-(8.106) with the
numerical solution of Equation (8.103) (cyan, solid), in (C,U) co-ordinates, superimposed. Red circles
correspond to equilibrium points. (b) Numerical solution of Equation (8.103) calculated at t = 100 and
t = 200. The grey lines indicate the initial condition and the arrows indicate the direction of increasing
time. (c), (f) The time evolution of L(t). All results are obtained with δx = 0.1, δt = 0.01, ε = 10−6,
P gd = 0.1, P im = 0.025, P gm = 0.005, P ip = 0.7, P gp = 0.5, P id = 0.2, P gd = 0.15, v = 0.16.

For all parameter regimes considered that correspond to the strong Allee effect with

positive-negative FA(C) we never observe a case where the upper bound for v∗1 is higher

than the lower bound for v∗2 and hence the conditions required for travelling wave solutions

are not met. As expected, numerical solutions of Equation (8.103) in these parameter

regimes did not lead to travelling wave behaviour. For both the weak and the reverse

Allee effect, we expect that solutions do exist as the source terms on both intervals are

qualitatively equivalent to a Fisher source term.
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Figure 8.42: Travelling wave behaviour for Equation (8.103) with the weak Allee effect
and positive-negative Fs(C) (Case 8.4). (a) Phase plane for the system (8.105)-(8.106) with the
numerical solution to Equations (8.103) (cyan, solid) and (8.104) (orange, dashed), in (C,U) co-ordinates,
superimposed. Red circles correspond to equilibrium points. (b) Numerical solution to Equation (8.103)
calculated at t = 50 and t = 100. The grey lines indicate the initial condition and the arrow indicates the
direction of increasing time. (c) The time evolution of the position of the leading edge of the wave front.
All results are obtained with δx = 0.1, δt = 0.01, ε = 10−6, P im = 0.01, P gm = 0.002, P ip = 0.4, P gp = 0.3,
P id = 0.3, P gd = 0.1, v = 0.045.

Numerical solutions demonstrating the travelling wave behaviour of Equation (8.103) with

positive-negative FA(C) and both the reverse Allee effect and the weak Allee effect are

given in Figures 8.41 and 8.42, respectively.



Chapter 9

A new and accurate continuum description of moving fronts

A paper published in the New Journal of Physics.

Johnston, S. T., Baker, R. E. and Simpson, M. J. [2017], ‘A new and accurate continuum

description of moving fronts’, New Journal of Physics 19(3), 033010.

Abstract

Processes that involve moving fronts of populations are prevalent in ecology and cell bi-

ology. A common approach to describe these processes is a lattice-based random walk

model, which can include mechanisms such as crowding, birth, death, movement and

agent-agent adhesion. However, these models are generally analytically intractable and

it is computationally expensive to perform sufficiently many realisations of the model to

obtain an estimate of average behaviour that is not dominated by random fluctuations.

To avoid these issues, both mean-field and corrected mean-field continuum descriptions

of random walk models have been proposed. However, both continuum descriptions are

inaccurate outside of limited parameter regimes, and corrected mean-field descriptions

cannot be employed to describe moving fronts. Here we present an alternative descrip-

tion in terms of the dynamics of groups of contiguous occupied lattice sites and contiguous

vacant lattice sites. Our description provides an accurate prediction of the average random

walk behaviour in all parameter regimes. Critically, our description accurately predicts

the persistence or extinction of the population in situations where previous continuum

descriptions predict the opposite outcome. Furthermore, unlike traditional mean-field

models, our approach provides information about the spatial clustering within the popu-

lation and, subsequently, the moving front.

9.1 Introduction

Moving fronts feature ubiquitously throughout biological and ecological processes [1, 6,

12–14, 26, 32, 36–38, 41, 46]. The introduction of non-native species can result in a catas-

trophic invasion wave if the introduced species out-competes native fauna [6, 47]. For
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example, the cane toad bufo marinus was introduced to north-eastern Australia in 1935,

and has subsequently invaded much of northern Australia due to a lack of natural pre-

dation [34, 37]. Similarly, malignant tumours spread through the invasion of previously-

healthy tissue, such as glioma cells moving throughout the brain to form glioblastoma

[1, 11, 12, 46].

Lattice-based random walk models that include crowding, birth, death, movement and

agent-agent adhesion are commonly used to describe processes that involve moving fronts

[7, 10, 19, 26, 27, 44, 45]. For example, these random walk models have been used to

interpret in vitro cell biology experiments by considering the position of the leading edge

of the cell front or the cell density profile [26, 27, 45]. Illien et al. [19] consider random

walks in the context of single-file diffusion models of active transport, that is, transport

that requires energy due to an opposing force. However, the stochastic nature of random

walks makes it problematic to efficiently examine the collective behaviour of a popula-

tion, as a large number of realisations of the random walk must be performed to reduce

the influence of stochastic fluctuations. Furthermore, it is difficult to determine mean-

ingful population behaviour through analysis of the discrete process. There is, therefore,

considerable interest in approaches that are both analytically tractable and avoid the

computational expense of repeated simulations.

A common technique to analyse random walk processes is to consider a deterministic,

continuum approximation of the discrete process [2, 3, 8, 21, 24, 25, 27, 33, 42, 44, 48].

The standard approximation, known as a mean-field (MF) approximation, results in a

partial differential equation (PDE) [8, 27, 44]. The resulting PDE is amenable to analy-

sis but only provides an accurate approximation of the discrete process in an extremely

limited set of parameter regimes where spatial correlations are weak [3, 16, 42]. Hence,

using these approximations to model moving fronts may provide an inaccurate estimate

of the velocity of the moving front if the spatial correlations are important. This in-

accuracy could have significant consequences if, for example, the front velocity is used

to make decisions about implementing ecological control measures. To address the in-

fluence of spatial correlations, alternative approximation techniques have been proposed

[3, 21, 40, 42, 49]. The corrected mean-field (CMF) approximation, which explicitly de-

scribes pairwise correlations, results in a system of ordinary differential equations (ODEs)

that accurately approximate the discrete process for a wider range of parameter regimes,

compared to the MF approximation [3, 42]. However, the CMF description is still invalid

in parameter regimes where spatial correlations are sufficiently strong [21]. Furthermore,

the CMF cannot be used to study moving fronts, as the governing equations cannot be

evaluated anywhere that has zero agent density [42], such as areas where the population

has yet to invade. The chain-and-gap approach (C&G), proposed by Johnston et al. [21],

considers the dynamics of groups of contiguous occupied and vacant sites, and results in

a system of ODEs that provide an accurate approximation of the discrete process in all

parameter regimes. These groups are termed chains and gaps for the contiguous occupied

and vacant sites, respectively. Additionally, the C&G description provides information
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about the spatial clustering and patchiness present in the system. There is considerable

interest in determining the influence of local spatial structure on the persistence of a

species [29, 35]. However, the C&G description has previously only been applied to dis-

crete processes that are, on average, spatially uniform [21]. As such, the C&G description

is not currently suitable for describing processes that contain moving fronts.

Here the C&G description presented by Johnston et al. [21] is extended to incorporate

spatial variation so that the description can be applied to moving fronts. We interpret

the discrete process in terms of chains and gaps, noting that the left-most site in each

chain or gap can occur at any lattice site. The corresponding system of ODEs is derived

and presented, and we demonstrate that the numerical solution of the ODE system pro-

vides an accurate approximation of the average discrete behaviour in all cases, even in

parameter regimes where both the MF and CMF descriptions are inaccurate. This allows

for the robust prediction of whether a population persists or becomes extinct, as well

as reliable estimates of the velocity of the moving front. In addition, for the first time,

the C&G description has been extended to include rates of birth, death and movement

that are dependent on the length of the chain an agent belongs to. Furthermore, the

C&G description includes explicit information about the spatial clustering present within

a moving front.

9.2 Random walk model

We consider a one-dimensional lattice-based random walk model where each lattice site

may be occupied by, at most, one agent [5]. The lattice is interpreted as a combination

of groups of contiguous occupied and vacant sites [21]. Agents on the lattice undergo

birth, death and movement events. These events occur at rates Pnp , Pnd and Pnm per unit

time, respectively, where n ∈ [1, N ] is the length of the chain an agent belongs to and N

is the total number of sites. During a potential birth event, an agent randomly selects

a nearest-neighbour site and attempts to place a daughter agent at that site. The birth

event is successful provided that the target site is vacant [3]. During a death event, an

agent is removed from the lattice [3]. During a potential movement event, an agent selects

a nearest-neighbour site and attempts to move to that site, and is successful provided that

the target site is vacant [3]. The target site selection is unbiased if both nearest-neighbour

sites are vacant. If one nearest-neighbour site is occupied, the vacant nearest-neighbour

site is selected with probability (1−α)/2, where α ∈ [−1, 1] [24]. The constant parameter

α represents the strength of agent-agent adhesion/repulsion. Setting α = 0 means that

there is no agent-agent adhesion/repulsion, whereas setting α 6= 0 simulates agent-agent

adhesion (α > 0) or repulsion (α < 0) [24]. Note that α does not depend on the chain

length.

Due to crowding, the success of birth and movement events depends on whether an agent

has zero, one or two nearest-neighbour agents. These agents are referred to as single,

edge or middle agents, respectively [21]. An example lattice configuration highlighting
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Figure 9.1: (a) Example lattice configuration with single (orange), edge (cyan) and middle (purple)
agents. (b)-(u) Potential birth, death and movement events for the configuration of agents in (a), with
subsequent change in agent type. Inset circles denote the agent type and location before the birth, death
or movement event occurred. Lines connecting agents represent agent-agent adhesion/repulsion.

the different types of agents is presented in Figure 9.1. The necessary information to

obtain the average numbers of single, edge and middle agents at each site i ∈ [1, N ] is

encoded within the average number of chains of length n ∈ [1, N ] that contain the site i.

The average number of single, edge and middle agents at site i are denoted NS
i (t), NE

i (t)

and NM
i (t), respectively. The average number of chains at time t where the left-most

agent in the chain is at site i ∈ [1, N ] and the length is n ∈ [1, N − i+1] is denoted Cni (t).

Similarly, the average number of gaps at time t where the left-most vacant site in the gap

is at site i ∈ [1, N ] and the length is m ∈ [1, N − i+ 1] is denoted Gmi (t). The spatially-

dependent restriction on the length is due to the choice of no-flux boundary conditions.

Note that NS
i (t), NE

i (t), NM
i (t), Cni (t) and Gmi (t) are all temporally-dependent but, for

convenience, we do not explicitly include this dependence. The average numbers of edge,

middle and single agents at site i are given by:

NE
i =

N−i+1∑
j=2

Cji +
i−1∑
j=2

Cji−j+1,

NM
i =

i−1∑
j=1

N−j+1∑
k=3

Ckj , and

NS
i = C1

i .

Note that middle agents cannot exist at sites i = 1 and i = N due to the choice of

boundary conditions.



Chapter 9. A new and accurate continuum description of moving fronts 271

Similar to the approach of Johnston et al. [21], we consider how birth, death and move-

ment events change the location and lengths of the chains and gaps, rather than the

occupancy of an individual lattice site. This approach avoids making an assumption

about the probability that a particular site is occupied or vacant, as the sites either side

of a chain or gap are necessarily vacant or occupied, respectively. There are twenty dif-

ferent types of events that change either the location of the left-most agent in a chain,

the length of a chain, or both. An example of each event is presented in Figure 9.1 for

a particular configuration of agents. Events can have more than one potential outcome.

For example, the potential outcomes of a single agent at site i undergoing a birth event

can be classified into four groups. The daughter agent can be placed at site i− 1 or i+ 1,

and the gap that the daughter agent is placed in can be length one or greater. Here

we detail each possible event and the subsequent change in configuration with respect to

the number of chains and gaps. Events are referred to by a nomenclature describing the

type of agent undergoing the event and the mechanism of the event itself, followed by a

number highlighting the potential for multiple outcomes to arise from a specific event.

For example, birth events for single agents are referred as SB events. Since there are four

different types of SB events, we refer to these as SB1, SB2, SB3 and SB4 events. The

details of each event are as follows:

Event SB1: A single agent at site i places a daughter agent at site i− 1, where the gap

that includes site i−1 is greater than length one. C1
i and Gi−jj decrease, C2

i−1 and Gi−j−1
j

increase (Figure 9.1(b)).

Event SB2: A single agent at site i places a daughter agent at site i+ 1, where the gap

that includes site i + 1 is greater than length one. C1
i and Gji+1 decrease, C2

i and Gj−1
i+2

increase (Figure 9.1(c)).

Event SB3: A single agent at site i places a daughter agent at site i− 1, where the gap

that includes site i− 1 is of length one. C1
i , G1

i−1 and Ci−j−1
j decrease, Ci−j+1

j increases

(Figure 9.1(d)).

Event SB4: A single agent at site i places a daughter agent at site i + 1, where the

gap that includes site i+ 1 is of length one. C1
i , G1

i+1 and Cji+2 decrease, Cj+2
i increases

(Figure 9.1(e)).

Event EB1: An edge agent at site i places a daughter agent at site i − 1, where the

gap that includes site i− 1 is greater than length one. Cji and Gi−kk decrease, Cj+1
i−1 and

Gi−k−1
k increase, where j ≥ 2 (Figure 9.1(f)).

Event EB2: An edge agent at site i places a daughter agent at site i+ 1, where the gap

that includes site i+ 1 is greater than length one. Ci−j+1
j and Gki+1 decrease, Ci−j+2

j and

Gk−1
i+2 increase, where j ≥ 2 (Figure 9.1(g)).

Event EB3: An edge agent at site i places a daughter agent at site i− 1, where the gap

that includes site i− 1 is of length one. Cji , G
1
i−1 and Ci−k−1

k decrease, Ci+j−kk increases,

where j ≥ 2 (Figure 9.1(h)).

Event EB4: An edge agent at site i places a daughter agent at site i + 1, where the

gap that includes site i + 1 is of length one. Ci−j+1
j , G1

i+1 and Cki+2 decrease, Ci−j+k+2
j

increases, where j ≥ 2 (Figure 9.1(i)).
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Event SM1: A single agent at site i moves to site i − 1, where the gap that includes

site i− 1 is greater than length one. C1
i , Gi−jj and Gki+1 decrease, C1

i−1, Gi−j−1
j and Gk+1

i

increase (Figure 9.1(j)).

Event SM2: A single agent at site i moves to site i + 1, where the gap that includes

site i+ 1 is greater than length one. C1
i , Gi−jj and Gki+1 decrease, C1

i+1, Gi−j+1
j and Gk−1

i+2

increase (Figure 9.1(k)).

Event SM3: A single agent at site i moves to site i − 1, where the gap that includes

site i− 1 is of length one. C1
i , G1

i−1, Gji+1 and Ci−k−1
k decrease, Ci−kk and Gj+1

i increase

(Figure 9.1(l)).

Event SM4: A single agent at site i moves to site i + 1, where the gap that includes

site i+ 1 is of length one. C1
i , G1

i+1, Gi−jj and Cki+2 decrease, Ck+1
i+1 and Gi−j+1

j increase

(Figure 9.1(m)).

Event EM1: An edge agent at site i moves to site i − 1, where the gap that includes

site i− 1 is greater than length one. Cji and Gi−kk decrease, C1
i−1, G1

i , C
j−1
i+1 and Gi−k−1

k

increase, where j ≥ 2 (Figure 9.1(n)).

Event EM2: An edge agent at site i moves to site i + 1, where the gap that includes

site i+ 1 is greater than length one. Ci−j+1
j and Gki+1 decrease, C1

i+1, G1
i , C

i−j
j and Gk−1

i+2

increase, where j ≥ 2 (Figure 9.1(o)).

Event EM3: An edge agent at site i moves to site i − 1, where the gap that includes

site i − 1 is of length one. Cji , G
1
i−1 and Ci−k−1

k decrease, Cj−1
i+1 , G1

i and Ci−kk increase,

where j ≥ 2 (Figure 9.1(p)).

Event EM4: An edge agent at site i moves to site i + 1, where the gap that includes

site i+ 1 is of length one. Ci−j+1
j , G1

i+1 and Cki+2 decrease, Ci−jj , G1
i and Ck+1

i+1 increase,

where j ≥ 2 (Figure 9.1(q)).

Event SD1: A single agent at site i dies. C1
i , Gi−jj and Gki+1 decrease, Gi+k−j+1

j increases

(Figure 9.1(r)).

Event MD1: A middle agent at site i dies. Ckj decreases, Ci−jj , Cj+k−i−1
i+1 and G1

i

increase, where j ≥ 3 (Figure 9.1(s)).

Event ED1: An edge agent at site i dies, where site i + 1 is occupied and site i − 1 is

vacant. Cji and Gi−kk decrease, Cj−1
i+1 and Gi−k+1

k increase, where j ≥ 2 (Figure 9.1(t)).

Event ED2: An edge agent at site i dies, where site i − 1 is occupied and site i + 1 is

vacant. Ci−j+1
j and Gki+1 decrease, Ci−jj and Gk+1

i increase, where j ≥ 2 (Figure 9.1(u)).

To obtain expressions for the time rate of change of Cni and Gmi , we consider the rate

at which each event occurs at site i, and all possible results of each event. Birth events

are always successful for single agents and, as such, occur at rate P 1
pC

1
i . Similarly, move-

ment events for single agents are always successful and are not influenced by agent-agent

adhesion/repulsion. Therefore single agent movement events occur at rate P 1
mC

1
i . Birth

events for edge agents are, on average, unsuccessful half the time due to crowding. Hence,

birth events occur at rates Pnp C
n
i /2 for n ∈ [2, N ]. Movement events for edge agents

are influenced by both crowding and agent-agent adhesion/repulsion, and occur at rates

PnmC
n
i (1 − α)/2 for n ∈ [2, N ]. Neither birth or movement events can occur for middle

agents. For all agent types, death events are not influenced by crowding and occur at rates
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Pnd C
n
i for n ∈ [1, N ]. Note that all rates are chain-length dependent. Practical examples

that could be described using chain-length dependent rates arise in a variety of situa-

tions [17, 21]. For example, Hedayati et al. [17] demonstrate that nanoparticle-mediated

heating causes cytotoxicity in prostate cancer cells, provided the volume of cells is above

a threshold value. Furthermore, the cytotoxicity increases with the cell number. Our

framework would be suitable for modelling this process, as we are able to impose death

rates that are zero below a threshold length, and an increasing function with respect to

length otherwise.

While the rates at which events occur for each mechanism and agent type combination

are known, multiple events can occur for a mechanism and agent type combination. For

example, there are four types of birth events for single agents and, as such, we require

the proportion of single birth events that are SB1, SB2, SB3 and SB4 events. For a single

birth event to be an SB1 event, the agent at site i must place a daughter agent at site i−1

and the gap that contains site i− 1 must be of length two or greater. Note that the gap

cannot include site i, as the selected agent occupies that site. The proportion of single

birth events where the agent at site i selects a target site at i− 1 is 1/2. The proportion

of single birth events where the agent selects a target site that is part of a gap of length

two or greater is
∑i−2

j=1G
i−j
j /

∑i−1
j=1G

i−j
j , that is, the number of gaps including site i− 1

that are of length two or greater divided by the total number of gaps including site i− 1.

Hence the rate at which SB1 events occur at site i, and subsequently decrease C1
i and

increase C2
i−1, is (1/2)P 1

pC
1
i

∑i−2
j=1G

i−j
j /

∑i−1
j=1G

i−j
j . SB1 events also decrease Gi−jj and

increase Gi−j−1
j , where j ∈ [1, i − 2]. The proportion of SB1 events that change Gi−jj

and Gi−j−1
j for a specific j ∈ [1, i− 2] is (1/2)P 1

pC
1
i G

i−j
j /

∑i−1
k=1G

i−k
k . Therefore, we can

determine the expected rate of change for all chains and gaps affected by an SB1 event

at site i. Following a similar process for all events we obtain transition rates for Cni and

Gmi , where i ∈ [1, N ], n ∈ [1, N − i + 1] and m ∈ [1, N − i + 1]. The resulting system

of ODEs is presented in Section 9.6.1 for Cni and Section 9.6.2 for Gmi (Supplementary

material).

9.2.1 Traditional mean-field descriptions

Traditional MF descriptions of lattice-based random walk models containing crowding,

birth, death, movement and agent-agent adhesion do not have the flexibility to describe

processes where the rate of birth, death and/or movement is arbitrarily chain-length de-

pendent. However, with certain simplifying assumptions, MF descriptions of the discrete

process can be derived [20, 44]. Here we examine two special cases of the discrete process,

where continuum MF descriptions have been presented previously.

Special case 1: One simplifying assumption is that the birth, death and movement rates

are independent of chain length. Hence we define Pp = P 1
p = P 2

p = ... = PNp , Pd = P 1
d =

P 2
d = ... = PNd , and Pm = P 1

m = P 2
m = ... = PNm . There is, therefore, no positive or

negative benefit associated with an agent being near other agents. Furthermore, there is
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no agent-agent adhesion/repulsion, and hence α = 0. The MF description for this case

takes the form of a reaction-diffusion equation, known as the Fisher-Kolmogorov model

[9, 20, 28, 44],

∂ρ(x, t)

∂t
= D

∂2ρ(x, t)

∂x2
+ (λ−K)ρ(x, t)(1− ρ(x, t)), (9.1)

where

D = lim
∆→0

Pm∆2

2
, λ = Pp, K = Pd,

and ρ(x, t) is the agent density [20, 44].

Special case 2: An alternative simplifying assumption is that birth, death and movement

rates depend on whether an agent is isolated or not. An isolated agent has zero nearest-

neighbours [20], corresponding to a chain of length one. All grouped agents, that is,

agents with at least one nearest-neighbour, undergo birth, death and movement events

at the same rate. Grouped agents correspond to agents that are part of a chain of length

two or greater. Hence we define PGp = P 2
p = ... = PNp , PGd = P 2

d = ... = PNd , and

PGm = P 2
m = ... = PNm . This assumption introduces a potential positive or negative

benefit associated with an agent being adjacent to other agents. For example, if P 1
d > PGd

then isolated agents are more likely to die, compared to other agents, and hence there is a

positive benefit associated with being adjacent to other agents. This allows for significant

flexibility in modelling a variety of competitive or co-operative processes [20]. Again,

there is no agent-agent adhesion/repulsion, and α = 0. The MF description for this case

is a reaction-diffusion equation with a nonlinear diffusivity function and Allee kinetics

[20],
∂ρ(x, t)

∂t
=

∂

∂x

(
F (ρ(x, t))

∂ρ(x, t)

∂x

)
+R(ρ(x, t)), (9.2)

where

F (ρ(x, t)) = DI(1− 4ρ(x, t) + 3ρ(x, t)2) +DG(4ρ(x, t)− 3ρ(x, t)2),

R(ρ(x, t)) = (λI − λG −KI +KG)ρ(x, t)(1− ρ(x, t))2

+λGρ(x, t)(1− ρ(x, t))−KGρ(x, t),

and

DI = lim∆→0
P 1
m∆2

2 , λI = P 1
p , KI = P 1

d ,

DG = lim∆→0
PGm∆2

2 , λG = PGp , KG = PGd .

While CMF descriptions have been presented for certain lattice-based random walk mod-

els, these descriptions are unsuitable for studying problems containing moving fronts as

the system of governing ODEs is singular at zero agent density [3, 24, 42].
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Figure 9.2: (a)-(c) Twenty identically-prepared realisations of the one-dimensional discrete model at (a)
t = 0, (b) t = 100, and (c) t = 200, as indicated. (d) Comparisons of density profiles obtained from the
averaged discrete model (blue, dashed), MF description (red, solid) and C&G description (cyan, solid).
Note that the cyan and red curves are visually indistinguishable at this scale. All results are obtained
using P im = 1, P ip = 0.005, P id = 0 for i ∈ [1, 200], N = 200, M = 103 and ∆ = 1. These parameter choices
correspond to Special case 1. Profiles are presented at t = 100 and t = 200, and the arrow indicates the
direction of increasing time. Grey lines represent the initial condition.

9.3 Results

The solution of the MF model leads to a prediction of the average agent density profile

as a function of position and time, whereas the C&G description provides the number

of chains and gaps of all possible lengths as a function of location and time. Hence to

compare the MF descriptions with the C&G description, it is necessary to reconstruct

the agent density at each location, ρi, from Cni and Gmi . The agent density at site i is

the sum of all possible chains that include site i, namely,

ρi(t) =
i∑

j=1

N−j+1∑
k=i−j+1

Ckj . (9.3)

An example of the output of the one-dimensional discrete model, illustrating twenty

identically-prepared realisations, is presented in Figures 9.2(a)-(c) at t = 0, t = 100

and t = 200, respectively. Identically-prepared realisations refer to simulations of the

discrete model performed with the same initial condition, parameter regime and boundary

conditions. Initially, the domain is fully-occupied for 61 ≤ x ≤ 140, and vacant otherwise.

As time increases, the population spreads into the initially-vacant region. Note that

Figures 9.2(a)-(c) each show twenty one-dimensional simulations, rather than one two-

dimensional simulation. To obtain the average behaviour of the agent population, M

identically-prepared realisations of the discrete model are performed and the binary lattice

occupancy at each site i, ρ̂i, is calculated for each realisation. Note that the discrete

model is simulated with the Gillespie algorithm [15]. The binary lattice occupancy is

then averaged, giving ρi = (1/M)
∑

M ρ̂i. The averaged density profile from the discrete

model is presented in Figure 9.2(d), with the numerical solutions to both Equation (9.1)

and the C&G governing equations superimposed, at t = 100 and t = 200. Both continuum

descriptions match the averaged discrete model predictions extremely well. Details of the

numerical techniques used to solve the PDEs and systems of ODEs are presented in the

Supplementary material.
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Figure 9.3: (a) Comparisons of density profiles obtained from the averaged discrete model (blue, dashed),
MF description (red, solid) and C&G description (cyan, solid). (b) Comparison of the chain distribution
obtained from the averaged discrete model (dark green, dashed) and C&G description (light green, solid).
(c) Comparison of the gap distribution obtained from the averaged discrete model (dark brown, dashed)
and C&G description (light brown, solid). All results are obtained using P im = 0.5, P ip = 0.5, P id = 0 for
i ∈ [1, 100], N = 100, M = 103 and ∆ = 1. These parameter choices correspond to Special case 1. Profiles
are presented at t = 100 and t = 200, and the arrow indicates the direction of increasing time. Grey lines
represent the initial condition.

The parameter regime considered in Figure 9.2 has Pm/Pp � 1 and Pd = 0, and, as

such, we expect the MF description to approximate the average discrete behaviour well

since this combination of parameters avoids the formation of significant clusters [42, 44].

We now consider a parameter regime where Pm/Pp is O(1). In such parameter regimes,

the spatial correlations are significant and, subsequently, the MF description does not

provide a valid approximation of the average discrete behaviour [21, 42]. To highlight

this, a comparison between the average discrete behaviour and the numerical solution of

Equation (9.1) is presented in Figure 9.3(a). For these results, the domain is initially

fully-occupied for x ≤ 20, and is vacant otherwise. The MF description predicts a front

that is significantly sharper, and has a higher front speed, compared to the discrete

model. In contrast, the numerical solution of the C&G description predicts the average

discrete behaviour well, matching both the shape and position of the averaged discrete

data. Furthermore, the distribution of chain and gap lengths, Cn and Gm, matches the

observed average distribution of chains and gaps in the discrete model. As such, the C&G

description provides an accurate estimate of the front shape and speed, as well as a valid

prediction of the clustering of occupied and vacant sites in the system.

If the birth, death and movement rates depend on whether an agent has zero or at least

one nearest-neighbour agent then the MF description of the discrete model is Equation

(9.2) [20]. A comparison of the average discrete behaviour, the numerical solution of

Equation (9.2) and the numerical solution of the C&G description in an appropriate

parameter regime is presented in Figure 9.4(a). Interestingly, the MF description predicts

that the agent population moves in the negative x direction, and would subsequently

become extinct. In contrast, both the discrete model and the C&G description suggest

that the agent population persists, and spreads in the positive x direction. Again, the

C&G description matches the average discrete behaviour extremely well. The results in

Figure 9.4(a) highlight the need for an accurate approximation. If the naive approach of

implementing a MF approximation to describe the spread of an invasive species is taken, it
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Figure 9.4: (a) Comparisons of density profiles obtained from the averaged discrete model (blue, dashed),
MF description (red, solid) and C&G description (cyan, solid). (b) Comparison of the chain distribution
obtained from the averaged discrete model (dark green, dashed) and C&G description (light green, solid).
(c) Comparison of the gap distribution obtained from the averaged discrete model (dark brown, dashed)
and C&G description (light brown, solid). All results are obtained using P 1

m = 0.5, P 1
p = 0.4, P 1

d = 0.7,
P im = 0.25, P ip = 0.3, P id = 0 for i ∈ [2, 100], N = 100, M = 103 and ∆ = 1. These parameter choices
correspond to Special case 2. Profiles are presented at t = 50 and t = 100, and the arrow indicates the
direction of increasing time. Grey lines represent the initial condition.
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Figure 9.5: (a) Comparisons of density profiles obtained from the averaged discrete model (blue, dashed),
MF description (red, solid) and C&G description (cyan, solid). (b) Comparison of the chain distribution
obtained from the averaged discrete model (dark green, dashed) and C&G description (light green, solid).
(c) Comparison of the gap distribution obtained from the averaged discrete model (dark brown, dashed)
and C&G description (light brown, solid). All results are obtained using P 1

m = 0.5, P 1
p = 0.45, P 1

d = 0.3,
P im = 0.25, P ip = 0.3, P id = 0.1 for i ∈ [2, 100], N = 100, M = 104, ∆ = 1. These parameter choices
correspond to Special case 2. Profiles are presented at t = 25 and t = 50, and the arrow indicates the
direction of increasing time. Insets highlight regions of particular interest. Grey lines represent the initial
condition.

might be recommended that no culling measures are required to curtail the spread of the

species. Obviously, such a recommendation is incorrect if the aim is to halt the invasion

of the alien species. The clustering present in the system is highlighted in Figures 9.4(b)-

(c), for chains and gaps, respectively. Intuitively, as time increases and the population

spreads, the average chain length increases and the average gap length decreases. The

C&G description predicts both the average chain and gap distributions in the discrete

model well.

Introducing a non-zero death rate for chains of length two or greater reduces the carrying

capacity in the MF description of the discrete model [20]. To determine whether this

reduction is an accurate reflection of the average discrete behaviour, we present a com-

parison of the average discrete behaviour, and the numerical solutions of both Equation

(9.2) and the C&G governing equations in Figure 9.5(a). Both the discrete model and
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Figure 9.6: Schematic and experimental images of a scratch assay. (a) Schematic of a confluent cell
population. (b) Schematic of a cell population after the scratch has been performed. Grey regions
represent the confluent cell population and white regions represent the vacant area. (c)-(d) Experimental
images of a 3T3 fibroblast scratch assay at (c) t = 0, and (d) t > 0. (e)-(f) Schematic of a mathematical
model of a scratch assay at (e) t = 0, and (f) t > 0. Scale bar corresponds to 200 µm.

the C&G description predict that the peak agent density near x = 50 decreases between

t = 25 and t = 50, whereas the MF description predicts that the peak agent density at

this location is approximately constant, at ρ = 0.646 [20], after t = 25. Interestingly, both

the discrete model and the C&G description predict that the population eventually goes

extinct. In contrast, the MF description predicts that the population persists and spreads

throughout the domain. Again, these results highlight the importance of implementing

an accurate approximation to obtain meaningful conclusions, as well as the robust nature

of the C&G description.

Note that all results presented here have been performed with α = 0, and hence no agent-

agent adhesion/repulsion. Simulations performed with α 6= 0 (not presented) confirm

that the C&G description accurately predicts the average discrete behaviour in all cases,

even with strong agent-agent adhesion/repulsion.

9.4 Experimental case study

To highlight the insight provided about spatial clustering by the C&G description, we

consider a case study motivated by a scratch assay. Scratch assays are widely used to

observe the collective behaviour of a cell population in response to a model wound [30].

We present a schematic representation and experimental images of a scratch assay in

Figure 9.6. In a scratch assay, a cell population is placed on a dish and allowed to grow

to confluence. A portion of the cell population is then removed, and the remaining cells

spread, through a combination of migration and proliferation, into the newly-vacant space

[30]. A schematic representation of the confluent population before and after the scratch

is performed is presented in Figures 9.6(a)-(b), with a typical experimental field of view

highlighted in green. To mimic the geometry of this experiment, we consider 1 ≤ x ≤ 100

and initially set ρ(x) = 1 for x ≤ 30 and ρ(x) = 0, otherwise. Note that scratch assays are

two-dimensional processes, as observed in the two experimental images of a scratch assay
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Figure 9.7: (a) Comparisons of density profiles obtained from the averaged discrete model (blue, dashed),
MF description (red, solid) and C&G description (cyan, solid). (b) Comparison of the chain distribution
obtained from the averaged discrete model (dark green, dashed) and C&G description (light green, solid).
(c) Comparison of the gap distribution obtained from the averaged discrete model (dark brown, dashed)
and C&G description (light brown, solid). All results are obtained using P im = 0.66, P ip = 0.056, P id = 0
for i ∈ [1, 100], N = 100, M = 103, ∆ = 1. These parameter choices correspond to 3T3 fibroblast cells.
Profiles are presented at t = 75 and t = 150, and the arrow indicates the direction of increasing time.
Insets highlight regions of particular interest. Grey lines represent the initial condition.

for a 3T3 fibroblast population in Figures 9.6(c)-(d), and the corresponding schematics

for this experiment in Figures 9.6(e)-(f). Full experimental details are given in [26].

As the experiment is approximately spatially-uniform in one direction, we can approxi-

mate the scratch assay with a one-dimensional model [23]. We consider two cell popula-

tions where parameter estimates for the cell motility and the cell proliferation rate have

been presented previously: 3T3 fibroblast cells and MDA MB 321 breast cancer cells [43].

The investigation performed by Simpson et al. [43] resulted in parameter estimates of

P ip = 0.056 h−1, P im = 0.66 h−1 and P id = 0 h−1 for all i for 3T3 cells, and P ip = 0.069

h−1, P im = 0.04 h−1, P id = 0 h−1 for all i for 231 cells. Note that the ratio P ip/P
i
m is

approximately one order of magnitude higher for the breast cancer cells compared to the

fibroblasts, which implies that the spatial correlations between breast cancer cells will be

more significant [42].

For the numerical solution corresponding to the 3T3 cell population, presented in Figure

9.7, both the MF description and the C&G description approximate the average discrete

behaviour reasonably well. However, the C&G description provides additional informa-

tion regarding the clustering present within the migrating cell population. The chain

distribution, presented in Figure 9.7(b), suggests that the 3T3 population does not form

significant clusters, as the majority of the chains are short length.

In contrast, for the numerical solution corresponding to the 231 cell population, pre-

sented in Figure 9.8, the C&G description accurately approximates the average discrete

behaviour, while the MF description does not. This is result is intuitive as we observe

that there is significantly more clustering present in the system, compared to the numer-

ical solution corresponding to the 3T3 cell population. That is, the chain distribution in

Figure 9.8(b) contains significantly fewer chains of short length, compared to the chain

distribution in Figure 9.7(b). For example, at the times shown, C1 is approximately 25

times higher in the 3T3 cell population, compared to the 231 cell population. Critically,
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Figure 9.8: (a) Comparisons of density profiles obtained from the averaged discrete model (blue, dashed),
MF description (red, solid) and C&G description (cyan, solid). (b) Comparison of the chain distribution
obtained from the averaged discrete model (dark green, dashed) and C&G description (light green, solid).
(c) Comparison of the gap distribution obtained from the averaged discrete model (dark brown, dashed)
and C&G description (light brown, solid). All results are obtained using P im = 0.04, P ip = 0.069, P id = 0
for i ∈ [1, 100], N = 100, M = 103, ∆ = 1. These parameter choices correspond MDA MB 321 breast
cancer cells. Profiles are presented at t = 250 and t = 500, and the arrow indicates the direction of
increasing time. Grey lines represent the initial condition.

Fig. 2 Fig. 3 Fig. 4 Fig. 5 Fig. 6 Fig. 7

Discrete model (single realisation) 3.42 1.13 0.22 0.11 0.37 0.27

Discrete model (1000 realisations) 2838.1 954.4 134.1 39.1 313.6 177.9

C&G description 601.3 52.3 25.2 34.7 27.1 27.6

Table 9.1: Time in seconds taken to perform: (i) a single realisation of the discrete model; (ii) 1000
realisations of the discrete model, and (iii) a numerical solution of the C&G system of equations for the
parameter values in Figures 9.2-9.7. All solutions are obtained using a single 3.0 GHz Intel i7-3540M
desktop processor. Note that the computation time for 1000 realisations is lower than performing 1000
repeats of a single realisation due to the time associated with initial set-up.

the C&G description accurately predicts the experimental observation that 231 cells form

clusters while 3T3 cells do not [43]. Specifically, during monolayer formation, 3T3 cells

form an approximately spatially uniform monolayer while 231 cells develop into clusters

[43].

9.5 Discussion and conclusions

Processes that involve moving fronts are common in cell biology and ecology [1, 6, 13,

14, 26, 32, 37, 38, 41, 46], and lattice-based random walks are widely employed to de-

scribe these processes [7, 18, 19, 26, 27, 44, 45]. Due to the stochastic nature of random

walks, it can be computationally intractable to perform sufficiently many realisations of

a random walk model to obtain average behaviour that is not dominated by fluctuations.

Furthermore, it is difficult to extract meaningful information about population behaviour

through analysis of the random walk. The standard approach to overcome these issues is

to derive a MF description of the random walk [8, 27, 44]. However, this approach relies

on the assumption that any spatial correlations within the random walk are weak [3, 42].

CMF descriptions that account for the spatial correlations have been proposed [3, 31, 42].
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Unfortunately, these descriptions are not applicable to problems involving moving fronts

as the ODEs governing the CMF description are singular in regions where the density of

agents is zero [3, 42].

Here we develop and present an accurate continuum description for moving fronts asso-

ciated with lattice-based random walks that contain crowding, birth, death, movement

and agent-agent adhesion. We consider processes that are spatially variable, and include

birth, death and movement rates that are chain-length dependent. Our C&G description

provides predictions that match the average behaviour of the discrete model well in all

parameter regimes. In contrast, the MF description is less flexible in terms of the birth,

death and movement rates and only provides a valid approximation of the average discrete

behaviour in extremely limited parameter regimes. Furthermore, for all cases considered

in this work, the C&G description requires less computation time than performing 1000

realisations of the discrete model. A comparison between the time taken to perform a

single realisation of the discrete model, 1000 realisations of the discrete model, and to

obtain the numerical solution to the C&G system of equations is presented in Table 9.1.

For the special case where the rates of birth, death and movement are independent of

the chain length, the MF description correctly predicts the persistence of the popula-

tion but inaccurately predicts the front velocity. For the special case where the rates of

birth, death and movement are different depending on whether the agents are part of a

chain of length one, or are part of a chain of length two or greater, the MF description

predicts persistence when the population becomes extinct, and predicts extinction when

the population persists. In both these cases the C&G description accurately predicts

the front velocity, and the persistence or extinction of the population. Furthermore, the

C&G description provides information about the spatial clustering of both occupied and

unoccupied sites, and the clustering predictions approximate the clustering observed in

the discrete model accurately.

The work presented here could be extended in several ways. The influence of local spatial

structure on the persistence of species is a key question in ecology [4, 18, 29, 35]. The

C&G description provides an explicit estimate of the spatial clustering of both agents

and unoccupied space. Therefore, it would be instructive to apply the C&G description

to ecological processes to obtain insight into the clustering present in the system for pa-

rameter regimes where the agent population becomes extinct. Another approach would

be to investigate a truncated system of governing equations, where there is a maximum

chain or gap length. If there is prior knowledge about the long-time density of the sys-

tem, an assumption could be made that chains or gaps above a threshold length could

be neglected, and hence the system of equations could be truncated. This truncation

would reduce the computational cost associated with obtaining a numerical solution to

the governing equations. It would be insightful to examine the trade-off between the

reduction in computational cost and the decreased accuracy caused by the truncation.

Alternatively, the C&G description presented here could be calibrated to experimental

data from the cell biology literature. For example, lattice-based random walks have been
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calibrated to in vitro cell biology experiments to obtain estimates of cell diffusivity and

cell proliferation rates [26, 45]. However, the calibration of stochastic models to exper-

imental data is computationally expensive [22, 26]. As the C&G description accurately

approximates the average random walk behaviour in all parameter regimes, it would be

instructive to determine whether similar cell diffusivity and cell proliferation rates could

be obtained from calibration of the deterministic C&G description to experimental data,

and to quantify the reduction in computation time to obtain the parameter estimates.

However, we leave these extensions for future consideration.
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9.6 Supplementary material

9.6.1 Governing equations

Chains

Here we present the time rate of change for each chain length and location, obtained by

considering the potential outcomes of each type of birth, death and movement event.
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Gaps

Here we present the time rate of change for each gap length and location, obtained by

considering the potential outcomes of each type of birth, death and movement event.

dG1
1

dt
=

1

2

[
N−2∑
i=1

P ipY (Ci3, G
2
1)−

N−1∑
i=1

P ipY (Ci2, G
1
1)

]
+

[
N∑
i=2

P id

{
Ci1

}
−
N−1∑
i=1

Y (Ci2, G
1
1)

]

+
P 1
m

2

[
C1

1 − 2C1
2 + Y (C1

3 , G
2
1)
]

+
1− α

2

[
−
N−1∑
i=2

P im

{
Ci2

}
+

N−2∑
i=2

P imY (Ci3, G
2
1)

]
,

dG1
2

dt
=

1

2

[
N−3∑
i=1

P ipY (Ci4,, G
2
2)−

N−2∑
i=1

P ip

{
Y (Ci3, G

1
2)
}
− P 1

p Y (C1
1 , G

1
2)

]

+

[
N∑
i=3

P id

{
Ci1

}
− P 1

dY (C1
1 , G

1
2)−

N−1∑
i=1

P idY (Ci3, G
1
2)

]

+
P 1
m

2

[
− Y (C1

1 , G
1
2)− 2Y (C1

3 , G
1
2) + Y (C1

4 , G
2
2)

]

+
(1− α)

2

[
P 2
mC

2
1 +

N−1∑
i=2

P im

{
Ci2

}
−
N−2∑
i=2

P im

{
Y (Ci3, G

1
2)
}

+
N−3∑
i=2

P imY (Ci4, G
2
2)

]
,

dG1
k

dt
=

1

2

[
N−k−1∑
i=1

P ipY (Cik+2, G
2
k)

+
k−2∑
i=1

P ipY (Cik−i−1, G
2
k−1)−

N−k∑
i=1

P ipY (Cik+1, G
1
k)−

k−1∑
i=1

P ipY (Cik−i, G
1
k)

]

+

k−1∑
i=1

N−i+1∑
j=k−i+2

P jd

{
Cji

}
−
k−1∑
i=1

P idY (Cik−i, G
1
k)−

N−k∑
i=1

P idY (Cik+1, G
1
k)


+
P 1
m

2

[
− 2Y (C1

k−1, G
1
k)− 2Y (C1

k+1, G
1
k) + Y (C1

k−2, G
2
k−1) + Y (C1

k+2, G
2
k)

]

+
1− α

2

[
k∑
i=2

P im

{
Cik−i+1

}
+
N−k+1∑
i=2

P im

{
Cik

}
−
k−1∑
i=2

P im

{
Y (Cik−i, G

1
k)
}

−
N−k∑
i=2

P im

{
Y (Cik+1, G

1
k)
}

+
k−2∑
i=2

P imY (Cik−i−1, G
2
k−1) +

N−k−1∑
i=2

P imY (Cik+2, G
2
k)

]
,

k = 3, . . . , N − 2,
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dG1
N−1

dt
=

1

2

[
N−3∑
i=1

P ip

{
Y (CiN−i−2, G

2
N−2)

}
− P 1

p Y (C1
N , G

N−1
1 )−

k−1∑
i=1

P ipY (CiN−i−1, G
1
N−1)

]

+

[
N−2∑
i=1

P id

{
CN−i+1,i

}
−
N−2∑
i=1

P id

{
Y (CiN−i−1, G

1
N−1)

}
− P 1

dY (C1
N , G

1
k)

]

+
P 1
m

2

[
− 2Y (C1

N−2, G
1
N−1)− Y (C1

N , G
1
N−1) + Y (C1

N−3, G
2
N−2)

]

+
1− α

2

[
N−1∑
i=2

P im

{
CiN−i

}
+ P 2

mC
2
N−1 −

N−2∑
i=2

P im

{
Y (CiN−1−i, G

1
N−1)

}
+

N−3∑
i=2

P imY (CiN−i−2, G
2
N−2)

]
,

dG1
N

dt
=

1

2

[
N−2∑
i=1

P ipY (CiN−i−1, G
2
N−1)−

N−1∑
i=1

P ipY (CiN−i, G
1
N )

]

+

[
N∑
i=2

P idC
i
N−i+1 −

N−1∑
i=1

P idY (CiN−i, G
1
N )

]

+
P 1
m

2

[
C1
N − 2C1

N−1 + Y (C1
N−2, G

2
N−1)

]

+
1− α

2

[
−
N−1∑
i=2

P im

{
CiN−i

}
+
N−2∑
i=2

P imY (CiN−i−1, G
2
N−1)

]
,

dGL1
dt

=
1

2

[
N−L−1∑
i=1

P ipY (CiL+2, G
L+1
1 )−

N−L∑
i=1

P ipY (CiL+1, G
L
1 )

]
+

[
P 1
dY (C1

1 , G
L−1
2 )

+

N−L+1∑
i=2

P idY (CiL, G
L−1
1 ) +

L−2∑
i=1

P 1
dY (C1

i+1, G
i
1, G

L−i−1
i+2 )−

N−L∑
i=1

P idY (CiL+1, G
L
1 )

]

+
P 1
m

2

[
Y (C1

L, G
L−1
1 )− 2Y (C1

L+1, G
L
1 ) + Y (C1

L+2, G
L+1
1 )

]

+
1− α

2

[
−
N−L∑
i=2

P im

{
Y (CiL+1, G

L
1 )
}

+
N−L−1∑
i=2

P imY (CiL+2, G
L+1
1 )

]
,

L = 2, . . . , N − 2,
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dGL2
dt

=
1

2

[
N−L−2∑
i=1

P ipY (CiL+3, G
L+1
2 )−

N−L−1∑
i=1

P ip

{
Y (CiL+2, G

L
2 )

}
− P 1

p Y (C1
1 , G

L
2 )

]

+

[
P 2
dY (C2

1 , G
L−1
3 ) +

N−L∑
i=2

P idY (CiL+1, G
L−1
2 ) +

L−2∑
i=1

P 1
d

{
Y (C1

i+2, G
i
2, G

L−i−1
i+3 )

}
−P 1

dY (C1
1 , G

L
2 )−

N−L−1∑
i=1

P idY (CiL+2, G
L
2 )

]
+
P 1
m

2

[
Y (C1

2 , G
L−1
3 ) + Y (C1

L+1, G
L−1
2 )

− Y (C1
1 , G

L
2 )− 2Y (C1

L+2, G
L
2 ) + Y (C1

L+3, G
L+1
2 )

]

+
1− α

2

[
−
N−L−1∑
i=2

P imY (CiL+2, G
L
2 ) +

N−L−2∑
i=2

P imY (CiL+3, G
L+1
2 )

]
,

L = 2, . . . , N − 3,

dGLk
dt

=
1

2

[
N−L−k∑
i=1

P ipY (CiL+k+1, G
L+1
k ) +

k−2∑
i=1

P ipY (Cik−i−1, G
L+1
k−1 )

−
N−L−k+1∑

i=1

P ipY (CiL+k, G
L
k )−

k−1∑
i=1

P ipY (Cik−i, G
L
k )

]

−

[
k∑
i=2

P idY (Cik−i+1, G
L−1
k+1 ) +

N−L−k+2∑
i=2

P idY (CiL+k−1, G
L−1
k )

+

L−2∑
i=1

P 1
dY (C1

k+i, G
i
k, G

L−i−1
k+i+1 )−

k−1∑
i=1

P idY (Cik−i, G
L
k )−

N−L−k+1∑
i=1

P idY (CiL+k, G
L
k )

]

+
P 1
m

2

[
Y (C1

k , G
L−1
k+1 ) + Y (C1

L+k−1, G
L−1
k )− 2Y (C1

k−1, G
L
k )− 2Y (C1

L+k, G
L
k )

+ Y (C1
k−2, G

L+1
k−1 ) + Y (C1

L+k+1, G
L+1
k )

]

+
1− α

2

[
−
k−1∑
i=2

P imY (Cik−i, G
L
k )−

N−L−k+1∑
i=2

P imY (CiL+k, G
L
k )

+

k−2∑
i=2

P imY (Cik−i−1, G
L+1
k−1 ) +

N−L−k∑
i=2

P imY (CiL+k+1, G
L+1
k )

]
,

L = 2, . . . , N − 4, k = 3, . . . , N − L− 1,
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dGLN−L
dt

=
1

2

[
N−L−2∑
i=1

P ip

{
Y (CiN−L−i−1, G

L+1
N−L−1)

}
− P 1

p Y (C1
N , G

L
N−L)

−
N−L−1∑
i=1

P ipY (CiN−L−i, G
L
N−L)

]
+

[
N−L∑
i=2

P id

{
Y (CiN−L−i+1, G

L−1
N−L+1)

}
+P 2

dY (C2
N−1, G

L−1
N−L) +

L−2∑
i=1

P 1
dY (C1

N−L+i, G
i
N−L, G

L−i−1
N−L+i+1)

−
N−L−1∑
i=1

P id

{
Y (CiN−L−i, G

L
k )
}
− P 1

dY (C1
N , G

L
N−L)

]

+
P 1
m

2

[
Y (C1

N−L, G
L−1
N−L+1) + Y (C1

N−1, G
L−1
N−L)− 2Y (C1

N−L−1, G
L
N−L)

− Y (C1
N , G

L
N−L) + Y (C1

N−L−2, G
L+1
N−L−1)

]

+
1− α

2

[
−
N−L−1∑
i=2

P imY (CiN−L−i, G
L
N−L

+
N−L−2∑
i=2

P imY (CiN−L−i−1, G
L+1
N−L−1)

]
, L = 2, . . . , N − 3,

dGLN−L+1

dt
=

1

2

[
N−L−1∑
i=1

P ipY (CiN−L−i, G
L+1
N−L)−

N−L∑
i=1

P ipY (CiN−L−i+1, G
L
N−L+1)

]

+

[
P 1
dY (C1

N , G
L−1
N−L+1) +

N−L+1∑
i=1

P idY (CiN−L−i+2, G
L−1
N−L+2)

−
N−L∑
i=1

P idY (CiN−L−i+1, G
L
N−L+1)

+
L−2∑
i=1

P 1
dY (C1

N−L+i+1, G
i
N−L+1, G

L−i−1
N−L+i+2)

]

+
P 1
m

2

[
Y (C1

N−L+1, G
L−1
N−L+2)− 2Y (C1

N−L, G
L
N−L+1) + Y (C1

N−L−1, G
L+1
N−L)

]

+
1− α

2

[
−
N−L∑
i=2

P imY (CiN−L−i+1, G
L
N−L+1)

+

N−L−1∑
i=2

P imY (CiN−L−i, G
L+1
N−L)

]
, L = 2, . . . , N − 2,
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dGN−2
2

dt
=

1

2

[
− P 1

p Y (C1
N , G

N−2
2 )− P 1

p Y (C1
1 , G

N−2
2 )

]

+

[
P 2
dY (C2

1 , G
N−3
3 ) + P 2

dY (C2
N−1, G

N−3
2 )

+

N−4∑
i=1

P 1
d

{
Y (C1

i+2, G
i
2, G

N−i−3
i+3 )

}
− P 1

dY (C1
1 , G

N−2
2 )− P 1

dY (C1
N , G

N−2
2 )

]

+
P 1
m

2

[
Y (C1

2 , G
N−3
3 ) + Y (C1

N−1, G
N−3
2 )− Y (C1

1 , G
N−2
2 )− Y (C1

N , G
N−2
2 )

]
,

dGN−1
1

dt
=

1

2

[
− P 1

p Y (C1
N , G

N−1
1 )

]
+

[
P 1
dY (C1

1 , G
N−2
2 ) + P 2

dY (C2
N−1, G

N−2
1 )

+
N−3∑
i=1

P 1
d

{
Y (C1

i+1, G
i
1, G

N−i−2
i+2 )

}
− P 1

dY (C1
N , G

N−1
1 )

]

+
P 1
m

2

[
Y (C1

N−1, G
N−2
1 )− Y (C1

N , G
N−1
1 )

]
,

dGN−1
2

dt
=

1

2

[
− P 1

p Y (C1
1 , G

N−1
2 )

]
+

[
P 1
dY (C1

N , G
N−2
2 ) + P 2

dY (C2
1 , G

N−2
3 )

−P 1
dY (C1

1 , G
N−1
2 ) +

N−3∑
i=1

P 1
dY (C1

i+2, G
i
2, G

N−i−2
i+3 )

]

+
P 1
m

2

[
Y (C1

2 , G
N−2
3 )− Y (C1

1 , G
N−1
2 )

]
,

dGN1
dt

= P 1
d

[
Y (C1

1 , G
N−1
2 ) + Y (C1

N , G
N−1
1 ) +

N−2∑
i=1

Y (C1
i+1, G

i
1, G

L−i−1
i+2 )

]
.

The Y function represents the number of configurations that contain the specified chains

and gaps within the parentheses, and is defined as

Y (Cij , G
k
l ) = CijP (Gkl |Cij),

where P (Gkl |Cij) represents the probability that a gap of length k at site l exists, given

that there is a chain of length i at site j, and can be calculated as

P (Gkl |Cij) = Gkl /AG(Cij),

where AG(Cij) are all the possible gaps that can exist on either side of the chain of length

i at site j. If we are interested in gaps on the positive x side of the chain, we require
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l = i+ j and k ≤ N − i− j + 1. If we are interested in gaps on the negative x side of the

chain, we require l ≤ j − 1, k = j − k. Similarly,

Y (Cij , G
k
l , G

m
n ) = CijP (Gkl |Cij)P (Gmn |Cij , Gkl ),

where P (Gmn |Cij , Gkl ) is the probability a gap of length m at site n exists, given that there

is a chain of length i at site j and a gap of length k at site l. Note that the gaps at

site l and site n must necessarily be on opposing sides of the chain at site j and hence

P (Gmn |Cij , Gkl ) is calculated in the same manner as P (Gkl |Cij).

9.6.2 Numerical techniques

Ordinary differential equations

The system of ODEs describing the dynamics of the chains and gaps, presented in Ap-

pendices A.1 and A.2, are solved using an adaptive Runge-Kutta method with a strict

truncation error control of 10−6 [39]. All results presented are found to be insensitive to

a reduction in the strict truncation error control.

Partial differential equations

The two mean-field descriptions of the discrete process, Equation (9.1) and Equation (9.2),

are discretised onto a spatially uniform finite difference grid with grid spacing δx. The

spatial derivative terms are approximated using a central finite difference approximation.

We approximate the temporal derivative using the backward Euler method with constant

time step δt, and the resulting system of nonlinear algebraic equations is solved using

Picard iteration with absolute convergence tolerance ε. Finally, the system of tridiagonal

algebraic equations is solved using the Thomas algorithm [39]. In all cases, δx = 0.1,

δt = 0.01 and ε = 10−6.



Chapter 10

Conclusions and future work

Here we detail the outcomes and impact on the relevant pre-existing literature arising from

each component of this thesis, as well as discuss potential directions for future research.

10.1 Summary

This thesis is separated into two distinct parts; the application of mathematical models to

experimental data, and developing novel continuum models of collective behaviour. Both

of these parts are motivated by the mathematical modelling of collective cell behaviour,

and the potential for these models to inform experimental direction in an inexpensive and

insightful manner.

Both of these parts involve the realisation of four sub-aims to achieve an overall aim.

The first part, where the overall aim is to use a combination of mathematical modelling,

experimental techniques and parameter recovery approaches to obtain quantitative insight

into the cellular mechanisms governing collective cell behaviour, consists of

• Determining the requisite experimental measurements and procedure for applying

the Fisher-Kolmogorov model to relevant experimental data such that reliable esti-

mates of the cell carrying capacity, cell diffusivity and cell proliferation rate can be

obtained from an IncuCyte ZOOMTM assay.

• Analysing the information present in the position of the leading edge of the cell

population in a scratch assay to determine whether robust estimates of the cell

diffusivity and cell proliferation rate can be obtained.

• Investigating whether approximate Bayesian computation is a valid technique for es-

timating cell parameters from experimental data obtained from a scratch assay and,

if so, determining which experimental measurements contain sufficient information

for robust parameter estimates.

297
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• Quantifying the change in parameter estimates, and uncertainty associated with the

parameter estimates, due to experimental design choices in a scratch assay using

approximate Bayesian computation.

The second part, where the overall aim is to use mathematical modelling techniques to

develop novel continuum descriptions of collective behaviour from individual-based models

of motility, birth and death, consists of

• Developing a corrected mean-field description for multiple interacting subpopula-

tions to obtain insight into the parameter regimes where corrected mean-field de-

scriptions are required to accurately approximate lattice-based random walk models

of multiple interacting subpopulations.

• Determining whether modelling the dynamics of groups of contiguous occupied lat-

tice sites and contiguous unoccupied lattice sites provides a valid approximation of

the average behaviour of birth-death-movement processes, in particular for param-

eter regimes where mean-field and corrected mean-field descriptions are inaccurate.

• Investigating how introducing competitive and co-operative mechanisms into lattice-

based birth-death-movement processes changes the standard mean-field description

of the process, and the implications on long-time behaviour for the population.

• Developing a model for the dynamics of groups of contiguous occupied lattice sites

and contiguous unoccupied lattice sites for an invasive population and compare the

predictions for the long-time behaviour of the population with predictions obtained

from previously-proposed continuum descriptions.

Each of the eight sub-aims listed resulted in the publication of a peer-reviewed manuscript,

corresponding to the work presented in Chapters 2-9. Here we summarise the outcomes

of each of the publications in the context of the relevant in the literature, as well as the

impact of each publication with respect to potential future work.

In Chapter 2, we investigate techniques for obtaining quantitative estimates of the cellular

parameters governing the collective behaviour in an IncuCyte ZOOMTM assay. In vitro

cell biology assays are commonly used to investigate the influence of chemical treatments

on collective cell behaviour [31, 42, 49, 58, 65]. However, standard techniques for inter-

preting IncuCyte ZOOMTM assays use the area of the uncolonised region in the assay as a

measurement, which does not provide information about the individual roles of cell motil-

ity and cell proliferation [14, 45, 46]. It was unclear whether the Fisher-Kolmogorov model

could be used to provide quantitative estimates of the parameters governing collective cell

migration in an IncuCyte ZOOMTM assay. We demonstrate that the Fisher-Kolmogorov

model can be calibrated to IncuCyte ZOOMTM assays to provide individual estimates of

the cell diffusivity, cell proliferation rate and the cell carrying capacity density, provided

that the calibration is done in a methodical manner. Specifically, we first measure the cell

carrying capacity density by counting the number of cells in several regions sufficiently

far away from the initially-unoccupied region at the final experimental time. Second,

we track the temporal evolution of the cell density in several regions sufficient far away
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from the initially-unoccupied region and calibrate a logistic growth model to obtain an

estimate of the cell proliferation rate. Finally, we obtain an estimate of the cell diffusivity

by calibrating the Fisher-Kolmogorov model to the position of the leading edge of the cell

population, using our previously-obtained estimates of the cell carrying capacity density

and cell proliferation rate.

The technique developed provides parameter estimates for a prostate cancer cell line

(PC-3) [25] that are consistent with previously-reported parameter values and allows us

to quantify the influence of different concentrations of epidermal growth factor (EGF)

on the cell diffusivity, cell proliferation rate and the cell carrying capacity density [18].

Previously, it was unclear whether PC-3 cells are influenced by EGF, and if the cell

population is influenced, how the cell parameters change with EGF concentration. We

find that there is a monotonically increasing relationship between EGF concentration

and cell diffusivity, and that an increase in EGF concentration results in an increase in

the cell proliferation rate, up to a threshold concentration. The cell carrying capacity

density appears to be unaffected by the application of EGF. As both the cell diffusivity

and cell proliferation rate increase with the EGF concentration, the overall rate of spread

for the PC-3 population is enhanced by the EGF concentration. Our technique provides

a robust quantitative method for investigating the influence of chemical treatments on

cell populations. This technique has been extended by Jin et al. [20] to investigate the

influence of the initial cell density on the per capita growth rate of the cell population,

and presents an interesting opportunity to examine the standard assumption that the cell

diffusivity and cell proliferation rates are constant.

In Chapter 3, we examine the information about the cell motility and cell proliferation

rate present in the position of the leading edge of a cell population in an in vitro scratch

assay. The most common method for quantitatively interpreting scratch assays is to

track the position of the leading edge [1, 5, 49]. Such techniques are inexpensive and do

not require time-consuming approaches such as cell tracking or counting individual cells

[47, 61]. Hence this approach requires less time to interpret the experimental images than

the approach considered in Chapter 2, and would be more suitable for high throughput

experiments. However, it was unclear whether unique estimates of the cell motility and

cell proliferation rate could be obtained by measuring the position of the leading edge only.

Isolating parameter estimates for the mechanisms governing the collective migration of a

cell population is critical for quantifying the influence of potential intervention strategies,

such as chemotherapeutic drugs or steroid treatment [12, 13, 29, 62]. We demonstrate

that a näıve parameter recovery approach, where we compare the leading edge position

obtained from an averaged discrete model of cell motility and cell proliferation with the

leading edge position obtained from a scratch assay, does not result in unique parameter

estimates.

Typically, cell proliferation occurs on a time scale of days and cell motility occurs on

a time scale of minutes [28, 32], an phenomenon also observed in the cell population

examined in Chapter 2. This implies that the short-time evolution of the position of the
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leading edge is dominated by motility. Using this information, we calibrate the discrete

mathematical model to the experimental data for short-time, assuming that only motility

events occur, to obtain a parameter estimate for the cell motility. With this estimate, we

calibrate the discrete mathematical model to the experimental data at late time to obtain

an estimate of the cell proliferation rate. We find that this approach results in unique

estimates of the cell motility and the cell proliferation. We anticipate that this approach

could be applied to other cell populations, or could be used to investigate the influence of

chemical treatments on a particular cell population. The position of the leading edge of

a cell population has subsequently been used in studies investigating inference techniques

for parameter recovery [44] and models of keratinocyte wound healing dynamics [39].

In Chapter 4, we investigate approximate Bayesian computation (ABC) as a parame-

ter estimation technique for in vitro scratch assays. ABC allows for the quantification

of the uncertainty associated with the parameter estimates, rather than providing point

estimates like traditional deterministic parameter recovery techniques [33]. While the ap-

proaches considered in Chapter 2 and Chapter 3 produce unique estimates of the cell dif-

fusivity and cell proliferation rate, any uncertainty with these estimates is associated with

experimental replicates or multiple experimental measurements. It was unclear whether

ABC is a suitable technique for spatiotemporal processes such as scratch assays. Fur-

thermore, it was unclear which summary statistic or experimental measurement contains

sufficient information about the cell parameters. ABC requires a summary statistic to

compare between the experimental data and the mathematical model [33]. Typically, this

summary statistic cannot be high dimensional as the computational cost associated with

the ABC algorithm increases with the dimensionality of the summary statistic. This im-

plies that the position of the cells in the scratch assays cannot be considered as a summary

statistic.

We examine a number of summary statistics including the pair correlation function [3],

the number of cells, the counts of pair distances, and a combination of the number of cells

and the pair correlation function. We find that the combination of summary statistics

provides the most information about the cell motility and the cell proliferation rate.

Furthermore, this information provides unimodal distributions for both cell parameters

and hence estimates of the parameter values and their associated uncertainty can be

quantified. Previous parameter recovery techniques, including the techniques presented

in Chapter 2 and Chapter 3, either report no uncertainty in the measurement, or only

include uncertainty associated with the experimental replicates [55, 56]. Our technique

would allow for appropriate summary statistics to be determined for different experiments,

and would provide quantifiable information about the underlying cellular mechanisms

governing the collective behaviour in the experiment. The potential of ABC techniques

to recover parameter estimates from cell biology experiments is highlighted by several

follow-up studies that incorporate ABC in the context of cell biology experiments where

cell-to-cell adhesion is important [44] or studies that estimate the cell diffusivity and cell

proliferation rate separately [63].
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In Chapter 5, we examine how the experimental design of an in vitro scratch assay in-

fluences the information obtained from the scratch assay about the cell parameters. The

experimental design of scratch assays varies significantly throughout the literature and

there is no apparent motivation about the choice of experimental design [1, 4, 37, 42, 50].

For example, the scratch can be performed such that only one cell front is observed [4, 32]

or such that there are two opposingly-directed cell fronts [31, 43]. The number and timing

of experimental observations reported varies similarly [1, 4, 37, 42, 50]. If we compare

the scratch assays presented in Chapters 2-4, we see that the design of the scratch assays

is not consistent, and we do not consider how the design choices may have influenced

the parameter estimates. To investigate this, we implement our previously developed

ABC parameter recovery approach (Chapter 4) to a scratch assay with one cell front and

a scratch assay with two cell fronts. Furthermore, we consider capturing experimental

observations at different combinations of time points.

We find that design choices influence both the parameters recovered and the uncertainty

associated with each parameter. If the combinations of observation times used in the

parameter recovery process include the final experimental observation there is less uncer-

tainty about the parameter estimates, compared to combinations of observation times that

include only short-time observations. Furthermore, there are diminishing returns associ-

ated with the information obtained about the parameters and the number of observation

times. Using three observation times, not including the initial observation, provides a

marginal increase in information obtained about the parameters, compared to using two

observation times. As additional observation times increase both the computational effort

required and the time taken to interpret the experimental image, this result provides guid-

ance about reducing experimental cost while preserving sufficient information to obtain

reliable parameter estimates. Additionally, our investigation finds that the experimen-

tal design containing one cell front contains less information about the cell parameters

than the experimental design containing two cell fronts. However, the design with two

fronts contains less information about the cell motility, with the additional information

associated with the proliferation rate. As the amount of information obtained about the

proliferation rate is significantly higher than the amount of information obtained about

the motility rate, this additional information is less valuable than an equivalent increase

in the information obtained about the motility rate. Hence we find that the experimen-

tal design with a single cell front provides more robust estimates than the experimental

design with two cell fronts. Our approach provides a robust and quantifiable method for

evaluating the impact of experimental design choices on both parameter estimates and

their associated uncertainty, which previously had not been investigated. We anticipate

that implementing similar ABC parameter recovery algorithms would provide guidance

about experimental design choices for a variety of cell biology experiments.

The work presented in Chapters 2-5 provides guidance relating to the framework choices

that can be made when performing a scratch assay to obtain quantitative estimates of the
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cell parameters governing the behaviour of the population. Decisions must be made re-

garding the experimental measurement recorded from the scratch assay, the experimental

design of the scratch assay, the type of mathematical model used to interpret the experi-

mental data and the type of parameter recovery technique used to interface the model and

experimental data. We present a variety of frameworks that highlight the interplay be-

tween the experimental and/or mathematical complexity required in the implementation

of the parameter recovery framework, and the information gained about the cell param-

eters. We show that relatively simple approaches produce unique point-estimates of the

cell diffusivity and the cell proliferation rate, while additional information regarding the

uncertainty can be gleaned through more sophisticated approaches. Preliminary investi-

gations may not require this additional information, and hence the suite of frameworks

presented in Chapters 2-5 allows for an informed choice of framework, depending on the

level of detail about the cell parameters desired from the investigation.

In Chapter 6, we investigate the use of a corrected mean-field description for describing

the movement, proliferation and death of two interacting and spreading subpopulations.

Standard mean-field descriptions of these subpopulations are accurate only in extremely

limited parameter regimes [2, 21, 51]. For simpler processes, such as movement, prolifer-

ation and death for a single population or the movement, proliferation and death for two

interacting but spatially uniform subpopulations, corrected mean-field descriptions have

been shown to robustly describe these processes in a wider range of parameter regimes

[2, 21, 35, 51]. It was unclear in which parameter regimes a similar approach would

provide an accurate description of the underlying discrete model for two spatially hetero-

geneous interacting subpopulations. Similarly, it was unclear which parameter regimes

give rise to strong spatial correlations within the one subpopulation or between the two

subpopulations.

We derive a corrected mean-field description for a discrete exclusion-based process of

movement, proliferation and death for two interacting subpopulations and investigate how

accurately the numerical solution of the description matches the average behaviour of the

discrete model, compared to the standard mean-field description. In this investigation

we compare the two descriptions for several geometries motivated by relevant experimen-

tal designs for a suite of parameter regimes. While the corrected mean-field description

always outperforms the standard mean-field description, our investigation distinguishes

between cases where the standard mean-field description provides an adequate approx-

imation and cases where a corrected mean-field description is required. These results

provide guidance for future models, with respect to the type of mean-field description

required for a particular parameter regime.

In Chapter 7, we devise a novel interpretation of stochastic lattice-based exclusion pro-

cesses containing birth, death and adhesive movement. Instead of interpreting the discrete

model as a number of lattice sites that are either occupied or vacant, such as in Chapter

6, we interpret the model as a group of contiguous occupied lattice sites and contiguous

vacant lattice sites, termed chain and gaps, respectively. Furthermore, we subsequently
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develop a continuum approximation of this interpretation of the discrete model such that

the dynamics of the chains and gaps can be described in a deterministic manner. It was

unclear whether this approximation and interpretation would adequately describe the av-

erage behaviour from the discrete model. Additionally, it was uncertain if the chains and

gaps provided an accurate measure of the clustering present in the discrete model.

We find that the the chain-and-gap (C&G) description provides a more accurate approx-

imation of the average discrete behaviour than previous mean-field and corrected mean-

field descriptions in all parameter regimes [2]. We also distinguish between cases where

mean-field and corrected mean-field descriptions provide an adequate approximation of

the average discrete behaviour, and when the chain-and-gap description is required. This

analysis informs modelling choices in a similar manner to the analysis performed in Chap-

ter 6, albeit for a different underlying discrete model. The C&G description is also less

computationally intensive than performing sufficiently many realisations of the discrete

model to obtain average behaviour. Furthermore, the additional information contained

within the C&G description provides an accurate measure of the spatial clustering present

in the discrete model, unlike other continuum descriptions. Hence the C&G description

provides, for the first time, a robust method for describing both the number of occupied

sites and the spatial clustering. We anticipate that the C&G description will be a valu-

able tool for interpreting biological and ecological processes where spatial clustering and

spatial correlations are important.

In Chapter 8, we introduce competitive and co-operative mechanisms into lattice-based

models of birth, death and movement, and examine the corresponding mean-field PDE

description of the discrete model. Standard birth, death and movement processes, such

as those examined in Chapter 6 and Chapter 7, involve an assumption that agents are

influenced by nearest-neighbour agents through exclusion only. By imposing different

rates of birth, death and movement depending on whether an agent on a lattice has zero

nearest-neighbour agents (isolated) or at least one nearest-neighbour agent (grouped) we

are able to describe both competitive and co-operative mechanisms. It was uncertain how

introducing such mechanisms would influence the mean-field PDE description, which is

a linear reaction-diffusion equation with Fisher kinetics for the model without competi-

tive or competitive mechanisms [52]. Furthermore, it was unclear what implications any

change in the governing PDE would have with respect to the long-time behaviour of the

population.

By introducing a competitive or co-operative movement mechanism we find that the

diffusivity function in the PDE description is a nonlinear function that depends on the

overall agent density, as well as the rates of motility for both isolated and grouped agents.

Interestingly, in certain parameter regimes, this nonlinear function has regions of negative

diffusivity. We find that introducing competitive/co-operative birth or death mechanisms

results in Allee kinetics, where population growth is negative below a threshold density

[57]. Unlike the PDE description for the model without competitive or co-operative

mechanisms, this negative growth results in long-time behaviour where the population
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recedes and eventually undergoes extinction. Additionally, we find that combining the

nonlinear diffusivity function with Allee kinetics leads to a rich variety of travelling wave

behaviour, including travelling waves containing shocks and sharp fronts. Travelling waves

containing shocks had not been previously observed for single species reaction-diffusion

equations [30, 64]. As biological phenomena such as tumour invasion have been observed

with shock fronts [48], our work provides insight into the type of PDEs that give rise to

such fronts.

In Chapter 9, we extend the C&G description to incorporate populations with spatial

heterogeneities such that the description is suitable for describing moving fronts. Addi-

tionally, we derive a generalised description of competitive and co-operative mechanisms,

which allows the birth, death and motility events to occur at different rates depending

on the length of the chain that the agent belongs to. This allows for a description of the

discrete model with competitive and/or co-operative mechanisms, presented in Chapter

8, that does not rely on the standard mean-field approximation. However, it was unclear

whether the C&G description would accurately approximate the average behaviour in the

corresponding discrete model, particularly with respect to the persistence or extinction of

the population. Furthermore, it was unclear whether the C&G description would provide

similar long-time predictions of the population as previous mean-field descriptions.

We find that the modified C&G description provides an accurate approximation to the

average discrete behaviour in all parameter regimes. Critically, the C&G description

accurately predicts the persistence or extinction of the population, as we observe that

previous mean-field descriptions do not predict the correct qualitative long-time behaviour

of the population in certain parameter regimes. The C&G description also provides

information about the spatial clustering present within the moving front of the population.

Hence the C&G description is an insightful technique for describing processes in cell

biology and ecology that involve the spreading of a population, and determining potential

control measures that lead to either a reduction in the invasion rate or the extinction of

the population.

The work presented in Chapters 6-9 forms a thorough investigation into discrete exclusion-

based birth, death and movement processes, and the corresponding continuum approxi-

mation required to accurately approximate the average discrete behaviour. We consider a

number of different discrete processes, with respect to the number of subpopulations, the

type of birth, death and movement mechanisms, and the geometry. For each process, we

highlight where standard mean-field approximations are adequate, and where more so-

phisticated approximations are required. As such, Chapters 6-9 provides guidance about

making an appropriate continuum approximation for any future models that involve birth,

death and movement processes. In particular, we highlight the need for approximations

that account for the spatial clustering present in the underlying discrete model. Previous

continuum approximations are unable to explicitly describe spatial clustering and hence

the C&G approximation presented in this thesis is an important tool for describing the

average discrete behaviour in models that contain significant spatial clustering.
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Overall, our work highlights the usefulness of mathematical models for obtaining quanti-

tative insight into the mechanisms governing the collective behaviour of a cell population.

Random walk models are relatively simple to implement and provide a flexible tool for

modelling the mechanisms of individual cells. Continuum approximations of these ran-

dom walk models allow for analysis of the behaviour of the cell population, provided

the approximation made is appropriate. We present a thorough investigation of different

continuum approximations and parameter regimes, and demonstrate when particular ap-

proximations are valid. Furthermore, we implement parameter recovery techniques that

involve the calibration of random walk models to experimental data to recover param-

eter estimates for cellular mechanisms. As such, the work contained within this thesis

demonstrates the power of using random walk models to describe collective cell behaviour,

as these models are suitable for both parameter recovery and analysis of the population

behaviour.

10.2 Future work

Each of the studies comprising this thesis has resulted in several potential avenues for

future research. We discuss some of these ideas here and note that details regarding other

ideas can be found in the discussion and conclusions sections of Chapters 2-9.

• Extend the Fisher-Kolmogorov model for IncuCyte ZOOMTM assays to

incorporate chemotactic effects

In our investigation we did not consider the influence of chemotaxis on the migra-

tion of the PC-3 cell population in the IncuCyte ZOOMTM assay. It is possible

that a chemical gradient forms due to the non-uniform initial distribution of the cell

population, which may lead to directed cellular motion along the chemical gradient.

Mathematical models that allow for the influence of movement along a chemical gra-

dient have been presented previously [26]. To calibrate such a model to IncuCyte

ZOOMTM assay data, we would require a more sophisticated parameter estimation

process to account for the four additional parameters in the model. For details of the

potential model, see the Conclusions section of Chapter 2. Furthermore, additional

experimental measurements would have to be recorded such that the chemical gra-

dient throughout the experimental domain was known. Such an investigation would

be instructive to determine whether chemotaxis plays an instrumental role in In-

cuCyte ZOOMTM assays.

• Incorporate cell-to-cell adhesion to describe the collective migration of

an adhesive cell population, and subsequently attempt to recover the cell

parameters from leading edge data

The parameter recovery process implemented to obtain cell parameter estimates

from leading edge data implicitly assumes that the cell population exhibits no cell-

to-cell adhesion. We deliberately considered 3T3 fibroblasts for this investigation

as these cells do not form clusters due to cell-to-cell adhesion [59]. It is known
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that certain cell types, such as melanoma cells, exhibit strong cell-to-cell adhesion

[28, 60]. Random walk models that mimic the behaviour of cell-to-cell adhesion

through an additional parameter describing the strength of adhesion or repulsion

have been investigated previously [21, 28]. It would be of interest to perform a

scratch assay for a cell type that exhibits strong cell-to-cell adhesion and record

the evolution of the position of the leading edge. Similarly, it would be of interest

to combine this data with the extended random walk model to attempt to recover

unique parameter estimates for the cell motility rate, cell proliferation rate and the

cell-to-cell adhesion strength.

• Relax the limitations of lattice-based movement and proliferation in the

ABC parameter recovery process

Lattice-based random walk models of movement and proliferation impose a restric-

tion on the location of agents, as the agents can only exist on a predefined lattice.

Such a restriction is obviously unrealistic if the random walk model is applied to ex-

perimental data. For our ABC parameter recovery process we impose this limitation

as lattice-free random walk models are more computationally intensive than lattice-

based random walk models [24, 40, 41] and we require thousands of realisations of

the random walk model to obtain reliable parameter estimates. While more compu-

tationally intensive, it would be instructive to interface a lattice-free random walk

model with our ABC parameter recovery process, to elucidate whether the restric-

tion on cell location influences the parameter estimates. If the parameter estimates

are independent of the lattice restriction, the more efficient lattice-based random

walk can be implemented in future parameter estimation processes. Conversely, if

the parameter estimates depend on whether the agent locations are restricted to lat-

tice sites, the lattice-free random walk may be required to obtain robust parameter

estimates.

• Introduce model parameters that are either temporally-dependent or

local cell density-dependent and attempt to recover the parameter func-

tions

During our investigation of the choice of combinations of observation times used in

the ABC parameter recovery process we observed that the estimates of both the

cell diffusivity and cell proliferation rate appear to depend on the choice of final

observation time. Similar observations have been reported previously [9, 16]. It is

not obvious what causes the parameters to be non-constant, nor is it obvious what

form any putative parameter function would take. It would therefore be instructive

to investigate whether a temporal or cell density dependence is present for either the

cell diffusivity or cell proliferation rate. After a variable dependence is established,

it would be instructive to attempt to ascertain an approximate relationship between

the variable and the parameter through a similar ABC technique.

• Extend the interactions of the corrected mean-field description to de-

scribe chemical kinetics or predator-prey interactions

The terms in the corrected mean-field description of two interacting subpopulations

undergoing birth, death and movement that involve both subpopulations arise solely
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from the exclusion-based nature of the discrete model. Processes such as chemical

kinetics and predator-prey interactions involve the direct interaction between the

two subpopulations [38, 54]. Hence the two-point distribution functions would in-

volve the probability that two neighbouring sites are occupied by agents belonging

to the different subpopulations, rather than the probability that an agent has a

vacant neighbouring site. It would be instructive to derive the corrected mean-field

description for this type of interaction and examine how the spatial correlations

differ compared to the previous interactions. Furthermore, it would be interesting

to apply the new corrected mean-field model to a relevant case study from ecology

or chemistry [38, 54].

• Derive and analyse the partial differential equation approximation of the

C&G description

The governing equations of the C&G description are a system of ODEs, where the

evolution of the number of chains and gaps of each length is described by an ODE.

Both the mean-field description and corrected mean-field description have similar

governing equations, where the average occupancy of each lattice site is governed

by an ODE [51]. Unfortunately due to the number of governing equations, it is

typically difficult to analyse the system. To address this, PDE approximations of the

system of equations have been proposed for both mean-field and corrected mean-field

descriptions [21, 34, 52]. Expanding the C&G governing equations with a Taylor

series in an appropriate limit, such that both the chain length and the gap length

could be treated as continuous variables, would result in a PDE approximation of

the C&G governing equations. The resulting system would be two coupled PDEs

describing the number of chains and the number of gaps, which is more to amenable

to analysis than the large system of ODEs.

• Implement isolated and grouped agents as separate subpopulations and

analyse the resulting coupled multispecies partial differential equation

model

The mean-field description of lattice-based co-operative/competitive birth, death

and movement considered the most fundamental approach of modelling the sum

of the density of isolated agents and the density of grouped agents. It would be

possible to consider isolated agents and grouped agents as distinct subpopulations,

which would result in a coupled multispecies PDE model instead of a single PDE

model. The coupled system of PDEs contains additional information with respect

to the relative densities of isolated and grouped agents. Furthermore, it is unclear

how the two subpopulations combine to form a travelling wave in terms of overall

agent density. Hence it would be instructive to perform a similar investigation into

the types of travelling waves arising from the coupled system of PDEs.

• Investigate the potential of the C&G description with regard to param-

eter recovery by calibrating the C&G description to experimental data

It has been observed previously that traditional continuum descriptions can result

in incorrect parameter estimates when calibrated to relevant experimental data if

spatial correlations are significant [53]. As the C&G description accurately reflects
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the average behaviour in the discrete model for all parameter regimes, even in the

presence of strong spatial correlations, it would be interesting to calibrate the C&G

description to relevant experimental data and examine the recovered parameter es-

timates. If the parameter estimates are consistent with the estimates obtained from

calibrating the underlying stochastic discrete model to the experimental data then

there would be significant benefit in implementing a parameter recovery process

with the C&G description. Stochastic parameter recovery techniques are computa-

tionally intensive as both Bayesian techniques [23] and techniques that involve the

calculation of the average discrete behaviour across a potentially large parameter

space require a large number of realisations of the discrete model [22]. Determinis-

tic calibration techniques are more computationally efficient but require an accurate

and robust deterministic continuum description.

• Examine the viability of extending the C&G description into higher di-

mensions

The C&G description has been shown to provide an excellent approximation of the

average behaviour of lattice-based birth, death and movement processes. However,

this description is currently limited to one-dimensional processes due to the com-

plexity of the governing equations. Further, the natural description of a chain or gap

in terms of its location and length does not have not a clear analogue in higher di-

mensions. The C&G description arises from considering events based on the number

of occupied nearest-neighbour sites, and how these events affect the length and loca-

tion of chains and gaps. In higher dimensions, events can still depend on the number

of occupied nearest-neighbour sites but it is not straightforward to describe the ef-

fect of these events on a two- or three-dimensional chain- or gap-equivalent. Hence

any higher dimensional description is unlikely to explicitly describe all possible con-

figurations of contiguous occupied sites and contiguous unoccupied sites. Instead,

the description may be limited to describing the evolution of the number of occupied

and unoccupied sites with 1, ..., 2d occupied nearest-neighbour sites, where d is the

dimension. It would be instructive to investigate whether this reduced description

provides a similarly accurate approximation of the average discrete behaviour in

two and three dimensions, compared to the C&G description in one dimension.

10.3 Future Directions

Mathematical models provide a flexible and powerful tool for supplementing insight ob-

tained from cell biology experiments. With the ever-increasing amount of computational

power available, in silico experiments, based on sound mathematical and biological knowl-

edge, now form an important part of the toolbox for attempting to understand biological

processes. In particular, inference methods that were previously computationally in-

tractable now prove instructive for quantifying the influence of particular mechanisms

on collective cell behaviour. However, there is still significant work to be done in the
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field. Given the wide variety of models available, it is critical that an appropriate se-

lection of model is made given the underlying biological mechanisms. For example, in

the context of individual-based models, the types of available model include lattice-based

models, where agents are restricted to a pre-defined lattice of the same size as the agent

[8, 10, 11, 15, 17, 27, 52], patch-based or voxel models, where agents exist within a voxel

that is larger than the agents, and agents can transition between voxels [6, 7, 36], and

lattice-free models, where agents move through continuous space [24, 40]. Further, each

of these models can incorporate exclusion effects, increasing the number of models that

could be implemented to describe an experiment. While each of these types of models

has proved valid in certain cases, it is critical that the limitations of each model are well

described such that an informed choice of model can be made. For example, if the cell line

in the system of interest displays a distribution of sizes then imposing a constant diameter

in a lattice-based model is inappropriate [7]. Studies that provide comparisons between

modelling approaches and highlight the assumptions required for each approach to be

valid would prove beneficial for the more widespread adoption of modelling techniques in

biological investigations.

Relatively simple mathematical models of collective cell behaviour have had success in

explaining experimental data, but it is clear that these models do not reflect all of the cell

behaviour. There is, therefore, a need to develop more complex mathematical models to

incorporate this behaviour, such as the putative dependence of cellular parameters on time

after wounding or passage number [19, 20]. Care must be taken, however, that these future

models are developed in a manner that allows for the experimental validation of proposed

mechanisms. There is great potential for mathematical models to uncover biological

information currently hidden in experimental data, if the models are implemented in a

rigorous and biologically-consistent manner. Further, it is imperative that these models

are presented in a way that is accessible for the wide range of researchers working in

biology, mathematical biology and computational biology, to ensure that the models are

adopted and the potential insight is realised.

10.4 Final Remarks

Developing mathematical techniques for extracting quantitative information from cell bi-

ology experiments is critical for robustly analysing the influence of putative chemical

treatments and experimental design choices. In this thesis we have presented several

modelling frameworks for obtaining reliable estimates of the cell diffusivity and the cell

proliferation rate from a variety of experimental data. While all of the frameworks provide

parameter estimates that are consistent, increasing either the experimental or mathemati-

cal complexity of the framework can provide additional information about the parameters.

Investigating the level of complexity required to accurately model relevant experimental

procedures, and to subsequently recover reliable parameter estimates, will prove instruc-

tive for future combinations of mathematical and experimental investigations. Similarly,
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obtaining insight into the role of spatial correlations in lattice-based models, and their

subsequent influence on the type of continuum description required to accurately ap-

proximate the average behaviour, will inform future modelling choices. Both types of

mathematical techniques can be utilised to further understand the processes governing

phenomena such as tumour invasion, wound healing and the invasion of alien species.
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